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Abstract: In semi-simple ring Rygpn = %, where p is prime and ¢ is some
prime power (of type 16k + 1), n is a positive integer, subject to order of ¢ modulo
p"is @, expression for primitive idempotents are obtained. Generating polyno-
mials, dimensions and minimum distance bounds for the cyclic codes generated by

these idempotents are also calculated.
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1. Introduction

The group algebra F'Cigpn, F' is field of order ¢ and Cigpn is cyclic group of
order 16p™ such that g.c.d.(q,16p) = 1, is semi-simple having finite cardinality of
collection of primitive idempotents which equals the cardinality of collection of ¢-
cyclotomic cosets modulo 16p™ [11]. The primitive idempotents of minimal cyclic
codes of length m in case, when order of ¢ modulo m is ¢(m) for m = 2,4, p", 2p™
were computed in [6, 9]. The primitive idempotents of length p™ with order of ¢
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modulo p" is were obtained in [10] and minimal quadratic residue codes of
length p™ in [7]. Cyclic codes of length 2p™ over F', where order of ¢ modulo 2p™ is
@ were discussed in [8]. Minimal cyclic codes of length p™q, where p and ¢ are
distinct odd primes were derived in [1, 3]. Further, when order of ¢ modulo p" is
¢(p™), the minimal cyclic codes of length 8p™ were discussed in [4, 5|. Irreducible
cyclic codes of length 4p™ and 8p", where g = 3(mod 8) and p/q — 1 were obtained
in [2].

In present paper, we obtained cyclic codes of length 16p™ over F' where ¢ is some
prime power of the form 16k+1 and order of ¢ modulo p" is @. We considered the
case for p being a prime of the form 8%+ 1. However in other cases whenever p is a
prime of the form 8k+3, 8k+5 and 8k+7 the expression for the idempotents can be
obtained by using some permutation on the set A. The ¢-cyclotomic cosets modulo
p" are obtained in Section 2 and termed those as {» for 0 < ¢ < 15 and Qg
for a € A = {1,2,4,8,16, A\, 2\, 4\, i, 2, v, 2v, 1, &, p, x}. Primitive idempotents
corresponding to €2,» for 0 < ¢ < 15 are obtained in Section 3. In Section 4, we
derived the expression of primitive idempotents corresponding to €1, fot t = 8,
16, 8¢, 16g and those for t = 2,4, 2\, 4\, 21, 2v,2g, 49, 2Mg, 4\g, 219, 2vg in Section
5. The remaining expressions are obtained in Section 6. Section 7, consists of
generating polynomials and dimensions for the corresponding cyclic codes of length
16p™. The minimum distance or the bounds for minimum distance of these codes
are obtained in Section 8. At the end, an example is discussed to illustrate the
various parameters for these codes in Section 9.

(™)
2

2. Cyclotomic Cosets

Let S = {1,2,...,16p"}. For a,b € S, consider a ~ b iff a = bqg'(mod 16p™)
for some integer ¢ > 0. This is an equivalence relation on S. The equivalence
classes due to this relation are called g-cyclotomic cosets modulo 16p™. The g-
cyclotomic coset containing s € S is Q, = {s,sq, s¢*, ..., s¢"7'}, where t, is the
smallest positive integer such that sq's = s(mod 16p™).

Lemma 2.1. [8] If @ is the order of ¢ modulo p™, then the order of ¢ modulo

prtis Y200 <i<n—1.

Lemma 2.2. If @ 18 the order of ¢ modulo p", then for 0 <1 <mn —1, order of
q modulo 2p™~¢, 4p™~¢, 8"t and 16p™~" is @.
@ is the order of ¢ modulo p”, therefore by Lemma 2.1, order of

g modulo p"~* is gs(%—i)’ 1 <¢<n-—1. Hence

Proof. Since

¢“7 = 1(mod p") (2.1)
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Since ¢ is of the form 16k + 1, therefore ¢ = 1(mod 2). Hence, qw = 1(mod 2).

As ged(2,p"~%) = 1 and order of ¢ modulo p"~* is ‘b(pg_i), SO q“”i_” = 1(mod 2p"").

¢( n—i)
t 2

This implies tha is the smallest integer for which (2.1) holds. Hence order

of ¢ modulo 2p™~ is ¢(p;*i). Similar, result holds for 4p™~*, 8p"~* and 16p™~".

Lemma 2.3. For0<i<n—-1and0 <k < w — 1, t # ¢*(mod 16p™),
where t = X\, 2\, 4\, u, 2u v, 2v, n, & p, x and A = 1+ 2p" , u =1+ 4p”,
v=14+6p", n=1+8", E=1+10p", p=1+12p", x = 1+ 14p".

Proof. Proof can be obtained by using Lemma 2.1 and Lemma 2.2.

Lemma 2.4. Let p be an odd prime then there exist an integer g, 1 < g < 16p
and is primitive root modulo p, further when p is of the form 4k + 1 then order of
g modulo 4, modulo 8 is 2 and modulo 16 is 4 and when p is of the form 4k + 3
then order of g modulo 4, modulo 8 and modulo 16 is 2. Also, if q is any prime or
prime power and g.c.d.(p,q) =1, then g & {1,q, ¢*, ...,q@_l}.

Proof. Consider the complete residue system, S, = {0,1,2,3,...,p — 1} mod-
ulo p, Sy = {0,1} modulo 2 and Sy, = {0,1,2,3,...,2p — 1}, modulo 2p. Since
ged(2,p) = 1. So there exist an integer v € S, such that 2v —p = 1. Let a be any
primitive root modulo p in S,. For p = 1(mod8), let g = {2av +tp+ 6ap}(modl6p)
where ¢ is a prime of the form 16k; + 3 implies ¢ = {2av + tp + 6ap}(modp) =
2av(modp) = a(l + p)(modp) = a(modp). Hence g is primitive root modulo p.
Now g = {2av + tp + 6ap}(modl6) = {a(1 + p) + tp + 6ap}(modl6) = {a(l +
8k + 1) + (16k; + 3)(8k + 1) + 6a(8k + 1)}(modl6) as p is of the form 8k + 1
and t is of the form 16k; + 3. Clearly, g = 3(mod2) = 1(mod2). Hence order
of g modulo 2 is 1, again g = {a(l + p) + tp + 6ap}(modd) = {a(l + 8k + 1) +
(16k1 + 3)(8k + 1) + 6a(8k + 1) }(mod4) = {8(ak + a + 3k) 4+ 3}(mod4) = 3(mod4)
so g = 1(mod4). Hence order of g modulo 4 is 2. Similarly, g> = 1(mod8) and
g* = 1(mod16). So order of g modulo 8 is 2 and modulo 16 is 4. Now when
p = 3(modB), let g = {2av + tp + 4ap}(modl6p), where t is a prime of the form
16k, + 5, implies g is primitive root modulo p and order of g modulo 4, modulo 8
and modulo 16 is 2. Again when p = 5(mod8), let g = {4av + tp + 4dap}(modl6p),
where t is a prime of the form 16k; + 7, implies ¢ is primitive root modulo p and
order of g modulo 4, modulo 8 is 2 and modulo 16 is 4. Again p = 7(mod8), let
g = {4av + tp + 8ap}(modl6p), where t is a prime of the form 16k; 4+ 1, implies

g is primitive root modulo p and order of ¢ modulo 4, modulo 8 and modulo 16

is 2. Let g € {1,q, q2,...,q@’1}, so g = ¢' for some 1 < i < @ — 1 equiva-

lently o(g) = o(¢') as order of g modulo 16p is @, so o(q') < @ modulo 16p.
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This implies o(g ) S

g g {17Q’q ""7

Lemma 2.5. If p = 1(mod8) for given p, there exist a fixed integer g satisfying
ged(g,2pq) = 1,1 < g < 16p, g # ¢*(modl6p) where 0 < k < @ 1 such

