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1. Introduction, Notations and Definitions
For real or complex q(|q| < 1), the q-shifted factorial is defined by,

[α; q]n =

{
1, if n = 0
(1− α)(1− αq)(1− αq2)...(1− αqn−1), if n = 1, 2, 3, ...

. (1.1)

Also,

[α; q]∞ =
∞∏
n=0

(1− αqn). (1.2)

A basic hypergeometric function is defined as,

rΦs

[
a1, a2, ..., ar; q; z
b1, b2, ..., bs; q

λ

]
=
∞∑
n=0

[a1, a2, ..., ar; q]nz
nqλn(n−1)/2

[q, b1, b2, ..., bs; q]n
, (1.3)
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where [a1, a2, ..., ar; q]n = [a1; q]n[a2; q]n...[ar; q]n.
The series (1.3) converges absolutely for all values of z if λ > 0 and for |z| < 1 if
λ = 0.
A poly-basic hypergeometric series is defined as

Φ

[
a1, a2, ..., ar : c1,1, ..., c1,r1 ; ...; cm,1, ..., cm,rm ; q, q1, ..., qm; z
b1, b2, ..., bs : d1,1, ..., d1,s1 ; ...; dm,1, ..., dm,sm

]
=
∞∑
n=0

[a1, a2, ..., ar; q]nz
n

[q, b1, b2, ..., bs; q]n

m∏
j=1

[cj,1, ..., cj,rj ; qj]n

[dj,1, ..., dj,sj ; qj]n
. (1.4)

The well known Bailey’s transform states that, if

βn =
n∑
r=0

αrun−rvn+r (1.5)

and

γn =
∞∑
r=n

δrur−nvr+n =
∞∑
r=0

δr+nurvr+2n, (1.6)

where αr, ur, vr and δr are functions of r alone and the series for γn is convergent,
then subject to the convergence,

∞∑
n=0

αnγn =
∞∑
n=0

βnδn. (1.7)

In this paper, we shall make use of Bailey’s transform (1.5) - (1.7) in order to
establish transformations for poly-basic hypergeometric series.
We shall make use of following known summations in our analysis,

4Φ3

[
q, qa : qb1; zq

a+1qb+1
1 ; q, q1, qq1; z

zqa+1 : zqb+1
1 ; zqaqb1

]
N

=
(1− zqa)(1− zqb1)
(1− z)(1− zqaqb1)

− [qa; q]N+1[q
b
1; q1]N+1z

N+1

(1− z)(1− zqaqb1)[zqa+1; q]N [zqb+1
1 ; q1]N

. (1.8)

[R.P. Agarwal 1; 7.12 (2)]

As N →∞

4Φ3

[
q, qa : qb1; zq

a+1qb+1
1 ; q, q1, qq1; z

zqa+1 : zqb+1
1 ; zqaqb1

]
=

(1− zqa)(1− zqb1)
(1− z)(1− zqaqb1)

. (1.9)

n∑
k=0

(1− apkqk)[a; p]k[c; q]kc
−k

(1− a)[q; q]k[ap/c; p]k
=

[ap; p]n[cq; q]n
[q; q]n[ap/c; p]ncn

. (1.10)
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[Gasper and Rahman 2; (3.6.8), p. 71]

n∑
k=0

(1− apkqk)(1− bpkq−k)[a, b; p]k[c, a/bc; q]k
(1− a)(1− b)[q, aq/b; q]k[ap/c, bcp; p]k

=
[ap, bp; p]n[cq, aq/bc; q]n
[q, aq/b; q]n[ap/c, bcp; p]n

.

(1.11)

[Gasper and Rahman 2; (3.6.7), p. 71]

2. Main Results

Taking ur = vr = 1 and δr =
[qa; q]r[q

b
1; q1]r[xq

a+1qb+1
1 ; qq1]rx

r

[xqa+1; q]r[xq
b+1
1 ; q1]r[xqaqb1; qq1]r

in (1.6) we get

γn =
(1− xqa)(1− xqb1)[qa; q]n[qb1; q1]nx

n

(1− x)(1− xqaqb1)[xqa; q]n[xqb1; q1]n
. (2.1)

Thus from (1.5) and (1.7) we have
If

βn =
n∑
r=0

αr. (2.2)

then, under suitable convergence conditions we find,

(1− xqa)(1− xqb1)
(1− x)(1− xqaqb1)

∞∑
n=0

[qa; q]n[qb1; q1]nx
n

[xqa; q]n[xqb1; q1]n
αn

=
∞∑
n=0

[qa; q]n[qb1; q1]n[xqa+1qb+1
1 ; qq1]nx

n

[xqa+1; q]n[xqb+1
1 ; q1]n[xqaqb1; qq1]n

βn. (2.3)

Now, we shall make use of (2.3) in order to establish transformations for q-hypergeometric
series.

