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Abstract: Recently, Erdal Karapinar ([8] Karapinar E., o — ¢¥»—Geraghty con-
traction type mappings and some related fixed point results, Filomat, 28:1 37-48
(2014)) introduced the notion of generalized o — ©—Geraghty contraction type
mappings in the setting of a metric space and proved the existence and uniqueness
of a fixed point of such mappings. But we observe that the condition (H1) for the
uniqueness of the fixed point of such mappings as proposed by Karapinar is not
enough. The aim of this paper is to attempt to rectify it by proposing a slightly
stronger condition in place of condition (H1).
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1. Introduction and Preliminaries

The Banach contraction principle is one of the most important and fundamental
results in fixed point theory. The study of fixed point problems is indeed a pow-
erful tool in nonlinear analysis and the techniques of fixed point theory have very
useful applications in many disciplines. Due to this, several authors have improved,
generalized and extended this basic result of Banach by defining new contractive
conditions and replacing the metric space by more general abstract spaces. Among
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such results, the works of Geraghty [4], Amini-Harandi and Emami [1], Caballero
et al. [2], Gordji et al. [5], Samet et al.[10] and Karapinar and Samet [7] can
be mentioned. Very recently, Cho et al. [3] defined the concept of a—Geraghty
contraction type maps in the setting of a metric space starting from the definition
of generalized a—Geraghty contraction type maps and proved the existence and
uniqueness of a fixed point of such maps in the context of a complete metric space.
Further as generalizations of the type of maps defined by Cho et al. [3], Erdal
Karapinar [8] introduced the concept of generalized o — 1)—Geraghty contraction
type maps and o — ©—Geraghty contraction type maps and proved fixed point
results generalizing the results obtained by Cho et al.[3].

First, we recall some basic definitions and related results on the topic in the liter-
ature.

Let F be the family of all functions /5 : [0,00) — [0,1) which satisfy the condition

lim §(t,) =1 implies lim ¢, =0.

n—oo n—oo

By using such a function, Geraghty proved the following interesting result.

Theorem 1.1. [4] Let (X, d) be a complete metric space and let T be a mapping
on X. Suppose there exists B € F such that for all x,y € X,

d(Tz, Ty) < B(d(z,y))d(z,y).

Then T has a unique fized point x, € X and {T"x} converges to x. for each x € X.

Definition 1.2. [10] Let T : X — X be a map and a : X x X — R be a function.
Then T is said to be a—admissible if a(x,y) > 1 implies a(Tx, Ty) > 1.

Definition 1.3. [6] A map T : X — X is said to be triangular a—admissible if
(T1) T is a—admissible,
(T2) a(x,z) > 1 and a(z,y) > 1 imply a(z,y) > 1.

Lemma 1.4. [6] Let T : X — X be a triangular a—admissible map. Assume
that there exists x1 € X such that a(xy,Txy) > 1. Define a sequence {x,} by
Tps1 = Tx,. Then we have a(xy,, ) > 1 for allm,n € N with n < m.

2. Remarks on some results of [8]

Erdal Karapinar [8] defined the following class of auxiliary functions.
Let ¥ denote the class of functions # : [0,00) — [0, 00) which satisfy the following
conditions:
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(a) v is nondecreasing;

(b) ® is subadditive, that is, ¥(s +t) < ¥(s) + ¥ (t);

(c) ® is continuous;

(d) ¥(t)=0<t=0.

Karapinar [8] also introduced the following contraction and proved the following

interesting results i.e. Theorem 2.2., Theorem 2.4. and Theorem 2.5.