¢T modulo 16p, but order of g modulo 16p is ¢(p). Hence
'

n—j —Jj

that for 0 < j < n — 1, the set {1,q,q>, .. B R J,99, 99>, .. ,gq . -1
n—j

forms a reduced reszdue system modulo p” I and the set {1, 7.4% ..., q o Ll,
B9 p("9)

9,99, 942, ... ,gqj N A AE, AT J 1 X\g, Agq, N\gq? ,---,qu = 1 u,

p(" ") d(P" ") eI

[, -y PG 2N G, 119G, 119G, . ,ugq > Y vvg, ., vg T Y g, vy,
¢(Pn_])_1 " ]) ¢(Pn_J)_1 2

vgq?, ng 2 NG N _2 Y ng.ngq, ..., ngq 2 » §,64,89%, ..,

d>(p d"TI) 9 eI
q Jég 94,692, ..., E9q" T ) L opopgpd?, . pg pg, P94, PIq°,
s 7)) d(p™""7) $(p""7)
5 P T XX XG s X - X X94. X6 o xgq" = '} from a

reduced residue system modulo 16p™~
Proof. By Lemma 2.1, order of q modulo pis ( ). Therefore {1,q,¢% .. ,q -1
are inconguent modulo p. But there are exactly ¢(p) numbers in this reduced

residue system modulo p. Therefore there exist a number ¢ satisfying gcd(g, 2pq) =

1,1 < g< 16p, g ;é ¢ (modp) for 0 < k < ¢(p —1. Then the set {1, ¢, ¢%, ..., q@*l,

g,9q, 94>, ..., gq 1} forms a reduced r651due system modulo p. Since for 0 <
k< @ — 1,9 # ¢*(modp), it follows that g # ¢*(modp™~ 3) for 0<k< 2 J) —

(") d(p" 7

1. Hence the set {1,4,¢% ,q" > 9,94, 9¢% - gq" = '} forms a reduced
residue system modulo p” I0<ji<n-—1 Slmllarly result holds to show that the

set {1, ¢, 2 . ¢ " 2 g 00,98 905N A A - A _2 1 \g, Agg,
Agq® A S g, 1 g pE Z_) \ 195 194, ---,ugq;;:)])l v, v, v,

LVq 1;@5:%’) vgq, v9q’, ..., ¢qu =L nng, ng? . mq L ', mg,m94,
ngq(p,n;]), ngg = & &g .. ,fg(p j_) 1, €9,€94, §94°, .- ,ggg) =1 ppg, "
P ,pg P9a; PIG*: PG T N X XG XGPs s XG 2 XYs X9Gs X9,

vy X9q e ~1} forms a reduced residue system modulo 16p™ .

Theorem 2.6. There are (32n + 16) g-cyclotomic cosets modulo 16p™ given by

Qapn = {apn} for0 <a <15 and for0 <i<n-—1 Qtpi - {tpi,tpiq, --.,tpiqd)(pzi )_1})

Qi = {tgpi,tgpiq,tgpiqz,...,tgpiqw{)’1}, where t = 1,2,4,8,16 defined in

Lemma 2.3 and g is as defined in Lemma 2.4.
Proof. By definition, it is obvious that Qy = {0}. Since q is of the form
16k + 1, so ¢ = 1(modl6), so ap”q = ap™(modl6p™) and hence Q,n = {ap"}
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n—i

By Lemma 2.2, q¢<p2 = 1(mod16p™~") equivalently, tpiq¢(p2_) = tp'(mod16p"),
S , ;i e@"Th .. i i i
50 Qe = {tp', tp'q, tp'q*, ..., tp°q =~ '} Similarly, Q. = {tgp’, tgp’q, tgp'e®, ...,

tgpiqﬂz?{ )71} Obviously, ]Qapn = B ¢(p;7¢)7 “
n—1 - 5
+ ¢( 5 ) _|_ ¢( " 2) + + ¢(p) 2" 1 + pnflgpn72 +

tGA’LO

32(”;_1) =16 + 16(p" — 1) = 16p" 1t follows that these are the only distinct g-

cyclotomic cosets modulo 16p™ in this case.

3. Primitive Idempotents Corresponding to (,», 0 <t <15
Throughout this paper, we consider a to be 16p"th root of unity in some ex-

tension field of F'. Let M, be the minimal ideal in Rigm = % = FCligpn,
generated by s p(gl , where my(z) is the minimal polynomial for o®, s € €.
We denote Ps(x), the primitive idempotent in Rygpn, corresponding to the minimal
16p"—1
ideal Mj, given by Py(x) = 16;,1 Z e;x® where € = Z a " and C, = Z x°.
t=0 sEQs EISI P

Then,

PS(x) 161p [Z 6tp Ctp” + Z{Z €api Cap + Z €agpt Cagp } (3'1)

i=0 a€A a€A

Lemma 3.1. For cyclotomic cosets Qupn, 1 <t < 15, (1) Qypn = —Qrg-p)pr
Proof. Since (yn = {tp"}, therefore {(16 — t)p"q + tp"} = p"{(16 —t)qg +t} =
p"{(16 — t)(16k + 1) + t} = 0(mod16p™). Hence the result holds.

Theorem 3.2. The explicit expression for the primitive idempotents Pyn, 0 <
t,w <15 in R16pn are given by

n—1
P () = 16p {Za (16—w)tp "@WLH_Z{Z a(16—w)ap"+1§api+z a(lﬁ—w)agp"ﬂéagpi}]'

i=0 a€A a€A
Proof. By deﬁmtlon, we have € = ZOF“ and Zx where « is 16p™th
€€ s€€ds

root of unity. For s = 0, since € = 1 for all 0 < k < 16p" — 1, so Py(z) =

16p ZCU’ + Z{Z Cap +angp}

i=0 a€A acA
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"7' _ T n
Due to Lemma 3.1, Qpn = —Qy5n and so € = E a = qPE = gtk
sedyn

" p"t pr pt Tp3n p"t p*t 6p2"
€ = —€gpn = 1, €pn = —€gun = —a'P €gpn = —Eqgpn = —QT
p" " 5p3n " " 4p2n p" p" 3p2"
€3pn - _611pn - _Oé 3 €4pn —_— _612])”‘ _Oé 9 €5pn Elgpn _O[ 9
p*r o 2p3n pr p*r P2 Pt o Tprti
p* _ . p" _ __ _eptt p* _ __p" __ _  4pnti p* _ __p"
€opi = € = —Q , €ipi = —Epppi — —Q , €gpi = —Elepi = 1,

p" __ _7TApntt p" __ _ _ eipnt? p" _ _ Tupnt?
Erpi = —Q , Eonpi — — , Eupi = —« ,

p* _  7upnti p"* __ _  6upntit p" __ _ 7epnti

Vpi - a ’ egypz‘ - « ) Egpi - « )

n n+i n n-+i n T n—+i
epi:_a7pp , Epi:—O;XP ’ 6Pi:_pi:_7gp
PP . » xp! . » gp ngp

p [ _ _ 6gp™Tt P __ _ Db _ _ A AgpTt P [ _
Cogpt = T Copgp — T ) Cagpr = “Cangp — T » Egpt = " Clegpt 1,
" TAgpntt p" ____BAgpnT? p"* 7ugp"+i
Eagpt = ¢ ) Corgpt = T ) Cugpt — % ’

n n+i T 410 I n+i
€p — _a7ugp EP — _a6l/gp EP — _a7§gp

vgp* ’ 2vgp* ! Egp* ’

n n-+1i Y n-+1i
e = —aPr"T L = _qTxep" "

pgp* xgp*
Using these in (3.1) the expression for Py (z) can be obtained.
Similarly, using Lemma 3.1, P,»(z), 2 < w < 15 can be obtained.

