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1. Introduction and Preliminaries

In our investigations, we shall use the following standard notations:

N:= {1,2,3,---};Ny:=NU{0};Z, =2 {0} ={0,-1,-2,-3,--- }.

The symbols C,R,N,Z,R" and R~ denote the sets of complex numbers, real num-
bers, natural numbers, integers, positive and negative real numbers respectively.
Pochhammer symbol

The Pochhammer symbol («), (o, p € C) [14, p.22 eq(1), p-32 Q.N.(8) and Q.N.(9)],
see also [18, p.23, eq(22) and eq(23)], is defined by

_ T(a+p)
(@) = W
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(1 i(p = 0;a € C\{0}),
ala+1) - (a+n—1) ;(p=neN;ae€C),
(@), = 4 ((;1_)”)"2! s(a=—k;p=mn;nk €Ny 0<n <Fk),
0 s = —k;p=mn;n,k € No;n > k),
L ((1:2) i(p=-—n;neN;a e C\Z).

It being understood conventionally that(0); = 1 and assumed tacitly that the
Gamma quotient exists.

Generalized hypergeometric function of one variable

A natural generalization of the Gaussian hypergeometric series oFi[a, 8;7; 2], is
accomplished by introducing any arbitrary number of numerator and denominator
parameters. Thus, the resulting series

(Oép); p, A,y ..y Qi 0 (

F, — F _
o (8q); ) o B1, B2y .., By ) Z (B1)n(B2)n - - - (By)n

ZTL
Ea
n=0

(1.1)
is known as the generalized hypergeometric series, or simply, the generalized hy-
pergeometric function. Here p and ¢ are positive integers or zero and we assume
that the variable z, the numerator parameters oy, s, ..., @, and the denominator
parameters 31, (s, . . ., B, take on complex values, provided that g; # 0,—1,—-2,...
i =1,2,...,q.
Supposing that none of the numerator and denominator parameters is zero or a
negative integer, we note that the ,F; series defined by equation (1.1):

(i) converges for |z| < oo, if p < ¢,

(ii) converges for |z| < 1,if p=q+1,

(iii) diverges for all z, z # 0, if p > g + 1,

(iv) converges absolutely for |z| =1, if p = ¢+ 1 and R(w) > 0,
)
)

(v

(vi

converges conditionally for |z| = 1(z # 1), if p=¢g+ 1 and —1 < R(w) £ 0,
diverges for |z| =1, if p=¢+ 1 and R(w) < —1,

where by convention, a product over an empty set is interpreted as 1 and

W= Z/Bj - Zaj, (1.2)
j=1 j=1



Certain Hypergeometric Generating Functions Induced ... 81

R(w) being the real part of complex number w.

Another interesting extension of the Pochhammer symbol and the associated hy-
pergeometric functions was recently given by Srivastava et al. [[20], [21]].

Double hypergeometric function of Kampé de Fériet

Just as the Gaussian o/} function was generalized to ,Fj, by increasing the number
of the numerator and denominator parameters, the Appell’s four double hyperge-
ometric functions Fy, Fy, F3, Fy [18, p.53 (4,5,6,7)] and their seven confluent forms
Oy, Py, Py, Wy, Uy, =y, =5 given by Humbert [7], [8], [9] were unified and generalized
by Kampé de Fériet [10] who defined a general hypergeometric function of two
variables.

The notation introduced by Kampé de Fériet for his double hypergeometric
function [1, p.150, Eq.(26)] of superior order was subsequently abbreviated by
Burchnall and Chaundy [4, p.112]. We recall here the definition of a more general
double hypergeometric function (than the one defined by Kampé de Fériet) in a
slightly modified notation of Srivastava and Panda [19, p.423, Eq.(26)]:

q

(a,) = (by): (c): so TL(@)res TL(B)r TL(e))s
Fg?;rzll; Y| = Z o n F%v (13)
(ce) + (Bim); () rs=0 T () rss H(ﬁj)r IT (7))

Jj= Jj=1

<
=
.
===
—~
@)
N—
V2l

<.
Il ~
—

where, for convergence,

()p+qg<l4+m+1, p+k<l+n+1 |z|]<oo, |yl <oo, or (14)

(iW)p+q=L+m+1, p+k=C+n+1and (1.5)
2|V =0 4 |y YD <1, ifp>4 (1.6)
max {|z|, |[y[} <1, if p <L '

For absolutely and conditionally convergence of double series(1.3), we refer to a
research paper by Hai et al. [6, p.106-107].

