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Abstract: The present paper deals with the new generalization of a Q function
using generalized Mittag-LefHler function .The Mittag-Leffler function arises usu-
ally in the solution of fractional order differential equation and fractional order
integral equations. Various Integral Transforms such as Laplace transform, Fourier
transform, FEuler beta transform and Whittaker transform with their several special
cases are obtained to illustrate our main results.
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1. Introduction

During the last twenty years Mittag-Leffler function has come into eminence
after it was discovered by Mittag-Leffler who was a Swedish mathematician. And
now it has a vast use in solving the problems related to physics, biology, engi-
neering, and earth sciences and more. Mittag-Leffler function has applications in
applied problems, such as fluid flow, rheology and diffusive transport akin to dif-
fusion, electric networks, probability, and statistical distribution theory.
Besides this, The Mittag-Leffler function appears in the solution of certain bound-
ary value problems involving fractional Integral-differential equations of Volterra
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type. When physical phenomena deviate from exponential behavior then the M-L
type functions play the major role being generalization of exponential function.
Different generalization of the Mittag-Leffler function and its properties has been
investigated. Furthermore, various integral transforms have discussed.

2. Preliminary Results, Notations and Terminology
In 1903 the Swedish mathematician Gosta Mittag-Leffler [2] had introduced the
function

Fol?) =2 Tan 1)

where z € C, Re(a) > 0 and ‘I"” represents well known Gamma function. This
whole function is known as Mittag-Leffler function.

The direct generalization of the Mittag-Leffler function was introduced by Wiman
[9] in 1905 in his work on zeroes of function equation

Zn

Eop(z) = Z T(an+5) (2.1)

where «, 5 € C, Re(a)) > 0 and Re(f) > 0.
Prabhakar [8] in 1971 and stated like:

El()=> % (2.2)

For which a, 8,7~ € C, real part of a > 0, real part of # > 0 and real part of v = 0.
Pochhammer symbol defined as:

(Vg =7y + k) (v +2k) (v + 3k)...(y + (n — 1)k), wherey e C,k€ Ryne N

The function E%(z) was introduced in 2007 by Shukla and Prajapati [5], Salim
(2010) which is defined for o, 8,7y € C, R < (o) > 0, R(S) > 0, R(y) > 0 and
g€ (0,1)UN as

[e.e]

E1 = (wq—”zn 2.3
(%) ; nlT(an + j) (23)
where (7)gn = % denotes the generalised Pochhammer symbol.

Further the most generalisation is investigated Khan [11] and defined as follows

1,0,7,q _ (N)(Sn(V)qnzn
Eaﬁ7y’07>\7p(z) B Z (A)pn(’/)anr(an + 6) (2.4)

n
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The generalisation of Mittag-Leffler function in [7] (2.7) denoted by Q)%'s(x) and
is defined by Q. %'s(z) = QL% (a1, a2, ..., ar,b1,b, ..., by, @)

Mo 50 8) e
ZHn 1ﬁ Qp, S )( ) (0(8—|—B)x (25)

where «, 3,7,0,a;,b; € C, min{Re(«) > 0, Re(3) > 0, Re(vy) > 0} and ¢ € (0,1) U
N

I'(y+gs) 0+ gs)
(V)gs = and (6)gs =
I'(7) ()
Further we can generalize Mittag-Leffler function Q577" as

HyP5759,T _ HyP5759,T
cBvoop(T) = Qa0 sp(a1; @z, oo ar, by, by, s by, )

P Y5 5T n 15 bn, s) (1 ) s(7)gs "
a,B,u,a,c?p Z Hn 15(&71’ )( ) S(d)ps (OéS—FB) (26)

where o, 8,v, 0,1, p,7,9,p, ai,bi € C, min{Re(a) > 0, Re(f) > 0, Re(y) > 0
Re(v) >0 Re(u) >0 Re(o) >0 Re(p) >0} and g € (0,1) UN

_ Ty +as) _ Te+ps) _
(V)gs = () s (1) ps (1)  (0)ps

Special Cases
1. If we put p, p,v,0,p =1 1in (2.6) it will reduce to

I'(v+os)
7(v)

I'(6 + ps)

Wae = 7(6)

T ( ne1 B(bns $)(V)gs s
ws( E:Ihlﬁam)(> Plas+p)"

which is the generalisation of Mittag-Lefler function in Mohammed [7] (2.7).
2. When there is no upper and lower parameter, we get

£7,0,0 27,00
wfwosp®) = Qaliuasy(—— === =)
o0

. (1) ps () gs PP (o
= 2 s + )0y Peanl?)