4. Primitive Idempotents Corresponding to P, t = 8,16, 8¢, 16g

For 0 < j < n — 1, we define: Hj:ijOzs;Ij:pj Z o Q) =

seﬂggpj steﬁgpj
POt Ry=p Y o Since Q1 = (7 Y ) = (p) (Y o) = (p))
sngpj steﬁpj sngpj seﬂgpj

Z a? = (p’)? Z o”. However, (p’)? = p/, therefore Qf = p/ Z a’. More-

seg s€qQg j seqg j

over, {)g, is a cyclotomic coset, therefore ¢{2g,; = {lg,;. Hence Q;’- =/ Z o =

serpJ

@, and so Q; € GF(q). Similarly H;,1;, R; € GF(q).

n—1 ;£ »
. —p ifj=n—1
1.0<j<n—1,1+R;=
Lemma 4.1. 0<j<n-—1, I; + R; 0 otherwise.
¢><p’;—f)_1
Proof. By definition I; + R; = p’ Z (5gqf + (5qt) where § = 167
t=0

n—j n—j
As the set {1,q, ¢, ...,q¢(p2 )_1,g,gq,gq2, ...,ng'z )_1} is a reduced residue sys-

tem modulo (p" /) therefore
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n J n—j pn—j pn—j—l

RO IR SRIE) S DR A RS B/

t=0 t=1,p/t t=0 t=1

n—1 ;£ __ _
Lemma 4.2. 0< j<n—1, H; + Q, = gothgfuz.;e” !

Proof. This result can be obtained in similar pattern that Lemma 4.1 and using
s I (")

—J
the fact that {1,q,¢% ....,q 2 Y 9,99,94%, ...,99 2 : ~11 is a reduced residue
system modulo (2p"7).

Lemma 4.3. For cyclotomic cosets Qpi, 0<i1<n—-1

(Z) ?729},1' = an,i = sz‘ = V2sz = Q

(ZZ) /LQQpi = ani = T]Qpi = pQQ = )\2 5

(493) (20)%Qpi = 20, = 40 = Qi = ( ,u) Qi (2u)2§2

(iv) (4)\)29101 = pri = QQBPi = 4Q4p = 6Q

Proof. (i) Since n = 1+ 8. So n? = (1 + 8p")? = 1+ 64p* + 16p" =
1(mod16p™). Hence 77 = (m0d16p ) = n*Qi = Qp'. Now n*Qui = {n?*p',
9 i . @™ 4 ;e 4

°D'q; npq s ' 7 p = p{pt, P’ np', s ' T T = Q.

Now 12 = (1+6p")? = 1+ 36]92” + 12p™ = 1(mod16p™) and x* = (1 + 14p")? =
14 196p*™ + 28p™ = 1(mod16p™). Hence v*Q, = x*Q,i = Q. Similar result holds

for remaining.

Lemma 4.4. For1 <:<n-—1,
(1) Quigprypt = —Qrraa—ppryp and hence Qiymygy = =iy qa—nprygpi, for t =

) Q(2+tpn)pi = _Q{2+(12_t)pn}pi and hence Q(Q—i—tp”)gpi = _Q{2+(12_t)pn}gpi, fOT

(

t

(ZZZ) Q4pi 94)\])7‘ (I'ﬂd hence Q4gp = _Q4Agpi7

(iv) Qi = =i and hence Qi = —Qygpi, fort = 8 16

Proof. Since y = 1+ 14p" = —1(modl16) and q e 1(mod16). Further,
q¢(5n) = 1(mod16), as ¢ = 1(mod16), therefore xq w = 1(m od16). Also q¢(§n) =
1(modp™) so qd)(in) = —1(modp™) and x = 1(modp™), thus xq e —1(modp™).
However (16,p") = 1 thus Xq%n) = —1(mod16p™) and therefore —Q,,; = .
Hence —£2, 4,0 = .

Proof of remaining can be obtained using relations of congruences and similar rea-
soning as for the relation obtained.

Lemma 4.5. For0<:<n;0<j53<n—1,
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2 CYSgps: 2 a4gps: E /‘a4)\gps: E :()42/\9175: E :a2ugps: 2 a2VgpS

serj seszj SEQQPJ‘ seQ4pj seﬂ4pj s€Q4pj

_ Z A P’ — Z ahap's — Z Al — Z a"IP's — Z as9pP's — Z aPIP's
seﬁgpj seﬂspj seﬂspj seﬂgpj seﬂspj serpj

— Z aXoP's — Z o har's
SEQSpj SEQQ)\pj

= Z QPHIP'S — Z Qe = ¢ SHiyy, ifitj<n—1, g#1,
SEQ4Apj S€Q4)\pj }%Ql+]7 Zf Z+] S n— 17 g = 1
Proof. As « is 16p™th root of unity in some extension field of GF'(q), so

¢<P27]> 1 ¢(pn273) —1

7 n n i+J 147 4t i
§ o2var's — E oS(A+2p™)(1+6p™)gp* T q" § { o3t — E :a89ps
seQU\pj t=0 t=0 serj

000 600

If B =a®"" then Y oo = N~ (a7 = (87).
SEij t=0 t=0
$(e" 7
(P2 )71
. . . . 0 i+7 .t
For i + 7 > n, (B is 16th root of unity, and so E B = E O
SEQp]' t=0

n=J . .
—M. For i + 7 < n—1, fis 16p" " 7th root of unity. Then ﬁql = p

2 o . .
which is possible when [ = r(modw), due to Lemma 2.2. So Z aBIP's =
SEQPJ'

2

") o
oY) N . 1 .
- [ = — o = —H,_;. Similar result hold for ;.
¢(pn—z—j> tz_; pj SEQZ* pj +J +7
8gp*TJ
Proof of the Lemma 4.6 can be similarly obtained using definition for I; and R;.

Lemma 4.6. For0<:<n; 0<j3j<n—1

§ a/lﬁgp s § aSgp s § a16gp s E O/Lgp s E aSgp s E a/lﬁgp s

se€d j sey 5 sedy se€y se€dy se€dy
— 2 a4)\gpis — E : CYngpis — 2 a2/\gpis — E a4)\gpis — E &2ugpis
56Q4pj seﬂgpj seQSPj seﬂspj seﬂspj

§ a2ugp s E alﬁgp s _ E a)\gp s E a2)\gp s § a4Agp s

seQS J seQ) seQd seQ) seQ)
p

16pJ 16pJ 16pJ 16pJ
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7 7 7 7 7
— E:augps: E:Oﬂugps: § QP = E:aQVgpS: E/‘angps:

stespj stespj seQij stespj seQ)

Z asop's — Z aPIP's — Z aXop's — Z oor's

s€Q) s€€2 SEQl6pj seﬂ4>\p]~
e

=9 plivy ifi+j<n—1, g#1,
Riyj, ifi+j<n—-1, g=1

16pj

16pJ 16pJ

Theorem 4.7. For p = 1(mod8), the expressions for the primitive idempotents
corresponding to Py, ngp s Pigpi and Pyggpi 10 R16pn are given by