Appell function [1] see also [18, p.53, Eq.(6,7)] Appell’s function of third kind is
defined by

Fy o, 87,6 hmy) = ) (@B D)y : (1.7)

(A)mgnm!n!

m,n=0

where max { |z|, |y| } < 1.
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Appell’s function of fourth kind is defined by

o)

Fila,B; v, 6;azy] = ((O%Z?gfg;’:;xmy” (1.8)

m,n=

where lz| +/|y| < 1.

Series rearrangement technique is based upon certain interchanges of the order of a
double (or multiple) summation. Several hypergeometric generating relations have
been established using series rearrangement technique.

Here, we consider some well known results.

Srivastava identity [17, p.4, Eq.(12)]

iq) x—l—y _ i @(m—l—n)xmy”. (1.9)

m! n!

=0 m,n=0

Cauchy’s double series identity [8, p.100]

Y Y omn)=> > @(m—mn,n), (1.10)

m=0 n=0 m=0 n=0

o 7] 0 oo

> o(m,n) = d(m +2n,n) | (1.11)
m=0 n=0 m=0 n=0

provided that the associated double series are absolutely convergent.
Kiimmer’s first transformation [14, p.125, Eq.(2)]

o f—a;
1F1 z = 1F1 —z 5 (112)
[ B
where 8 #0,—1,—2,--- and |z] < 0.
Gauss’ quadratic transformation [5, p.65, Eq.(26)] see also [12, p.251, Eq.(9.6.5)]

2a, 2a — b+ 1; a, a+ 3
—2a 2a
oI T | =@ (1 +VI=2)T R z |,
b; b;

—
|
i
|
w

w
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where |arg(l —z)] < mand b#0,—1,—-2,---
Whipple’s quadratic transformation [22, p.267, Eq.(7.1)] see also [14, p.88,
Th. 31]

_maﬁ’,y; %’7%+1’1_ﬁ_f}/_m;
35y z | = (1=2)" 3k (1__45)2
1—-8—m,1—~v—m; 1—-8—m,1—~v—m;
(1.14)

Here m=0,1,2,3,--- and 8, v, 1 —8—m, 1 —y—m, 1 — 3 —~ — m are neither zero
nor negative integers.
Generalized Laguerre Function

—u;
1F1 z |, (1.15)
14+ a;

rl+a+v)
1+a)(v+1)

L (z) = T

v

where v is arbitrary and valid for all finite values of x.
Classical Jacobi polynomials of first kind of order m [14, p.254, Eq. (1)]

—m,l4+a+ B+ m;

1
t)m g = (1.16)

Pl (@) = B¢

(1+)m

Fa e) = (1+2a)m

m

1
where polynomials ple @) (z) are called Ultraspherical polynomials and C%+2(ac) are

known as Gegenbauer polynomials.

()

Sl

PYV(z) = Pu(z) = C
where P, (x) are called Legendre polynomials.

(554 (3)m
Pyt (x) = ?n! T ()

where polynomials T, (z) are known as Tchebycheff polynomials of first kind.

By gy B
! m

(m+1) Cm()

P () = _\3)m _
" (m+1)0 ™

where U,,(z) are called Tchebycheff polynomials of second kind.
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Khandekar’s generalized Rice polynomials [11, p.158 , Eq. (2.3)]

_n’1+7+5+n7<,
3F2 z y (1.17)
L+, p;

H Ol py) =
n:

which is the generalization of Rice polynomials HT(LO’O) [C,p, 2] [15, p.108].

Linear generating function

Two functions F'(z,t) and G(z,t) of two independent variables = and ¢ are called gener-
ating functions of the sets { f,(z)} and {g,(x)} respectively, if it is possible to represent
F(z,t) and G(z,t) in the following series expansions of ¢

F(x,t) = ibn fa(@)t"™; t#£0, (1.18)
n=0
+o0o

G(z,t) = Z cn gn(X)t"; t#£0, (1.19)

where the coefficients b,, and ¢, are independent of x and ¢ and may contain some
parameters related with f,(z), g,(x) respectively.

Motivated by the work collected in beautiful monographs of Rainville [14, ch.(8), pp.
129-146], McBride [13, ch.(1), pp. 1-24; ch.(5),pp.72-76], Brafman [[2], [3]] and Shively
[16],we obtain some generating relations in this paper.

The present article is organized as follows. In section 2, we obtain three generating
relations. In section 3, we have given the proof of hypergeometric generating relations
using series rearrangement technique, linear and quadratic transformation. In section 4,
some special cases are also discussed.