Which is the generahzatlon of the Mittag-Leffler in Khan [11] (2.7)
If we take p, p,v,0,p =1 it will reduce to Khan [11] (2.9)

© s
171777Q70 — 171777Q70 ______ — Z (’y)qsx — E,Lszy'qu
Qa5 1161() = Qulg s ) ) 2 T(as+ B)(0)g 05w (%)



102 South FEast Asian J. of Mathematics and Mathematical Sciences

If we take u, p,v,0,p,q =1 then

- (’7)3175 5
Qll’le x :Qll’ylo e ——— )= _EZ x
61161< ) 61161( ) ;F(&S—Fﬁ)@)s B( )
If we take u, p,v,0,p,6 =1 then
Q171ﬁ7717ql’()1 (7)) = Qllﬁvlqlol (=== T) = io: (’Y)qsais_ = Ew%(x)
77777 ZT(as+p) *
If we take u, p,v,0,p,q,0 =1 then
1,1,7,1,0 1,1,9,1,0 - (7)s2®
Qupriiin(®) =Qupiii(——————7)= Z T(as + B) = B, 5(7)
s=0
If we take u, p,v,0,p,q,d,7 =1 then
o0 :L‘S
QU () = QU (= = == = =) = 3 e = Buglo)
B1,1,1,1 BL11,1 ; T(as + B)
If we take u, p,v,0,p,q,0,7v, 8 =1 then
1,1,1,1,0 1,1,1,1,0 OO x®
Qa,1,1,1,1,1($) = Qa,1,1,1,1,1(_ - == — 7)) = Z T(as + 1) = E.(z)
s=0
If we take u, p,v,0,p,q,90,7,3,a =1 then
1,1,1,1,0 1,1,1,1,0 - z* z
Q1,1,1,1,1,1($) = Q1,1,1,1,1,1(_ ——,———,x)= Z T(s+ 1) =Ei(r)=e
s=0

Laplace Transform. The Laplace transform of integrable function f(¢) is defined
by

L(f)(t) = / e (e (2.7)

Euler beta function. The Beta function is usually defined by

BIf () 0,b] = / 11— 1) f (1) (2.8)
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Fourier Transform. The infinite Fourier transform f(t) is defined as
@ = [ s 2.9

Fourier Sine and Cosine Transform. If f(¢) is a real or complex valued variable
t defined for all real numbers, then the two sided Fourier Sine is defined by integral

F,(f)(t) = / sin(2mut) f (t)dt (2.10(a))
and Cosine transform is defined by integral
F.(f)(t) = / cos(2mut) f (t)dt (2.10(d))

Whittaker Transform. If f(¢) is a real or complex valued variable ¢ defined for
all real numbers, then the Whittaker transform is defined by integral

> L(3+p+v)0(5—p+v)
BT tdt = —2 2 2.11

Where Re(pu+v) > —1 and wy ,(t) is Whittaker confluent hypergeometric function.

3. Main Results

3.1. Laplace Transform

Theorem. For any t,«, B,v,0,p,8,7,a;,b; € C min{Re(a), Re((), Re(v), Re(o),
Re(p), Re(vy), Re(d)} > 0, then the Laplace transform of generalized Mittag-Leffler
function is

L[ HsP5Y5q5T ( )} _ HsP5Y5q5T ( )(u_l)

a,fB,v,0,0,p a,fB,v,0,0,p

Proof. Using (2.6)

TN R R n= 15 bn, s) (1 ) s(7)gst?
eroinl’ ZHn 1 Blan, $)L'(as + B)(1)os(0)ps

and by (2.7), using both we get

[e.e]
L (@ 0] = [ e (s, 0] d

—ut n= 1B bn,s)( ) (7)(1 t°
/ Znn Blam (a5 + B) ()o@
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N ” lﬁ(bmS)( ) (7)(]3 Ooe*ut s

Z:(:) [T=: B(an, s)T (ozs—i—ﬂ)(y)US((;)ps/o t°dt
[Ty 600 )y

Znn 16(an7 ) (OéS—l—ﬁ)(y) ( )ps usT1

sl 11— B(bn; 8) (1) ps(7)gs us
w2 T RCEREECE
L QAT (0] = S Quaas () 5.)