Py () = A= [22) {Z )C pn }+2E0 Z{Z 1) Cpit > (~1)"Cgyi}

i=n—j a€A acA

n—j—1
+I% Z {Qi+j(c’pi + C)\pi + Cupi + Cl,pi + Cnpi + Cgpi + Cppi + Cxpi> + R7;+j(02pi +
=0
04;0 + CSP + Clﬁp + C2>\p + 04/\17 + C2upl + C2Vp ) + Hzﬂ(Cgp + C/\gpl + Cugzﬂ +
Cvgpl + Cngp + Cfgp + Cpgp + ngp ) + 1; i+j <C2gp + C4gp + CSgp + Clﬁgzﬂ + C%gzﬂ +

C4x\gpi+c2ugpi+c2l/gp")}] Prpi(x) = 16; ¢(pn s ZC "}‘i‘(b Z) Z {Z Clapit+

i=n—j a€A
n—j—1
Z Cagp } + Z {RH‘J Z Cap } + IH']{Z Cagp }}
acA acA aEA
where Qn_1 = Ep” 1(1 + /D), Hooy = (1 = D), In-1 = 3p" (/P —1) and
Ry1=3p" (—yp—1) andforallj<n—2Qj= j = dn— 3=Rn 3 =0.
Proof. Since g, = —(s,i, as obtained in Lemma 4.4, so e Z a~k =

SEQ

8pJ n—j .
E a®*¢. Thus et‘,ffn:(—1)t—¢’(p2 ) for 0 < ¢ < 15 and using Lemma 4.3, 4.5 — 4.6,
seﬂpj
wherever required we obtain
gy ..
S s spi sy s spi spi  spi ——¢(p2 )1fz+jZn
€pi = T Cupt T Cupt T Cp T Cepi T Eppt T Ep T 1 if 4 ;
# n P FQH_jlfz—i—an—l
=gy ...
SV S s s s s s sy WD) i 4§ >
opi — Capi T Cgpi T Crepi T Canpi T Canpt T Coupt T Coupi T 1 e
p p p P p vz pp vp ﬁRiHlf’z—i—jgn—l
gy ..
spi s spi_ spd sy sy spi spl ——¢(p2 )1fz+]2n
€pi = Eagpi = Cugpt = Cugpi = Engpi = Cegpi T i = € i — 1 e .
gp gp ugp vgp ngp gp pgP Xgp i H; +j ifi+57<n-1
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2gp* 4gp* 8gp* 16gp* 2Agp* 4rgp* 2ugp* 2vgp* 1% I ifi+j<n-1

S _ s _ sy _ 8 8 s sy sy _{@ifiﬁjzn
Using all these in (3.1), the expression for Py, is obtained.
Using Lemma 4.3 — 4.6, the expression for Pigpi, Psgp and Piggy can be derived.
However, the expression for Py, (), Piggpi(z) can be written by interchanging @
and R by H and I in the expression of Py, Pigpi-
Since O, = ZLE and (C) 16,0 = Cr(a 16p7) — Z(ampj)s. Therefore Cypn (') =
seQy seQp
| oW )
— +7>2n
1for 0 <t <15. Cop(a'®) =1 , 2 U i+J
rr=r= ot (@) Riyjifi+j<n-—1

PN s
ATy = | 2B hif itz n
and Cogp@™) =\ 1P iy j<n-1,

Using all these in Pij(aij) =1, to obtain

n—1 n—j—1
. i 16 1
16" = ()8 +8 3 o0 N+ 5 D (R + i)
i=n—j 1=0
n— .7 1 1 pn—l
which in turn implies 1% Z Z; 7,-}-_7 + [2z+]) =5 (p+1)
=0
p —1

In particular for j =n — 1, S5 (R% 1 + 1) = B—(p + 1)
Using Lemma 4.1 to obtain I,y = ip" '(,/p — 1) and Ro1 = 30" =P —1)
andso I, o =R, o=1, 3=R, 3=..=0.
Relations for Q;;; and H;;; can be derived using Lemma 4.2 and the fact that
PSpj<O‘8pj) =1L
5. Primitive Idempotents Corresponding to P, t = 2, 4, 2\, 4\, 2u, 2v,
29, 49, 2Ag 5 4Ag, 2ng, 2vg

For 0 < j <n —1, define C; = p/ Z o, F;=pf Z o, Gj=p’ Z o’

seQ) sef) sef)

2Xgp? 2gp7 4gpJ
_ j S _ ] S _ 1 s . . .
K;,=p E a’, O =p’ E o, Py =p’ E o’. Due to similar procedure as in
seQQApj ssﬂzpj seQ4pj

Section 4, Cj, F}‘, Gj, Kj, Oj, PJ S GF(C])
Lemma 5.1. For0<j<n—1, K;—p”0;,=0;C;— % F; =0 whereﬁ = ",
Proof. Since a?’ = 2+2"p — Ozwﬂpj. So K; = p/ Z a® = plla®V 4

seQ)

Api
s 7)

Q2P L 20N L 20 2 71)\101'] = pla®' BP + oW 3 4 Q2P gt 4
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o) |

Qa2 B = pr'[p? Z a’] = £7'0;. Remaining can be obtained on similar

seﬂgpj

lines.
Proof of Lemma 5.2 — 5.4 can be obtained on similar lines as that of Lemma 4.5
and represent Ciyj, Firj, Gitj, Kisj, Oigyy Pigje

Lemma 5.2. For0 <i<n; 0<j<n-1 ) P — Dt =

seQQPj seQ)

2pJ
E o"9P's  — E alIP's — E aXop's — E afir's — _ E V9P
SEQ2>\pj S€Q2ij SEQ2upj SEQZij SEQij
_ E aXop's — _ E ahop's — E aPIP's — _ E aS9P's
se€dy 8€€y 3 pi 5€€) 5 pi seQdy i
(" 7) oxgpiti g
2 =P ,Zf2+]2n, g#la
. Z angpis . ﬁci+j7 Zf ? +] S n— 1a g 7& 17
- o (") oxptti oo _
SEQ2DPJ- 21 @ ) Z:f Z+jz n, g = 17
I;KH_]‘, Zfl+]§n—1, g:]_
Lemma 5.3. For 0 < i <n;0< 7 <n-1 g Q?oP's — E P’
se€d j 58y i
E afor's — E aPIP's — § aX9p's — _ E avIr's — _ § QX9P's —
SEQQ)\pj sstij seQQij SEQZ)\pj seQQApj
¢(pnfj) 2gpiti . . .
2 9P >Zf7'+]2n7 g7é17
l . . .
S £ ¢(I?f:)1i+jav Cifitj<n=1g# 1L
pr T 2pz+j . . . _
SEQQM;J' ssQQij 21 « ) Z‘f Z+.] Z n, g = ]-7
57Ot ifitj<n—-1, g=1
Lemma 5.4. For 0 < ¢ < n; 0 <75 <n-1 g R E QIP's
serj 5594)\17]-
E avr’s = E abp's — E aXIP's — E{ Q2ror's — 2’ o 2Hap's
5694/\10]' seQij seQij SEQQAPJ' S({QQMPJ'
E Q2vor's — _ E otIp's — _ E aIP's — _ E oPIP's — _ E o 2H9p's —
SEQ2ij 3594)\17]' SEQ4Apj SEQ4>\pJ' 8692/\17]'
d(P"I) _dgpiti . p .
2 P ,ZfZ—l-]ZTL, g#lu
FGH-jv Zfl+j§n_17g7é17
¢(pnfj) Apiti . . . -
=5att L if it >, g=1,
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Theorem 5.5. For p = 1(mod8), the expressions for the primitive idempotents
corresponding to Py, Pupi, Poxpi, Paxpi, Poypis Poupi, Pagpis Pagpi, Porgpis Pargpis
15