2. Hypergeometric Generating Relations

When the values of parameters and arguments leading to the results which do not make
sense are tacitly excluded. In each generating relation multiple series involved in the left
hand side and the right hand side are absolutely convergent and in each hypergeometric
function, denominator parameters are neither zero nor negative integers.Then
Generalization of Shively’s generating relation[16]

(aa): — 5 —
FA:00 tV P +Axt  t—/2 4wt
B:1;1 2 ) 2
(bp): 1 ;5 1
0 A —m, (CLA) + m;
i—1\ A3 )m
= Z ll_L_B}( ) A+1FB+2 X tm, (21)
m=0 (l)mm Hi:l (bl)m 1 , 1+ m, (bB) + m;
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where (a4) = a1, a9, ...,a4 and (bp) = by, be, ..., bp are neither zero nor negative integers.

/2
t \/(t2+4xt) < 00

t++/ (t2+4axt)

5 < 0o and

.

Generalization of Brafman generating relation [3]

(i) When A < B + 2 then,

)

t++/ (t2+4xt)

2

t—+/ (t2+4xt

(ii) When A = B + 2 then, \/

(@a) : 7,0 —v;7,0 —;

FA:2;2 t++/(t2—4xt) t—/(t2—4xt)
:0; 2 ’ 2

B:0;0
(bg): — c—
> (’Y)m((s - ’Y)m HA (al)m —m, (GA) +m,d +m;
N Z ! i A+2FB s | (22)
m=0 m: [ (bi)m (b) + m:

where (aa) = a1, a9, ...,a4, (bg) = b1, by, ...,bp and v, § — v are neither zero nor negative
integers.

t++/ (t2—4at) t—+/ (t2—4xt)
2 2

(i)When A < B — 1 then, < oo and < 00,

t—~/(t2—4at)
i } <1

t++/ (t2—4at)
2

9

(ii))When A = B — 1 then, max{

Third generating relation

—b; [e’e) —b;
’ 1 D) (—1)" ’ tr
et Py T+t :Z( +a1+ Jn(=1) ) z |, (2:3)
1+a; = (At | 14a+n; "
where a # —1,—2,—3,--- and valid for all finite values of x and t¢.
3. Proofs. Proof of first generating relation (2.1). Let
N (aa): — 5 —
0;0 2 12
U = FB 1 t+\/t2+4:vt’ t \/t2+4zt
(bp): 1 1

therefore,

0= 30 S (0 (a) i VT ) ¢ = VP o)

b1 m+n<b2)m+n (bB)m+n(1)m(1)n2m2”m'n'

(3.1)

m=0n=0

Replacing m by m — n in equation (3.1) and applying double series identity(1.10), we
get

& (a1)m (@A) (t + VI F At) T (t — V2 + dxt)”
=22 B2 05D (D27 (2 — )1

m=0n=0
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_ i (a1)m(a2)m-..(aa)m(t + V2 + dat)™ i (t — V2 + dat)”
m—0 (bl)m(bQ)m“'(bB)m(l)m(1)m2m =0 (1 —|—m)_n(1)n(1 —i—m)_nn!(t—i— V2 +4:ct)”

Z (a1)m a2 (@) m(t + V2 + dxt)™ i( M) (—m)n (t — V2 + 4at)"
= (b)m(b2)me (0B )m (1)m2mml = (Danl(t + V2 dat)n

_ i (a1)m(a2)m...(aA)m(t + V2 + dat 4xt)

t—vt244at
L= (0)m(b2)m--(bB)m(1)m2mm! GG
—-m, —m;
Z (a1)m az (@n)m(t + V2 + dxt) JF 1 m 62
0 (b1)m(b2)m--(bB)m(1)m2™m! 1+\/@
L;

Applying Gauss’ quadratic transformation(1.13) after simplification, we get

-m —m+l.
2 2
—4x ]

1;

o

(a1)m(a2)m--.(@a)mt™
U= F
ZO b1 )m (62)m (b Yoo (D! 271

t

(5]

> a1)m(a2)m...(@aq)mt™ (=m), (=oALl (—1)n22ngn
= Z (a1)m(a2) (aa) Z 2 (21)ntnn!

o) a1 )m a2)m.-.-\aQA)m —m)on —1)ngngm—n
S @n(oanetatdn 5 Cmla(D

= (1),n!

_ S (a1)m(a2)m---(aa)m (=1)ngngm—n

Replacing m by m + 2n in equation (3.3) and applying double series identity(1.11), we
get

U — Z Z (a1)m+2n(a2)m+2n--- (@A) my2n(—1) 2™t
=0 e 0 bl m+2n b2)m+2n (bB)m+2n(1)m+2n(1)nm!n!.