Corollary. For py=p=v =0 =p = 1, (3.1) reduces the result obtained by
Sontakke [4).

, s! , _
L[ Z’,%’,&(t)} = ZQZ{,%’,(S(O(U Y
3.2. Euler Beta Transform
Theorem. For any t,«,B,v,0,p,d,7,a;,b; € C min{Re(a), Re(5), Re(v), Re(o),
Re(p), Re(vy), Re(d)} > 0, then the Euler Beta transform of generalized Mittag-
Leffler function is

P45 n 15(bn,s)( ) s (V) gs s+a
Bt Znn B T as + A+ Y

Proof. Using (2.6) and (2 8)

B |: H,0,7,9,5T

1 b 1 y 14,
a,ﬁ,y,o,ﬁp ta Q,U,U’qu (t)dt

«@ 6’”70-7671;

o\c\

o e
-9 anﬁan, s+ B

n bn )() (V)qs ! s+a—1 b1
‘ZHMM r(asw)(vmw)ps/ot (1-t)dt
N

B(
s)
) Ty 560, 8) (1) (Ve
N ; H:Lzl 5(an7 )F(Ozs + 5)(”)03(5);03

Corollary. Forp=v=0=X=1, (5.2) reduces to Sontakke [4]

1
n
1

9

B(s+a,b) (3.2)

'y,qr n 1B<bn75)< )qs
B[ aﬁ& @ b ZHn 15 Qn, § ) (0‘5"‘5)(5)%6(8_'_&’6)
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3.3. Fourier Transform

Theorem. For any t,«,B,v,0,p,d,7,a;,b; € C min{Re(a), Re((), Re(v), Re(o),
Re(p), Re(y), Re(d)} > 0, then the Fourier transform of generalized Mittag-Leffler
function is

10705 - S'Hn 1 Bbn, ) (1) ps (V) gs _\=n;—n—1, —(n+1)
F[ aﬂ,u,aﬁp Znn 16 n, S ) (OZS—FB)( )as(6>ps< 1) 1 U

Proof. Using (2.6) and (2.9)
PlQugzss 0] = [ e 0
zut n 1 5(()”, S)( ) (V)qs tsdt
/ Z « [ 11 Blan, ) (a8+5)(V)as(5)
n=1 5 bn? 8) > iut s
ZHnlﬁan, ST (as+5 /oo vt
Substitute iut = —z and iudt = —dz
n 15(6”78)( ) (7)‘15 s —s—1 —s 1 t sd
ZHn 1/Ban’ ) (a5+/8)y)08<) ( / et

(
[Ty 800 )00 er—priet, ooapy.
Z Hn 15 p, S ) (a5+5)(y)os( ) ( 1) F( + 1)

_ - S'Hn 15(bn,8)( ) (7)qs nj—n—1,~(n+1)
ZHn L B(an, )T (s + B) (1) 5s(0) ps (=1) (3.3)

Corollary. Forp=v=0=X=1, (3.3) reduces to Sontakke [4]

G S'Hn 1 Bbn, 8)(7) gs _1)~nj—n—ly,~(n+D)
N =2 T lan sas + Aoy

3.4. Fourier Sine and Cosine Transform

Theorem. For any t,«, B,v,0,p,6,7,a;,b; € C min{Re(a), Re(S), Re(v), Re(o),
Re(p), Re(7y), Re(d)} > 0, then the Fourier Sine and Cosine Transform of gener-
alized Mittag-Leffler function is

T ST 15 (bn, 5) (1) s(V)gs(—1) 2 (127) > 1y~ (D)
F.[Quiass(t Real{z TT_, B(an, )T (s + B)(1)0s(0)ps }
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and

— lu—(s—i-l)

F [Qreer (o _[mag{z Ty Blbs 5) (1) (1)gs(—1) (027 \

whvosp [Ty Bam )(as + B) (V)os(0)ps

Proof. From the definition (2.6) and (2.10)

NN _ sm U Hn 1B(bn>5)( ) ('Y)qs s
R 1@ 0) = [ sne2 tznn N ) e T Fod

n lﬁ bn,5>( )ps(’}/)qs OOSin gt
ZHn L Blan, s)I'(as+ B)(v)s ()ps/_m (2mut)t*dt

and

s05Y585T _ COS S Hn 1ﬁ(bna3)( ) (’Y)qs s
R Q0] = [ e tznn N W) e T i

= 'fl 16 bn,s)( )ps(’}/)qs OocoS Tut)ts
ZHn L Ban, $)T(as + B) (1) s (0) ps /_Oo (27ut)t*dt