(i) Choosing αr =
[pα; p]r[p

β
1 ; p1]r[zp

α+1pβ+1
1 ; pp1]rz

r

[zpα+1; p]r[zp
β+1
1 ; p1]r[zpαp

β
1 ; pp1]r

in (2.2) we have from (1.8),

βn =
(1− zpα)(1− zpβ1 )

(1− z)(1− zpαpβ1 )
− [pα; p]n+1[p

β
1 ; p1]n+1z

n+1

(1− z)(1− zpαpβ1 )[zpα+1; p]n[zpβ+1
1 ; p]n

. (2.4)

Putting these values of αn and βn in (2.3) we get,

(1− xqa)(1− xqb1)
(1− x)(1− xqaqb1)

Φ

[
q, qa : qb1; p

α; pβ1 ; zpα+1pβ+1
1 ; q, q1, p, p1, pp1;xz

xqa : xqb1; zp
α+1; zpβ+1

1 ; zpαpβ1

]



96 South East Asian J. of Mathematics and Mathematical Sciences

=
(1− zpα)(1− zpβ1 )(1− xqa)(1− xqb1)
(1− x)(1− z)(1− xqaqb1)(1− zpαp

β
1 )
− (1− pα)(1− pβ1 )z

(1− z)(1− zpαpβ1 )

Φ

[
q, qa : qb1;xq

a+1qb+1
1 ; pα+1; pβ+1

1 ; q, q1, qq1, p, p1;xz

xqa+1 : xqb+1
1 ;xqaqb1; zp

α+1; zpβ+1
1

]
. (2.5)

(ii) Next, choosing αr =
(1− αprpr1)[α; p]r[β; p1]rβ

−r

(1− α)[p1; p1]r[αp/β; p]r
in (2.2) and using (1.10) we

get

βn =
[αp; p]n[βp1; p1]n

[p1; p1]n[αp/β; p]nβn
.

Putting the values of αn and βn in (2.3) we get,

(1− xqa)(1− xqb1)
(1− x)(1− xqaqb1)

Φ

[
β : α;αpp1; q

a; qb1; p1, p, pp1, q, q1;x/β
− : αp/β;α;xqa;xqb1

]

= Φ

[
βp1 : αp; qa; qb1;xq

a+1qb+1
1 ; p1, p, q, q1, qq1;x/β

− : αp/β;xqa+1;xqb+1
1 ;xqaqb1

]
. (2.6)

(iii) Again, choosing αr =
(1− αprpr1)(1− βprp−r1 )[α, β; p]r[γ, α/βγ; p1]r
(1− α)(1− β)[p1, αp1/β; p1]r[αp/γ, βγp; p]r

in (2.2)

and using (1.11) we get,

βn =
[αp, βp; p]n[γp1, αp1/βγ; p1]n
[p1, αp1/β; p1]n[αp/γ, βγp; p]n

.

Putting these values in (2.3) we obtain,

(1− xqa)(1− xqb1)
(1− x)(1− xqaqb1)

Φ

[
γ, α/βγ : α, β;αpp1; βp/p1; q

a; qb1; p1, p, pp1, p/p1, qq1;x
αp1/β : αp/γ, βγp;α; β;xqa;xqb1

]

= Φ

[
γp1, αp1/βγ : αp, βp; qa; qb1;xq

a+1qb+1
1 ; p1, p, q, q1, qq1;x

αp1/β : αp/γ, βγp;xqa+1;xqb+1
1 ;xqaqb1

]
. (2.7)

(iv) Lastly, taking αr = zr in (2.2) we get

βn =
1− zn+1

1− z

Putting these values of αn and βn in (2.3) we get,

(1− z)(1− xqa)(1− xqb1)
(1− x)(1− xqaqb1)

Φ

[
q, qa : qb1; q, q1; zx
xqa : xqb1

]
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= Φ

[
q, qa : qb1;xq

a+1qb+1
1 ; q, q1, qq1;x

xqa+1 : xqb+1
1 ;xqaqb1

]
−zΦ

[
q, qa : qb1;xq

a+1qb+1
1 ; q, q1, qq1; zx

xqa+1 : xqb+1
1 ;xqaqb1

]
. (2.8)
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