(3.4)

Replacing m by m —n in equation (3.4) and applying double series identity(1.10), we
get

al m+n(a2)m+n (aA)m—f—n(_l)nxntm
-3y o

=0 r— 0 +n b2 m+n (bB>m+n(1)m+n<1)n(m_n)!n!
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- (a1 +m)p(az + m)p...(aa + m),(—1)"2™ m
. <Z (b1 + 1) (s + M) (b5 + m)n(1 + m)n(1 + m)_n(l)nn!> t

O (a1)m(a2)m-.-(aa)m " (ag Fm)n(az +m)p...(aq +m)p(—m)ua™ m
N Z (b1) . (Z:% (b1 +m)p (b2 +m)y...(bp +m)n(1 + m)n(l)nn'> t

m=0
0o A —m, (aq)+ m;
i—1\@i)m m
= BHZ_l( ) | A+1FB+2 T t y (35)
=0 1Li=1 (00)m (1) mm! 1, 14+m, (bp)+m;
where (aq) = aj,a2,...,a4 and (bg) = by,ba, ..., bp.
Proof of second generating relation (2.2)
Let
(@a) 17,0 =7;7,0 =7
A:2;2 2_ Ay — 2_ Ay
¢ = Fio t+\/(t2 4 t)7t \/(t2 4xt)
(bp): — 7 =
Then,
P — Z Z (a1)man(a2)min-- (@A) man(V)m(d — V)m(’V)nX
m—0n—0 bl)m+n(b2)m+n (bB)ern
X@—v%@+¢ﬂ—4ﬁWwaﬁ2—Mﬂ" (3.6)

2m2nmln!
Replacing m by m —n in equation (3.6) and applying double series identity(1.10), we
get,

X

(a1)m (aA)m('Y)m—n(‘S = Vm=—n(Vn
¢ = Z Z (01)m(b2)m---(bB)m

" (0 — )t + V2 — dat)™ " (t — V12 — dat)”
2m(m — n)!n!
(a1)m(a2)m---(a4)m(V)m (0 = V)m(t + V1?2 — dxt)™
(bl)m(bg)m...(bB)m(l)QO
Y+ m)—n(0 — 7+ m)—pn(V)n(d — V)nlt — VI — dat)"
(1 4+ m)_pnl(t + V2 — dat)”

(a1)m(a2)m---(@A)m(Vm (8 = V)m(t + VI — dat)™
(01)m (b2)m-..(bB)mm!2™

m=0n=0

M

X
M3

S

%

m=0
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— (1 —=7—=m)n(1=6+v—m)pnl(t+ V2 = dgt)n

_ i (al)m(a2)m'--(az4)m('7)m(5 - V)m(t + M)m
(bl)m(bz)m...(bg)QOm!

-—m, 7, 6_’)/7
X 3FY — (t(’5242t)> . (3_7)

t++/ (t2—4xt)
l—y—m,14+~v—90—m;

Applying Whipple’s quadratic transformation(1.14) after simplification, we get

o0 =mo—mdl ] — 6
P — (a1)m (aa)m()m (0 = Y)mt™ o Fy 202 |4
— (bg) .(bB)mm! b m: ¢
_ $° (@0 (03)- (0025 = Dt NG SN
— (01)m (b2)m-..(bB)mm! = (L=—m—=7)n(l =547 —m)nt"n!
o0 (%] _
_ (a1)m(a2)m--(@a)m(V)m (0 —¥)m (=m)an(l —m — §)pz™t™ ™"
B 7;) (01)m (b2)m--.(bB)mm! Zo I-m—-—9)p(1-50+y—m),n!
o0 (3] .
o (al)m(a2)m-~(aA)m(’7)m(5 - 'Y)m (1 —-m — 5)nl‘ntm n
_mZ::o (b1)m (b2)m---(bB)m %(m—2n)!(1—m—’y)n(l—5+’y—m)nn!'

(3.8)
Replacing m by m + 2n in equation (3.8) and applying double series identity(1.11), we
get

o = Z Z n )m+2n ( A)m+2n(’7)m+2n(5 - '}’)m+2n(1 —-—m—2n — 5)nxntm+n
...(b ml(l—m —2n — 1-§ —m—=2n),n! "’

=0 =0 (b2)m+2n---(bB)m+2nm!( Y)n( + )n
(3.9)

Replacing m by m —n in equation (3.9) and applying double series identity(1.10), we
get

o = Z Z (a1)man(a2)min--(@A)man(V)min(0 = V)min(l —m —n — 0),2"t™
(01)man(02)man--(bB)man(l—m—n—7),(1 =5 +~v—m — n),(m — n)!n!

mOnO

_ i zm: a1)m+n(a2)min--(@A)man(V)m (0 = V) m(0)min(—m)pz"t™

=0 n—=0 bl)m+n(b2)m+n(bB)m+n(5)mm'n'
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X

= (@)m(a2)m-(a4)m(V)m (8 = V)m
a Z (bl)m(bQ)m---(bB)mm!