—12mut

Since, e = cos(2mut) — isin(2mut)

L3P, q,T n 16([7”,8)( ) (V)QS > —2mut s
FlQaizn(t Znn s TR T

On substituting i27ut = z and 27udt = dz
11 5%8( )os(V)gs(—1) 7 (i2m) > lu ‘(5“)/
F HsPy7545T n=1 25t
Qs Z [L=1 B(an, s)L(as + B)(V)os(0)ps —eo

[T 15’%8( )ps(V)gs(—1) 7 (i27) >y~ (H)
_Z [T Alan, s)T(as + B) (2o (0)ps

s T 15 bn»S)( )ps(V)gs(—1) 7 (i2) =y~ (=D
_Z n 15(%“ s)T'(as + B)(V)os(0 )

I'(s+1)

—s—1p,—(s+1)

Fc[ P55 d5T ( Real{zs Hn L B(bn, 8) (1) ps (1) gs(—1) 7% (i27)

,8,,0,8,p [T, B(an, s)T'(as + B)(V)os(0)ps J

(3.4.1)
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and
04T s Hn 6 bn>s>( ) (V)qs(_1)_s(i27r)_s_1u_(s+1)
Fs [ Z,g,u,a,ﬁp - [m(lg{z L n 1 ﬁ(an, ) (QS n 6) (V)05(5)p5 }

(3.4.2)
Corollary. Forp=v=o0=X=1, (34.1) and (53.4.2) reduces to Sontakke [4]

Vsq5r STy B(bny 8)(77)gs(— 1)=¢(i2m) =5 Ly~ (+D)
Fc[ a,ﬁé( Real{z Hn 1B(am ) (as—{—ﬁ)(a)ps }

and

i S —1)75(i2m) 5 Ly~ H)
F, [QU45(1) —]mag{z Ty B(ba, 5)(7)gs(—1) 2 (i27)

T, Blan, (s + B0

3.5. Whittaker Transform.
Theorem. For any t,«a, 5,v,0,p,90,7,a;,b; € C Whittaker Transform of general-
1zed Mittag-Leffler function is

et ” 2K
| e (oD@ wt”) = ()¢
0

[ply

XZ nlﬁbn,S) (/L+58)F(fy+q3) F(%i¢+g+8n) [ﬁ]s
Hn L B(an, )TN+ ps)L(v + os)T(B+as)  T(1—A+(+sn)s!

Proof. Using (2.6) and (2.11) Substituting ¢t = v in left hand side and dt = édv
00 ¢—-1 ns
—w [V Sar v 1
= ez [ — w QLT W (—> —dv
/o <¢) wlQesinni\G) g

oo

: / <%)<_1W>Z st arios oo (5) 5

s=0

_Twl'é Z IL—; B(by, s)L(pn 4 ds)T(7y + gs)
T 2 T, Blaw ST\ + p3)(w 1 0S)E(3 1 09)

v {ir/:o(v) DTy (0)do

¢7I
Since /0 (0 M g (0)do = & wrm f J(:n) —

Tl Z IT,— B(bn, )T (e + 05)C(y + gs)
F,ul“y « [ 11 Blan, )L+ ps)L(v + 0s)1'(B + as)
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I'(3£¢+(+sn) [%]
(1= A+ +sn)s!
Corollary. When there is no upper and lower parameter, we get

S NN
¢ 1 t de%w 1) — —¢
/O' € w>\77/}(¢ ) a,ﬁ,l/,d,A,p(w ) (¢) F/J,F'y

XZ [T, Al )+ 8T 1 gs) D=+ 5]
< Ty Blan, )TN+ ps)T(v + 0s)T(B+as)  T(1—A+C+ sn)s!

= [T (o B )
0

Which s the Whittaker transform of Mittag-Leffler function ESZZZM, i Khan
[11].

4. Conclusion

The new ) Function for the generalized Mittag-LefHler function is introduced by
evaluating some integral transforms such as Euler beta transform, Laplace trans-
form, Fourier transform, Fourier sine and cosine transform, and the Whittaker
transform.
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