Pogpi and Py, are given by Poy(v) = ﬁ [@{Z(—l)ta2ktpn+j6tpn}+

n—1 n—j—1
i a ap' I A a agpttI A ral
2 Y D ()P Oty (-1 0P O} 55 Z {~KiiCpi—
i=n—j a€A acA
l+]02p +Qz+]04p +Rz+]08p +Rz+j016p Oz+gC,\p +-PZ+]02)\p +QZ+]C4)\p
KH—]C z+jc2,up’ + OZ+]OI/]) + PH-_]CZZ/p KH—]C OH—]C@ + Kz-l—JCpp +

Ozﬂ Cxp C@ﬂ Cgp Gzﬂ C2gp1 + H; i+ C4gp1 + [Pr] CSgp +1; i+j Clb‘gp Z+J Cigpl +
Glﬂ C2/\9p’ +Hiy C4/\gpl +Ciy; Cugp —Giyj C2ugzﬂ +Fiy; Cvgp’ +Git; CQVgp —Ciy; Cngpi -
Fiyj Cfgpl + CH-J Cpgpl + FZ+J xgp’ }]

p—i v J ¢ pnij — a, dapti A
Pips(2) = [ >{Z S e EE LA S S N

i=n—j a€A
n—j—1

i 1
Z( 1)a044agp ﬂ agp } + Z { PH‘JC + QZ+JC2p + RZ+JC4P + R2+Jc8p
acA
Riy;jChepi + Pz-i-j Copi + Qz+]02)\p + Rz+]04/\p PitiCupi + QixjCoppi + PiriCopi +
Qi CZVp N H‘J Cpt + PH‘J Cepi — Piyj Cpp + Piy; Cxp Giy; Cgp + Hiyj C2gp’ +
[H-] C4gpl +Iz+] C’Sgpl + [’L+]0169p1 + Gl+] C)\gpl +Hl+] 02)\91)1 + [’L+j 04)\gp GH—J g,ugpz +
HZ+J C2ugpl+G%+J Cvgp""HHJ C2vgp GHJ Cngp“"GZﬂ Cﬁgp Glﬂ Cpgp“"Glﬂ xgp* }]

Pan (0) = e 2523 () T L) S S T

i=n—j a€A
n—j—1

i+ 1 - el al al
Z (_1)aa2a9p +]Cagpi} + ]; Z {—OH_]‘Opi + H+j02pi + Qi+j04pi + Ri-&—jCSpi +
acA =0
RijCropi — KitjCxrpi — PiyjCanpi + Qi jCarpi + OigiC s + Pi+j92upi + KijCopi —
Pisj g%pi - Oi+i Cnpi - Kiij Cepi + Oiﬁ Opp + Kiy, Oxp Fiyj ng + Giyj 029191 +
Hi 1 jClugpi+1i4Cgpi+1i1Crpgp CH—]O)\gp —GitjCougpi T HitjCungpi +CigjC pugpi +
Gi+j C2ugpi +Oi+j CVgp Glﬂ OQVgp Fiyj Cngp CH-J Cégpl +Fiyj Cpgpl +C@+J xgp"* }]

P4)\pj (.CE) _ 1 pn—d) {Z 4tp"+JC } + j Z {Z (_1)aa4api+16api +

i=n—j a€A

n—j—1

1+7 = ].
Z( l)a 4agp+ Cagp} + — Z {R+]C + Ql—‘r]CQp + Rz+jC4p + Rz+]CSp

acA
Ry jCrgpi — PigjCrpi + Q2+JC2)\p’ + RZ+]C4)\p1 + PzﬂCupl + QerJCQ;Lp’L - z+gcupz +
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Qz‘ﬂ? owpi + Pz'+_ja7pi — Py iCepi + Pry Lappi - Py ]_6 w T Gt ]_6 g + H, z+j§29pi +

liy; %gpi A1y CSgpl iy Clﬁgp —Giyj Ckgpl +Hiyj CZAgpi A 1iyj Cﬁxgpi +Giyj gugp" +

H i+j Ongp' - Glﬂ OVgp’ +H,; i+j C2Vgpl + GH‘J Cngp Giﬂ' Cﬁgpi + GH-J' Cpgp" - Giﬂ' C’Xgp" }]
5 .

_ n—1
P2“pj<x) _ 16; <I>(pn 7) {Z 2)\tpn+JCtp }+ ) Z {Z (_1)aa2>\apz+16api +

t=0 i=n—j a€A
n—j—1

a agp't ral ral ral
Z (—1)*a Pea™ O Cagpi } "‘ Z {Kiv; C PiyjCop + QiyjCupi + RiyjCspi +
acA
R’Hr] Clﬁp +Oiyj C)\p + Piyj 02)\1) + Qz+g 04/\;) KisjCppi = PrejCoppi = Oi O +
1+J CQVPZ + K i+ Cnp + OZ+J Cﬁp 1+J C OHJ Cxp + CZJrJ Cgp Glﬂ 029292 +
H; i+j C4gp’ +1; Z+J CSgpl +1; itj 0169191 + F’H-J O/\gpl + GZ+J 02/\ng +H; i+j C4>\gp C’H-J guyp
Gitj O2ugp Figj ngpl + GH-J Covgpi +Citj Cngpz + FH-J Oégp —Ciyj Opgp —FiyjCygpi 1]

Pop (@) = o (205 {Z A Z D (=1 Cop +
i=n—j a€A
1 n—j—1
a a H—J
Z( 1) 042 gp agp} + — pj Z {OerjC + Pz+]02p + Q1+]C4p + RlJergp

acA 1=0

RH—]Cle +Kz+]0/\p' - ’L-‘r]CZ)\p +Q’L+]C4)\p Oz—l—]cup +Pz+302up Kz—l—]C
l+yc2vzﬂ + OH’JCWJ + Kzﬂcﬁp OH]C o Kzﬂcxp + Fiyj ng + GlﬂC?gp’ +

Hiy; 049171 iy C8gpl iy Cl6gp1 +Ciy; C/\gp —Giyj C'2/\9131 iy C4x\gp FZ+£ pop T

GlﬂC?ugp CH‘JCVQP GHJC?Vgp’+E+JCWW+C@+JC§W l+JCpgp CZ+ijgpi}]'
Where Ciyj, Fitj, Gitj, Kivj, Oiyj, Piyj can be obtained, using Lemma 5.1 and

the following relations,

n—j—1 2 _
Gz—i— + H— pn !
n— J 1 pn—l
1% Pi-i-jGH‘j = 4 (1 - p);
i=0
n—j—1

Z {KZ+]OZ+] + Ol+]Fl+]} — _ n_l

(p+1).

n]l njl

K2, +Cl F?, +Oz
Z{ +3j +J} Z{ +J +J}

The expressions for ngpj, P4gp]; Poygpi s P4)\gp]7 P2“gpg and nggpg can be obtained
by replacing P, Q, R, K, O by G, H, I, C, F and o by a"9*"" respectively in
the expression of Payi, Piyis Poxpis Pispis Poypi and Py .

Proof. These expressions can be obtained using Lemmas 4.3 — 4.6, 5.2 — 5.4
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and similar procedure as in Theorem 4.9. Also the relations can be derived using
P (@) =1, Py (") = 0, Py, (a®') =1 and Py (a®?") = 0 and Lemma 5.1.

6. Primitive Idempotents Corresponding to Py, t = 1, A\, pu, v, n, &, p,
X> 9, Ags 19, v9,19,€9, P9, X9

For[)gjgn—l,deﬁneAj:ijaS;Bj:pj Z s D; = Z a’;

i seQ) i
AgpJ ngpl

EjzpjzOéS;JjIPjZOéS;Lj:ijaS§Mj:pjzas§Nj:

seQd seQApj SEQW,J' seﬂupj

sngpj seQ)

P’ Z a®. Using similar procedure as in Section 4 to obtain A;, B;, D;, E;, J;, L;,
seQ2 J

M;, N; € GF(q). Proof of Lemma 6.1 is similar to that of Lemma 5.1.

