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1. Introduction, Notations and Definitions

Ramanujan recorded hundreds of modular equations in his three notebooks.
Chapters 19 - 21 in Ramanujans second notebook are almost exclusively devoted
to modular equations. Ramanujan used modular equations to evaluate class invari-
ants, certain q continued fractions, theta functions and certain other quotients and
products of theta functions. Throughout this paper we shall adopt the following
notations and definitions

For any number a and ¢, real or complex and |q| < 1,

[a;qln = [, = { g —a)(1—aq)(1 —ag?)..(1 —ag"™"); Zio

Accordingly, we have

[ gloo = [ J(1 = ag)
r=0
Also
(a1, az, ..., ar; qln = [a1; qlnla; qln.--[ar; ¢ln.-
and
n(n+1)/2
(a5 p = —
(—a)*q/a; qln

Motivated with the Jacobi’s identity,

05 (q) = 05 (q) + 03 (q) (1.1)
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Borweins in 1991 discovered an elegant cubic analogue of this identity. Borweins
defined following functions which are called cubic theta functions;

alg)= Y gt (1.2)
b (q) _ Z wm—nqm2+mn+n2’ (w _ 627ri/3> ’ (13)
and
c(q) = Z q(m+%)2+(m+%)(n+%)+(n+%)2_ (14)
Borweins proved that
a® (q) =" (q) + ¢ (q). (1.5)

They also discovered following results;

B o0 q3n+1 B q3n+2
a(q) = 1+6nZ:0 (l_qgn+1 1_q3n+2) (1.6)
and
a(q) = ©(0) @ (¢") +4q% (¢°) ¥ (¢") 17
b(g) = 5 [30(¢*) ~a(@)]. (1)
c(q) = 5 [a(¢"*) ~a (o) (19)

Borweins established following parametric representations for a(q), b(q) and c(q).
Ifm= i, then
z3
m?* 4 6m — 3

a(q) = /72123 o

—m) (9 —m?)3
b(q) = /7123 8 31:7(32/3 ) : (1.11)

, (1.10)

and .
3(m+1) (m2+1)"°
4m '

¢(q) = vz (1.12)
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From these parametric representations of a(q), b(q) and c(q) it is easy to prove,

a®(q) = b (q) + ¢ (q).

From (1.8) and (1.9) it is easy to establish,

a(q®) =b(q) +c () (1.13)

and

a(q) —b(q) =3c(q’). (1.14)
2. Main Results
Hypergeometric transformation

Hypergeometric transformation can be used to find hypergeometric representa-
tion of the cubic theta functions. Let us consider the following transformation,

+1 3c+11 1—z\°
c,c+ -y ——;1 —
g g 1+2x

1‘304-5.
37 6

2F1

= (14 22)%,F {c, c+ x31 : (2.1)

which is due to Ramanujan.

, 1 l—z b(q)
Putt = — and =
utting ¢ = 5 and 7——— ()

we get,

2 [%g b zz Egﬂ - a(q;ii(g)b (q)
o, Eg %} . (2.2)
Now, using (1.8) and (1.14) we get,
o
B e PR

[terating it m times and putting n = 3™ we get,

2Ry [%,2;1;1— Zz EZH - a‘L((qq%zFl F 2;1;1— b((m} . (2.4)
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As n — oo we have

a(q) =2k {—,—;1; 3 ] : (2.5)

— % ande= % in (2.1) we find

1
If t x fi
we put x for 2z

12 3 12 1—z\°
F5 511 —a° Flz 551 2
21[3737 3 I:| <]_—|—2{L’> 1 3737 <1+2£E’>] ( 6)
1—
Now putting - b(9) in (2.6) we have
1+2z  alq)
12 b a 12 v
373" "a(q)]  3a(q?) 373 @ ()
Repeating the process m times and writing n = 3™ we get
12 V(@] _ a9 12 b (")
Fi |-, = 1; = Fi |z, = 1; : 2.8
2471 |:3737 7a3(q)} na(qn)2 1 3737 7a3(qn) ( )