(a1 +m)p(az +m)p..(aa +m)p(6 +m)p(—m)pz™\ .,
: (Z (b1 +m)p (b +m)p...(b +m),n! ) t

n=0

A —m, (as) +m,d+m;
= I (@0)m ()6 = D () "
Z ' A+2FB x [t (3.10)
m=0 Hz 1(b Jmm! (bg) + m;
Proof of third generating relation (2.3)
Let
—b; (x+ t)
=_ —t ot
E=et P T4t Z (3.11)
|
l+a : 1 —|- CL NN
Applying Srivastava identity (1.9) in equation (3.11),we get
— i (=)msn 2" _ i (=D)mz™ Z —b+m),
(1+ a)min min! (1+a m! (I+a+m), n!
m,n=0 m=
00 Lm —b+m;
Z a TR t|. (3.12)
m:O + a)mm! l1+a+m;
Applying Kiimmer’s first transformation(1.12),we get
0 o l+a+b; i
== Z (1 —|— a)mm! A B
o ( mn l1+a+m;
i Z 1+a+ b )ntn
| |
= —|— a)mm! (14+a+m), n!
o — (1 + a)mynm!
B i (L+a+b)p(—t)" i (=b)mz™
— (I+a)pn! 2= (1+a+n)mm!
i (Lt+at+bn(-1)" —b; tn (3.13)
x| —. :
(1+a), 1 n!

n=0
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4. Special Cases
In first generating relation (2.1), put A =2, B =0 and a1 = «, a2 = 8 and applying the
definition of Appell’s function Fy (1.8), we get

1 gL /(2 taat)  t—+/(2+4at) 0 —m, a+m, 5+ m;
F4 Oé,ﬂ,l,l, 2 ’ 2 — Z Mgf& X tm,
(m!)?
m=0 1,14+ m;
(4.1)

t++/ (2 +4xt) t—+/ (t2+4at)
2 2

<land o, 8#0,—1,-2,---

where \/ + \/

Applying the definition of Khandekar’s polynomials (1.17) after simplification, we get

_ - > )m(B)m m,o—m— m
Fi| a,p1,1; S/ CHD =yt | = 57 (”() Hime ”[ﬁ+m,1,x]>t ,

22m(%)mm!
where \/ + \/

In second generating relation (2.2),put A = 0,B = 1 and by = b and applying the
definition of Appell’s function F3 (1.7), we get

m=0

(4.2)

t++/ (t2+4xt)

2

VD ) and @, B£0,—1,-2, -

Es [ 7,0 = 737,06 — 73 b; t+\/(t22_4”)’ t—\/(t22—4:ct)

-m,d +m;

> m 6 - m
= ®) b() m;” 2F) z | (4.3)
m=0 m b+ m;
where max{ s (t;_zm) i (t;_4xt) } <land~v,d—7~,b#0,-1,-2,---

In equation (4.3) replacing z by (1;733) and applying the definition of Classical Jacobi

polynomials of first kind (1.16) after simplification, we get

t+/(2—2(1—2)t) t—/(2—2(1—a)1) }
2 ’ 2

F3[%5—7;%5—7;b;

_ . (W)m((s — V)W (b+m—1, 6—b—m) T m
n;)((b)zm P ( ))t , (4.4)

t+/(E2—2(1—2)t) t—/(E—2(1—2)t)
2 2

<land~vy,§d—7~,b#0,—1,-2,---

where max ,

In third generating relation(2.3), applying the definition of generalized Laguerre func-
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tion(1.15), we get

—b; [ee]
_ ’ I'l1+4+a)'(140) (atn), , t"
t n
e "1k r+t | = E (=)™ Ly (@) —, (4.5)
l4a: I'(l1+a+b) = n!
where a # —1,—2,—3,--- and valid for all finite values of x and t¢.

5. Conclusion

In our present article, we obtained various generating relations by using Series rearrange-
ment technique, Gauss’ quadratic transformation, Whipple’s quadratic transformation
and Kiimmer’s transformation.From these generating relations readers may find their ap-
plications in various branches of Physical Sciences and may be useful to non-professionals
who are interested in a wide range of problems of Mathematics and Statistics.
Acknowledgment: Authors are very thankful to the referees for their valuable sugges-
tions in improving this paper and citations of some additional references.
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