Lemma 6.1. For0 < j<n—1, D;—p% A; =0; E;— % B; = 0; L;— " N; = 0;

M; — B J; = 0; where 3 = o*".

Proof. Proof of Lemma 6.2 — 6.5 is similar to that of Lemma 4.5.

Lemma 6.2. For0<i:<n;0<j53<n—1

E:agps: E:&igps: E:apgps: E:O/gps: E:angps: E:axgps:

serj serpj SeQupj seQupj seQ) seQ)

npj ij
_ Z aXop's — _ Z atoP's — Z ahor's — Z asoP's — Z PIP's
seQij seQ)\pj seQ#p]- seQépj serp]-
n—j i ..
WTI)O#‘”’ “ifit+gi>n, g#1,
. FAH-j) Zfl—'—jgn_]wg?élv
WD ifitj>n,  g=1,
1 - - .
FNH_]" Zf2+j§n—1,g:1
Lemma 6.3. For0<:<n;0<53<n—1 Z QP = Z alor's = Z avor's
SEQPJ' SEanj SEQupj
_ Z QXop's — _ Z afP's — Z alIP's — _ Z Q9P — Z aXor's —
serpj serj serpj seQApj seQ#pj
n—j i+ . . .
MTl)O‘Agp ifit+ji>n,  g#1,
I;Biﬂ'a ifi+j<n-—1, g#1,
WD i it j>n,  g=1,
I%Ji+j7 ifitj<n—-1 g=1

Lemma 6.4. For 0 < i <m0 <j<n—15Y o = Y o' =

SEij seQ)\pj
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E aPIP's — E aX9pP's  — _E afiP's — _ E aX9pr's — E Q9P's  —

seanj seﬁgpj serj SEQ)\pj SGQMD]-
n—j iti . . .
MPTl)a,ugp ]7 Zfl+]2na g7é17
— 3 ot = 7 Ditjs ifitj<n-—1 g#1,
= n—j itg P .
seQ MpTl)aup ]a Zfl+j2n7 g=1,
vp. . . .
o Lit ifitj<n—-1 g=1
Lemma 6.5. For 0 < i < n; 0 < 57 < n-—1 Z VP’ = Z aPir's =
serj seQ)\pj
Egp's xgp's _ xgp's _ pgp's ngp's _
PR D DR D DL Al DI ) DI
SEQW,J' seanj seﬂpj seQApj seﬂypj
Aear™ if iz, g4,
_Zapgps_ ﬁEi-l-ﬁ Zfl+j§n_17g7é17
- n—j it+j . . .
o —‘“”2 Lo?™ if it j >, g=1
57A4}tb if i%‘j S;n/—-l,g:: 1

Theorem 6.6. For p = 1(mod8), the expressions for the primitive idempotents
corresponding to Py, Pyyi, Py, Py, Py, Pepi, Py, P ng ; Pygpi, P, P

ppts Lvpts Lgpts ppts 4 xpts pgpts £ vgpts

Pogpis Pegpis Pogpi and P g are given by Py () = 16p ) {Z Yo C Ciypn }
1 n—j—1
n i+j it —
(") Z {Z )P e apl_'_z )e Q9P el Cagp = Z {—Mi+jc’pi_
i=n—j a€A acA p =0

Kz—l—j Czp z+JO4p + QH—j OSp + RH—JOle Li—l—jc)ﬂ - Oi—i—jOQAp" + Pi—&-j%)\pi -
Jz-ﬁ-]%p + KH-Jg?up H’_]CVP + OH-JO?Vp’ + MH-JCnp + LH-JCS;D + Ji+j_0ppi +
N; H‘]C Ezﬂc —Cigj C2gp Gitj C4gpl +Hi; CSgp’ +1iy; Cngp —Diy; @\gp" -

Z+J 02/\91)1 +Gl+] C4>\gp Blﬂ Cugpl +CZ+J C2ugp Alﬂ Cugpl +Fl+] C2l/gpL "’Eiﬂ' Cngpi +
D; i+y Cﬁgpz + BZ+J Cpgpl + AHJ xgp* }]

Py (z) = 16; ¢(p" 7) Z )t L sl Z {Z ) Ll Copit

=0 i=n—j a€A
n—j—1

itj— 1 -~ V2l Val Val
> (=1 Cogye} + 5 {=Li+;Cp — 0;1;Cop + PryjCupi + Qi ;O +
acA =0
RiyjCiepi + MitjCxpi — KijCoxpi — PigjCurpi + NigjCppi + OigjCoppi — Jig i C i +
Ki+jg21/pi + Li+£npi — Mzingpz — Nz—l—_joppl + ‘]i‘i‘ioxpi — Di+£gpi — E+jg29pi +
Gi+jg4gpi +Hi; Cé%gp" +1iy; Oﬁigpi +Eit; Cﬁp" —Ciyj Cagpi —Giyj %Agpi +Airj gugpi +
FitjCogp = BitjCogpi + Citj Crvgpi+ Di Crpgpi = EirjCegpi = Aij C pgpi + BinjCxgpi }]
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15 n—1

n—j n+j—
Pupj (I> = 16;n [%{Z (_1)t05>\tp Ct

t=0 znjaEA
n—j—1

s 1 — _
Z( 1)a aAgp ﬂ agp } + = p] Z { JH—]C + Kz+]c2p — P7;+jC4pi + Qi-‘y—jCSpi +
a€A =0
Ri+jg16pi + N, i+jg/\pi + Oiyj gQApi + Py C_’4x\pi + Mi+j_C upt — I i+Jg2upi - LH—L Cupi
Oi+jg2ypi + Ji—l—jgnpi - Ni-iicipi - M’H—chpi + Li-‘ricxpi - Bi—l—j_C’gpi + Ci-i—nggpi -
Gi+jg4gpi +H, i+j %gpi +1 i+j Cﬁigpi +Aiyj Cgp" +Fiy CQgpi +Gitj C_4>\gp" +Eit; gugp" -
Citj C2ugp Diy; CVgp Z+J C2Vgpi +Biyj Cngp AHJ CEQP Elﬂ Cpgp“i‘D i+j ngpi}]

Py (r) = 1= ’”{Z o T} + 2 Z{Z )2 C o +

i=n—j a€A

a a)\pH']

api +

n—j—1
iy 1" — — — —

Z (_1)aaagp +JCagpi} + E Z {—Ni+jcp¢ + Oi+j02pi + Pi+j04pi + Qi+j08pi -+
acA i=0

RiyjCiepi — JiriCOxpi + KitrjCorpi — PiyjCunpi — LinjCppi — OijCoppi — My ;C i
Ki_‘_ngsz‘ + Ni+LCnpi + ']H'_JCSPZ + Li—‘,—fpﬂ —|— MHlCsz - Ai+£gp + Fz—i—]CQgpi +
Gi+jg4gpi +Hi; Cligpl +1iy; 016927 —DBiy; CAgp’ +Clij C2>\gp' —Giyj 04/\919 —Di; Cugp
FirjCopgp = EirjCgpi CH-J C2Vgp’ +Aig; Chgpi + By Cﬁgp’ FDi15C pgpi + Ly jCxgpi i}