2
Dividing (2.4) by (2.8), multiplying both sides by _ T and taking the exponential

V3
we obtain,
3
R 1 271’1_5 (q)
ox _2m 3’3 a3 (q)
P P L2, b* (q)
2 ; 7
3737 a3 (q)
JF, 1 27 11— v® (q™)
= q ex _ 33 @ (q") (2.9)
Ve p iz, B |
2 » 43
37377 a3 (q7)
We can write as . .
a3 (q) a3 (q")
3. Evaluation of cubic theta functions
Since &2
m = (4) (3.1)

z3 B <I>2(q3)
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and for g = e 7

and B ()
e " 4
m= g e V3
Thus we have a
P (6—37r) = —
613 — 9
Hence for g =e™™
a2
2023 = ———.
V6v3—9
From (1.10), (1.11) and (1.12) we have
a2 31/4

a(e”):mzﬁ{iﬂ 2\/§—\/§+1},

a? 3—46v3-9

b(e™) = 24/—6\/3—9{2(@—1)}1/3

. ar(6v3-9)" I
c(e )— QW {1-1— 6\/3—9}.

4. Generalized cubic theta functions
Hirschhorn, Garvan and Borwein introduced the functions,

and

= m2+mn+n2 n—m
alg2)= > g z

m,n=—00
)
b (q7 Z) _ Z m24+mn+n2 n—m m’
m,n=—00
(w = e2mi/3)

and

)
_ 1/3 m24+mn+n24+m+n _n—m
clg.2)=q" > q 2

m,n=—00

71

(4.1)

(4.2)

(4.3)



72 J. of Ramanujan Society of Math. and Math. Sc.

As z — 1,

a(g,1) =a(q),b(q,1) =b(q) and c(q,1) = c(q).

In the definition of ¢(q,z) there is a multiplier ¢/3 which is not in the definition
of Hirschhorn, Garvan and Borwein. It is because of the definition of ¢(q) taken in
this paper.

Hirschhorn, Garvan and Borwein gave a number of elegant identities involving
a(q,z),b(q,z) and ¢(q, 2).

Some of these identities are given below.

o ladly (6% 9
a(g,z)=2+z+27" N > —[—2q,—q/z 4],
( ) =% @3] (4% %]
(e 7% %) 1% ) [P /2% 0. (4.4)
(a3 ¢®2. [2q, /2 4.
1 . 00 q3n72 q3n71
a(q,z):g(l—irz—l—z ) 1+6Z(1—q3”_2_1—q3n_1 X
n=1

2
[ ¢ [2°0, /2% )
(% ¢*)2 (20, 4/ %3 d)

-I—% (2—z—271 [(EZ’ Z]?’F (2q,q/z; q]io : (4.5)
b(q,2) = lg:9) [0%¢°] 20,2/ Gl (4.6)

[2¢°, %/ % %]
¢, /2% %

c(q,2) = ¢ (1+2+27") [@dl [¢% %] BRI (4.7)
5. Evaluation of generalized cubic theta functions
(a) For z = w, (4.4), (4.6) and (4.7) yields,
. 2. 4212 o0
e s O
1/ 0+d +¢*)
b(q,w) =g ql [¢* ¢ OOH{ 1+qgl+qﬁz>}, (5.2)

c(q,w) =0. (5.3)
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(b) Taking z = —w in (4.4), (4.6) and (4.7) we get,

44 %l T 22
a(q,—w)=3 3.?30 6.%0 H<1+ql+qz) ’
[_q 14 ]oo[q 1 q ]oo i=1

_2[(123[(1_2](;??; [;]j]v 7’| {H (1 g+ q2i)2} : (5.4)

i 3. 3 - (1—-q¢" +¢*)
b(q,—w) = [¢:dl [q,q}wg{m}, (5.5)
¢ (g, —w) = 2/3 @l 0% @) [~ 0% P (5.6)

H 1—q +q%)

(c) For z = —1,in (4.4), (4.6) and (4.7) yield,

0 (g —1) = [qQ;?Q]w [q3;Qf”]03 | (5.7)
(% ¢l [—ardls

b(g,—1) = l4: 9] E’;g‘q’}%{—q;q]i@, (5.8)
c(g—1) = —g3 95 4] [i;zj];][;qi‘; q3]io‘ (5.9)

(d) For z =1, in (4.5), (4.6) and (4.7) yield,

3n—1
q
1+6Z( e 2—1_q3n_1)], (5.10)

4 9)2
b(q) = v (5.11)
3. 313
459 |
c(q) = 3q1/3ﬁ. (5.12)
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