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Abstract: In this research paper, an eigenvalue problem related to a matrix dif-
ferential operator is considered. Problems, existence theorems are also discussed in
this research paper. In this article the properties of Wronskian for the solution of a
Matrix Differential Equation are proved which are useful in finding further results
with the expansion of eigenvalue related to the problem.
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1. Introduction
In this paper firstly we consider some differential equations then we check that
it is a boundary value problem or not. If the problem is boundary value problem,
then we check for existence and uniqueness theorem. Firstly, N.K. Chakravarty
considered a pair of differential equations.
d*v
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d2
d—;;#—qujtrv—v:() (1.2)
which is equivalent to (L — A\)u = 0.
42
Here L = ( &2 p() i +al ), u= <E> = {u,v} & A is a variable parameter
gz Talx) () v
and p(z), g(x), r(z) are real value functions of x, continuous in (a,b).
For boundary value problem, conditions vectors are

Oy 4+ Py(a/x, N) = {z1(a/x, N), y2(a/x, N} = {z1, 11}, (i=1,2)

and
q)j + CI)J(b/x’ )‘) = {I](b/l‘, )‘)7 y](b/l', /\)} = {xj’yj}’ (] - 374)
Therefore, the Wronskian w(A) has been defined by

X1 T2 I3 T4
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w(}\) — Y Y2 Ys Yy (13)
Y Y2 Ys UYa
xy xh xhy ol

2. Problem Statement
The differential equation which is considered in the problem is given below,

d d
—— Po—u +pu+rv = AFru+ Fiyv), (2.1)
dz dz

d
Zd_i + qu + ru = =A(Fu + Fi1v)

where,

(i) Py is a real valued function of u, having continuous derivatives of the first order
ina<xz<hb.

(ii) P, q,r are all real valued function of u continuous in a < z < s.
(iii) Po(z) > 0 for a <z <b.

(iv) F11, Fia, Fy1, Fyy are real valued continuous functions of z such that the
Fiy Fip
o Fy
parameter, real or complex.

matrix F' = [ } is symmetric and positive define for a < z < b, and
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(v) For a given vector

and the operator

Therefore, the equation (1.1) reduces into

L® =-)\Fo
We impose the Following boundary condition on ¢ = ( Z“]L )
u'(a) =0 (2.5)
v(a) = v(b) (2.6)
u'(b) =0 (2.7)

Now, the equation (2.4) together with equation (2.5), (2.6) and (2.7) becomes
a boundary value problem.

3. Existence and Uniqueness Theorem
Let Py(z), p(z), q(z), r(x) and F satisfy equation (1.1) and let A\, B, C be
three constants not all vanishing. Simultaneously, then the differential equation

(1.4) has a unique solution ®(x) = (ZEQ) which satisfies,

u(a) = Mu(a) = fv(a) =C (3.1)

where a < a < b, the accent denoting differentiation with respect to x. Also for
each x in the closed interval ax, a, b, (z), (z), U'(x), V'(x) and u”(zx) are all integral
functions of the complex variable \.

This is a traditional theorem and can be proved almost similarly as it has been
proved in Bhagat.

4. Definition and Properties of the Wronskian
We shall investigate some properties of the Wronskian of the solutions of the
differential equation (2.1). Here, we firstly we define the Wronskian of the vectors.

Let ®; = (:l) d, = (ZQ) b, = (53) are the three vectors which are the
1 2 3
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solution of equation (1.4).
Now the functional determinant of the vectors are given below.

Uy Ug Us
V1 Uy Vs (4 1)

Equation (4.1) is called the Wronskian of the three vectors ®;, ®5, 3. Where,
Oy = Oy(x,\) up = uy(z, \) etc and x € [a, b].
Now equation (4.1) may be denoted as

Wl’(q)la @27 @3) = ’LU((I)l’ (I)2,q)3)(l’) =w

Uy Uz U3
= w(Pq, Py, P3)(x) =w = |v1 v v
uy uh U

Where, the suffix x denotes the particular value of the Wronskian at x.

4.1. Properties of the Wronskian
Theorem 1. w(Py, Py, P3) is not independent of x.

Proof.
Uy Uz Us
W = V1 Uy U3
/ / /

dw Uy Uy Usg Ur Ug U3 Uy Uz U3

/ / /
= —— = (U1 V2 UV3|+|V] Uy U3|+|U1 V2 U3
dz / / / / / / " " "

Putting the value of v].vj.vf : uf.uf.uf are using Ry — Ry — rR; in the second
determinant and R3 — R3 — rR,.
In the third determinant we get

dw

. P

P/
0

Which shows that Wronskian is not independent of x.
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Theorem 2. Py(x)Wx(®y, By, ®3)(z, N X Py(z)Wa(P1, Dy, 3)(z\)z is indepen-
dent of x.
Proof. From theorem 1, we have

/ /

w P,
- = A Fo) — =9
w i(q 4+ X Fa) 2

Integrating the above equation then we get

x w/ ) x x P/
/mo Edaz =i /IO (q+ \Fy)dx — /IO nga: (4.3)

= log <L°(“’)> =i /I(q + N\ F)dx

wxo.Po((L’(]> z0

= P()(,I)ww :waPO(xO)ei/ (q + )\FQQ)dl’

o

= Py(z)we (P1(z,\). (Do, N)).(P3(, N)) =Po(2)wy, €’ /r(q + \.Fy)dx

zo
Similarly
Po(x)we (P (2, N)). (Do, N)).(Ps(x, \)) = Po(xo)wxoei/ (q+ \.Fyy)dx
zo
Hence
P()(Qf)w(q)l, (I)g, @3([[, )\))Po(x)w((ﬁl, (152, (153(1', 5\))
= P()(CL’())U}ZEO X P()(J]())U}?EO
= |P0(I0)UJ$0|2.
Therefore, | Py(zo)wzo|? is constant and independent of x. Hence its proof.

5. Conclusions

Here, a partial differential equation problem is taken. The solution of the
equation is very difficult. We convert the partial differential equation into ordinary
differential equation for finding the solution. For finding the solution of differential

equation (2.1) by using the properties of Wronskian. Here ®; = (Zl) , Py = (22),
1 2

O3 = (1;3> are the three vectors which are the solution of equation (2.4).
3
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