Definition 2.1. [8] Let (X, d) be a metric space and o : X x X — R be a function.
AmapT : X — X is called a generalized a«—1p— Geraghty contraction type mapping
if there exists € F such that for all x,y € X,

a(z, y)p(d(Tz, Ty)) < BO(M (z,y)))(M(z, y)),
where M (z,y) = max{d(z,y),d(x,Tz),d(y, Ty)} and ) € ¥

Theorem 2.2. [8] Let (X,d) be a complete metric space, a : X x X — R be a
function and let T : X — X be a map. Suppose that the following conditions are
satisfied:

1. T is a generalized o« — 1v— Geraghty contraction type map,
2. T 1s triangular a— admissible,

3. there exists x1 € X such that a(xy,Txy) > 1,

4. T 18 continuous.

Then T has a fized point x* € X, and {T"x1} converges to x*.
*The above Theorem 2.2. is indeed Theorem 2.4.(page 38) in the pa-
per[8] by Karapinar.

Definition 2.3. [8] Let (X,d) be a complete metric space, a : X x X — R be a
function and let T : X — X be a map. We say that the sequence {x,} is a—regular
if the following condition is satisfied:

If {x,} is a sequence in X such that o(zy, Tpy1) > 1 for alln and x, — x € X as

n — 00, then there exists a subsequence {x, )} of {xn} such that o(x,u, x) > 1for
all k.

Theorem 2.4. [8] Let (X,d) be a complete metric space, a : X x X — R be a
function and let T : X — X be a map. Suppose that the following conditions are
satisfied:
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1. T is a generalized o — 1v— Geraghty contraction type map,
2. T is triangular a— admissible,

3. there ezists x1 € X such that a(xy,Tx1) > 1,

4. {x,} is a—regular.

Then T has a fived point x* € X, and {T"x1} converges to x*.

*The above Theorem 2.4. is indeed Theorem 2.6.(page 40) in the pa-
per[8] by Karapinar.

For the uniqueness of a fixed point of a generalized o — 1»—Geraghty contraction
type mapping, Karapinar[8] considered the following hypothesis.

(H1) For all z,y € Fix(T), there exists z € X such that a(z,z) > 1 and
a(y,z) > 1. Here Fiz(T) denotes the set of fixed points of 7.

Theorem 2.5. [8] Adding condition (H1) to the hypotheses of Theorem 2.2.(resp.
Theorem 2.4.), we obtain that x* is the unique fized point of T

*The above Theorem 2.5. is indeed Theorem 2.7.(page 41) in the pa-
per[8] by Karapinar. Here we reproduce the exact proof of the Theorem
given by Karapinar in [8](page 41).

Proof. Due to Theorem 2.4. (resp. Theorem 2.6.), we have a fixed point, say
x* € X. Let y* € X be another fixed point of 7T'.

Then, by assumption, there exists z € X such that

a(z,z) >1 and a(y*,z)> 1. (15)
Since T is a—admissible, from (1), we have
alz*;T"z) > 1 and «(y*,T"z) > 1, forall n.

Hence we have

< B(d(z*, T 12))d(z*, T" *2) (16)

for all n € N.
Thus the sequence {d(x*,T"z)} is nonincreasing, and there exists u > 0 such that
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lim d(z*,T"z) = u.
n—oo
From (16) we have

d(x*,T"z) ,
0 ) < B(dt T
and thus lim G(d(z*,7"z)) = 1. Hence lim d(z*,T"z) = 0 which yields lim 7"z =
n—00 n—00 n—00
x”.
Similarly, we have lim 7"z = y*. Thus, we have z* = y*.
n—o0

Remark 1. The above inequality (16) is indeed not the contraction condition of a
generalized av — 1¥»—Geraghty contraction type map but a much stronger condition.
Indeed the contraction condition for the mapping 7 is:

a(z, y)p(d(Tz, Ty)) < B(U(M(z,y)))(M(z,y)),

where M(z,y) = max{d(x,y),d(z,Tz),d(y, Ty)} and ¢y € V.
But the contraction condition used in (16) is indeed a stronger condition:

alz,y)d(Tz, Ty) < f(d(x,y))d(z,y).