_ o re o1y R Te,
Popi () = ﬁZ#j [T){Z v R Z {Z T Cap
=0

i=n—j a€A
n—j—1

avgp'ti ral ral ral ral
+> a® P Cogy} +; Z {Mi1;Cpi—Ki1jCopi—PijCapi+ Qi jCsyi+ Ry jCrpi+
acA
Lz—i—g CL)\]) - OH—] 6;2)\1)% + Pz+jg4)\pl + Jz-i-]g,upi + Ki-i—ng,upi + Ni—i—LCypi + Oi-‘rjgm/pi -
MHJ‘gnpi - Li+L Cepi — Jiﬂgppi - N, i+j_C i T Bt ggpi —Ciyj Cégpi - Gi+jg49p" +
HiyjCgpit1itjClrogpitDitjCrgpi Eﬂcng_pi-i‘GHjcugg+Bi+j0ug;i+0i+j02ugpi+
A’H-j ngpi + £ i+ C2V9p El+J Ongp D; ] Ofgp ’H‘J Opgp AH‘J ngp }]

pr—i n+ n—7) aupi+
Fop(6) = s 1952 (" T 44520 57 (5 at Ty 4

i=n—j a€A

n—j— 1
apgp i A ral Vel Val ral ol

Z athop Jcagpi}+,% Z {Li+jCpi — O0itjCop + Py jCupi + Qi jCspi + Rt jClpi —
acA =0

Miy;Crpi — KigjCoxpi — Pig jCunpi — NigjCpi + O jCoppi + i jC i + K jCopi —
Liy; gnpi + Mi+i Cfp" + N, i+j_C ppt T Ji H-JC i+ D z+jggp" — Fiy; Cégp" + Gi+]§4gp" +
Hiy jCpit1itjClrogpi — Eit jCrgpi —City 02)\% GitiCargpi —AijCgpi+FirjCopgpi+
BitjCugpi + CirjCrugp — DinjCrgpi + EirjCegpi + AisjCpgpi — BigjCygpi}]
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Pppj(x) :_ L {Z e }+¢ ) Z {Z e Capi

i=n—j a€A
n]l

a aEval ral Vel ral ral ral
+>aPCoid+ L Y (i Chit Koy jCp— Piy jCapi+ Qi it Riy jCrgpi—
acA =0
z+]C)\p +Oi4j Cz/\p + -PZ-I—JC4)\p Mz—l—jc — Ky Czupz + LZ+]CVp OijCoupi —
Jz-w%p + NZ+J_OEP + MH-JCpp Liy; Oxpl + B’H-chp + OZ+JC2gp GZ+JC4gpl +
Hi+j€8gp"+li+j Cﬁgp —Aiy; OAgp’+E+J C2>\gp’+GZ+J O4>\gp —FEiyj Cugp —Ciy;Copgpi+
Diy; Cvgp Fiyj OQVgp BZ+J Cngpl + AZ+J Oégpl + Ezﬂ Cpgp Diy; ngp }]

Pxpj(x): 1 nj){z tpnﬂc }+ Z{Z e C opi

i=n—j a€A
n]l

+Z ) Clagpi }‘f‘ ! Z {Niy;Cpi+0i4;Coi+Piy;Cayi+QirjCspi+ RiyjCrepi+
acA

JitiCopi + KiyjConpi — i+jg4)\pz + Li;Cupi = OigjCopi + My ;i — K jCopi —
N; Z+Jg - JZ+J_C &pt Li+jgppi - 2+JC i+ Al+jggpi + I i+jC_29p" + Gi+jg4gpi +
Hi—l—nggpi+Ii+jcl_69pi+Bi+j0)\ﬂi+oz+]02)\g£ GitjCangp T Dir;C gy —Fit jCopugpi+
EiriCuogpi — CisjCougpi — AirjCrgpi — BivjCegp — DigjCrogp — EirjCrgpi}].

The expressions for Py, Pagpi, Pugpis Pugpis Pogpis Pegpis Pogpi and Pay g can be
obtamedbyreplacmgP Q, R K,OL M, N, JbyG,H, I,C,F, D, FE, A,
B and o by a9 respectively, where Aivj, Bivj, Diyj, Eiyji, Jiyj, LHJ, M;;,
Niy; can be obtained, using Lemma 6.1 and the following relations,

n—j—1 n—j—1
lJr] 1+J + AlJr] EZ+J z+j 1+j + BZ+J Dl+j -1
{ P+ { p= (p+1)
n— ] 1 n—j—1
1% Z {Mi+;iB¢+j _{_Ki+;i0i+j +Oi+;f“i+j +Nz‘+;?i+j} _Z% Z {Pi+jGi+j+Li+;;4¢+j+Ji+jEi+j}

=0 1=0

n—j—1
2 (Gttt} | g03) {10 240 IO
=0

:p]

n—1
Q1™ | QS0CH™ L QSOCHI™ L qTOCH™ L (i) § g(pn ) {1 — alvHom ™
it=n—j
oA L (A0 (kg™ 02040 (gt (et

n

1 i {M2z+g + By . Ly j + D% n JPitj + B n N2y + A
pI pz p’L pz

1=
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n—j—1

Z {Eerj it Ji+in+j n PiyjGiy;  OwiCiyy  Miy;Diyj  KigjFiyy
P’ P’ P P’ P

4
p]

1=
njl

Nerj i+j QZ+] i+] R2+J[l+j iti
e i +o(p" J P(p"~ ] 1—qlutrer™
p b= E { } En 3 A

Q2+ (1+9)p’“+ a(vwg) T 42Ot (AP (et

Proof. These expressions can be obtained using Lemmas 4.3 — 4.6, 5.2 — 5.4 and
6.2—6.5 and similar procedure as in Theorem 4.7. Also the relations can be derived
using Py (a?') =1, Py (o) = 0, P,(a*?) = 0 and Py, (a”9) = 0.

7. Dimension and Generating Polynomials

The polynomial mg(z) = H (x —a”) denote the minimal polynomial for o* and

seQdg
so the generating polynomial for cyclic code M of length 16p™ corresponding to the

cyclotomic coset {2, is % and the dimension of M is equal to the cardinality
of the class € [5].
Theorem 7.1. (i) The generating polynomial for the codes My, for 0 <t < 15
are (1+z+x2 4. 420" =0 (28 1) (24 + ) (22 +5%) (2 +6) (1 + 20 4. 216" 1),
(2+5%) (22 +8) (2 ~1) (2% +1) (142044210, (2+5%) (22 +5%) (2 = 5) (2"~
D(1+2%+... + :ch(P”—l)), (22— D) (z+ B + 1) (28 + 1) (1 + 20 4 . 4210601,
(55— 1) (+ 57 (22— B2) (2 + 54) (121 +2850" D) (24 —1) (24 8%) (% — BY) ("
D (1420 42100 D) (28 —1) (2% — B4) (2% — B9) (2 + B7) (1L + 210 + ... + 216"~ 1)),
(@® + 1) (a* + 1) (2° + ) (z = 1) (1+ "0+ 420" D) (28 1) (2" 4 %) (2 + 5°) (x —
B)(1+x'® + o 2O Y (28— 1) (2t = 1) (22 4+ BY) (2 — B (1 + 210+ . 4 260" 1))
(25 1) — BY) (2 + 8%) (5 %) (1427 4 .. +2190" 1), (2511 (2 1) (27— 1) (2
)(1+x16+ A2 E"D) (@B —1) (2t 54) (22— 62) (2 — B°) (14210 + ..+ 260" 1),
( S 1) (a2 - Bt — 1)@ — B (142104 .+ 190" D) and (2 — 1) ot — B (o
B9 (z — BT)(1 + 20 + ... + 2'5C" =) respectively, where B is 16th root of unity.
(it) The generating polynomial for Mgy @ Mgy, Mgy @ Miggyi and My @ My, @
M4pi e, M)\pi b MQ)\pi b M4)\pi b M#pi ) MQ#pi e, Mypz‘ i, M21/p b M pi P Mgpi b
M i @ My @ Mgpi @ Mogyi @ Mgy @ Mgy @ Maygi @ Myygpi @ Mugpl © Moy gpi