With the original contraction condition for 7" as in the Theorems 2.2. and 2.4., the
inequality (16) could be

Y(d(x*,T"2)) < afz*, T" 2 )p(d(Tz*, TT" ' 2))
< B (M (2", T 2))) (M (2", T 2)) (16)
<P(M(a", T 2)),

and

M (x*, T '2) = max{d(z*, T" '2),d(z*, Tz*),d(T" 2, TT" '2)}
= max{d(z*, T" '2),d(z*, 2*),d(T" 2, T"2)}
= max{d(z*, T" '2),d(T" 2, T"2)}

These conditions are not sufficient enough to always imply d(z*, T"z) < d(z*, T"'2)

and lim 7"z = x* (as was arrived at in the proof by Karapinar [§]).
n—oo

Here our observation is that the condition (H1) of Karapinar is not enough to prove
the uniqueness of a fixed point of a generalized o — 1¥)—Geraghty contraction type
map. We propose the following condition (H1*) which is slightly stronger than
condition (H1) and prove the uniqueness of a fixed point of such maps using the
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new condition.

(H1*) For all z,y € Fixz(T), there exists z € X such that a(z,2) > 1,a(y,z) > 1
and «a(z,Tz) > 1. Here Fiz(T) denotes the set of fixed points of 7'

With this new condition, we modify Theorem 2.5. as Theorem 2.5.* and prove it.

Theorem 2.5.* Adding condition (H1*) to the hypotheses of Theorem 2.2.(resp.
Theorem 2.4.), we obtain that x* is the unique fized point of T

Proof: Due to Theorem 2.2. (resp. Theorem 2.4.), we have a fixed point, say
x* € X. Let y* € X be another fixed point of 7T'.

Then, by (H1*), there exists z € X such that

alz*,z) > La(y*,z) >1 and a(z,Tz) > 1.
Since T is a—admissible, from (3), we have
alz*,T"z) > 1 and a(y*,T"z) > 1, forall neN.
Then we have

Y(d(x*, T"2)) (2", T"2)Y(d(Tz*, TT"2))

<
< B(M (2", T"2)))p(M (2%, T"2)),¥n € N.
Here we have
M(z*,T"z) = max{d(z*, T"z),d(«*, Tx*),d(T" 2, TT"z) }
= max{d(z*, T"z),d(z*, z%),d(T"z, T"*2)}
= max{d(z*, T"z),d(T"z, T" " 2)}
By Theorem 2.2. (or Theorem 2.4.) we deduce that the sequence {T"z} converges

to a fixed point z* € X. Then taking limit n — oo in the above equality, we get
lim M (z*,T"z) = d(x*, z*). Let us suppose that z* # z*. Then we have
n—o0

W(d(x*, Tz R

o < B, T72) < 1
Taking limit n — oo, we get lim B(¢(M(z*,T"z))) = 1. Therefore, we have
Tim (M (2, T"2)) = 0. This implies Tim M(a*,T"2) = 0 ie. d(a*,2") = 0,
which is a contradiction. Therefore we must have z* = z*. Similarly, we get
z* = y*. Thus we have y* = x*. Hence z* is the unique fixed point of 7T'.

Remark 2. In the example (Example 3.10. to illustrate Theorem 3.2. as in the
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paper [8], page 45 ), we observe that it is Theorem 3.3. not Theorem 3.2. which
is being illustrated. It is also stated that condition (iv) of Theorem 3.2. (Theorem
3.3.) is satisfied with 2, = T"x; = 3. But we observe that condition (iv) of
Theorem 3.2.( Theorem 3.3.) is to be satisfied not by only a particular sequence
like z,, = T"z; = din but by any sequence {x,} such that a(z,,x,.1) > 1 for all
n and z, - x € X as n — co. Here we observe that the satisfying of condition
(iv) of Theorem 3.2.( Theorem 3.3.) in the setting of Example 3.10. of [8] can
be stated as “if {x,} be a sequence in X such that a(z,,x,+1) > 1 for alln € N
and z, - = € X as n — oo, then we must have z, € [0,1]Vn € N and also
x € [0,1]. Therefore, by definition of the function o we must have a(x,,x) > 1.

Hence, condition (iv) of Theorem 3.2. ( Theorem 3.3.) is satisfied”.
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