Mygpi © Maygpt © Mngpl D Megpi @ Mpgp D Mygpi are (xpn_i_l +1) (2" T 1)(x2pn—'i -
D@+ 1)(@™ " + 1><1 T S o ) R e O CL
(@ 4+ 1)z 4+ 1)@ 4+ 1) (2% —|—1)(1+x 0" L 10T g

n—i—1

<x2pn7i71 + 1)(x4p
respectively.
Proof. (i) The minimal polynomial for a'?", for 0 < ¢t < 15 are (z — 1), (z — f3),

(x_ﬂz)v (m_53)’ (%—54), (x_ﬁg))’ (x_ﬁﬁ)a (ZL‘—B7), (:E—l—l), ($+B), ($+52),($+ﬁ4)7

+ 1)( n i—1 + 1)( 'rL i - 1)(1 + x16pn7i + + x16pn7i(pi_1))
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(x + B°),(z + 8%) and (x + (7) respectively. The corresponding generating polyno-
mials are (1 4+ + 22 + ... + 2(16p" — 1)), (2% — 1)(z* + ) (2% + B (z + B)(1 +
o'+ L+ x16(p”—1))’ (35 + 52)(:1:2 + Y (2 — 1)(2® + 1)(1 + 26 4 ... 4 160",
(2+6%) (22 +%) (2! = BY) (25— 1) (1+20+ . +2100" ) (22— 1) (2 +8) (2" + 1) (2% +
D(1+z'5+.. +x16<P"—1)) (ms D)(z+6%)(x? = %) (2 + BH (1 + 20 4 .. 4 216" D)
( 1) (a8 (% = B (@ = 1) (14204 20D (28 1) (2t~ f*) (2 — 5°) (o +

B7)(1+ 216 4. +x16(1’"*1)), B+ D) (@ + )22+ 1) (2 — 1) (1 + 20 .. 4 2160 D),
(2°=1) (" + %) (2*+5%) (x— ﬁ)(1+$16+-~-+$16(”"71))7 (z° =1)(z* = 1)(z*+ ") (v -
B2 (10" ) (0 1) (0= 507 5 1~ ) L+ )
@+ D@+ 1) (@2~ Ve (142" b 00" Y), (@ —1)(a"+ ) (@ —62) (o —
BYL+ a4 42?0 Y), (28~ 1) (a2 = fH (e 1) C O+ a1t ot 10
and (2% — 1)(2* — B4 (2® — %) (z — B7) (1 + 26 + ... + 216C" D),

(#7) The product of minimal polynomial satisfied by a®" and o9 is (%)
- P +1
Therefore, the generating polynomial for Mg, & Mgy, is (2" + 1)(aF" " —

D2 D)@ + D)@+ D (142" le?n_i(pi*I)) The product of
minimal polynomial satisfied by o!%" and o69"" is (SHT) Therefore the gen—
erating polynomial for Mg, ® Mgy is (a:'pnfifl —1)(z?" "+ 1)(z%" gus 1)(z%" " +
D (2" 1) (2% 1) (14217 421" =) - Also the product of minimal

. . . . . zpn—i 4pn—i Spn—i
i i Pt o200 AP pgp’ A X9P" 3 (@ +D@@?  +1)(x +1)
polynomial satisfied by o, aP", a*P", ...aP9P"  oX9P" is ey ey T

Therefore, the generating polynomial for M, ® My, ® My © My @ Moy © My ©
M;},pi@MZMpi@M l@MQVpZ@M 1@M£pz @Mppz@M Z@M Z@MZQPZ@MZIQPZ @M)\gpz@
M2>\gpi @ ]\1/[4>‘ng © M#gp ® M2ugp‘ © Mvgp‘ © M21_/gpl ® Mngp ® Mﬁgp‘ © Mpgpl © ngp
is (22 4 1) (@A D@ R D@ )12t D),
8. Minimum Distance

nz n'Ll

If C'is a cyclic code of length m generated by ¢g(x) and its minimum distance is
d, then the code C of length mk generated by g(z)(1+z™ + 22" +...+2+=V™) is a
repetition code of C repeated k times and its minimum distance is dk[3]. Here, we
find the minimum distance of the minimal cyclic code M of length 16p™, generated
by the primitive idempotent P;.
Theorem 8.1. FEach of the codes My, for 0 <t < 15 are of minimum distance
16p™. For 0 < i < n — 1, the minimum distance of the cyclic codes My, Mgy,
c = {8,16} are greater than or equal 32p" and minimum distance for the codes
Mpi, Mygyi, a € A—{8,16} are greater than or equal to 16p'.
Proof. As the generating polynomial for the code M, is a polynomial of length
16p™, hence its minimum distance is 16p™. Also, the generating polynomial for the

cyclic code Myn is (28 —1)(z* + ) (2 +B2)($+B)(1+x16+ 421" 1) Which



34 South FEast Asian J. of Mathematics and Mathematical Sciences

is a repetition code of the cyclic code of length 16 with generating polynomial
(2% — 1)(2* + B (22 + %) (x + B), repeated p" times. Therefore its minimum
distance is 16p". Similarly, the minimum distance of each of the cyclic codes My,n,
where 2 <t < 15 is 16p™. _ _
The cyclic codes Mg, and Mg, with genrating polynomial (27" " + 1)(z?" " —
122" 1) (2" 1) (2% 1) (141" 421" (0 -1) s a repetition code
of the code generated by (27" +1) (" —1) (2" +1) (2" +1)(a®" " +1) of
length 16p™~* and minimum distance 32 repeated p’ times. Therefore its minimum
distance is 32p’. The codes corresponding to Mg, and Ms,,: are the sub codes of
the above code, so their minimum distances are greater than or equal to 32p°.
Similarly, the minimum distance of the cyclic code Mg, and Mgy, of length 16p™
are also greater than or equal to 32p’.

The product of generating polynomial for the cyclic codes M,,i, Mgz, a € A —
(8,16} is (¥ + (" 4 D@+ D)@+ DA+ 2 4+
2" (=) If we consider a code C' of length 16p™ " generated by the polynomial
2" DT+ )@ +1)(@®" + 1), then the minimum distance
of this code is 16. Since the cyclic code of length 16p™ generated by the said
polynomial is a repetition of the code C repeated p’ times. Hence its minimum
distance is 16p°.

Since the codes corresponding to €2, g, a € A are the sub codes of the above
code, so their minimum distance is greater than or equal to 16p’.

Example 9.1. Cyclic Codes of length 48.
Take p = 3, n = 1, ¢ = 193. Then the g-cyclotomic cosets are €, = {t}, 0

t < 47 and the expressions for primitive idempotents in % are Py(x)
47

=D _{(—48)"(mod193)}C}] where b= 0 to 47.

t=0
Minimal polynomials for of, 0 < ¢ < 47 are (x — r) where o' = r(mod193). The
minimal codes M;, 0 <t < 47 of length 48 are as follows:

-1

n—i—1 n—i—1 n—1i

n—1i

I IA

Code | Dim. | Min. Distance Bound | Generating Polynomial

47
Mg | 1 48 > {47 4T3 (mod193) where 0 < a < 15
t=0

47
M. 1 16 < d <48 > {47021 (mod193) where ¢ = {3t+1,3t+
t=0

2:0 <t <15} — {8,16,32,40}
47

My 1 32 <d <48 > {47051} (mod193) where d = 8,16, 32,40
t=0
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