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1. Introduction

Let M denote the class of all analytic functions which are analytic in the unit
disk A={z:2¢€C, |z] <1} of the form

f(2) :z—|—Zajzj, (1.1)

and S be the subclass of M consisting of univalent functions. Let ®(z) be an
analytic function with positive real part on A with ®(0) = 1, ®’(0) > 0 and
Re ®(z) > 0 (2 € A) which maps the unit disc A onto a starlike region with
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respect to 1 and is symmetric with respect to the real axis. Let S*(®) be the class
of functions f(z) € S for which

2f'(2)
e < ®(z), (z€A)
and C(®) be the class of functions f(z) € S for which
2f"(2)
1+ 6 <®(z), (z€A).

These classes were introduced and studied by Ma and Minda [6]. For a brief history
of the Fekete-Szego problem for class of analytic functions, see the recent paper by
Srivastava et al. [14].

It is well known that the n-th coefficient of a univalent function f € S is bounded
by n. In 1933, Fekete and Szego [4] obtained the sharp bound for |az — na3| as a
function of the real parameter n and proved that

2n
|az —na3| <1+ 2exp <—ﬂ) (0<n<1),
for functions in the class §. The problem of finding sharp bound for the non-
linear functional |az — na3| of any compact family of functions f € S is identified
as Fekete-Szegd problem. In the recent years many authors have considered the
Fekete-Szego problem for typical classes of univalent functions. For ready reference
one can see [2], [3], [7], [8], [9], [10], [12], [13], [14], [19], [20], [5], [15], [16], [17],
[18]. Here, we consider the following classes of functions,

Mi(®) ={feM:<1—A> (12) < (i)“1<q><z>},
Nos(®) ={feM:<1—A> (12) < (%)M«Mz)},

where 4 > 0,0 <A< 1and~vy >0.
We note that

<z’>MA,1<”<i—Sﬁ> @Aw[)ﬁee[ 1);

6

(i) Ny o(®) = 5*(®) (see
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For a function f(z) € S given by (1.1), the k—th root transform is defined by:

F(z) = [f(M)]F = 24+ 3 by 9 (1.2)

Jjz1

Remark 1. Set k=1, in (1.2) F(z) reduce to the function f it self.

In the present paper, we derive the Fekete-Szegd inequality for the classes
My, (®), Ny,.(®) and L,(P) which we define above. In order to derive our main
results, we need the following lemmas.

Lemma 1. [1] If

w(z) = w1z + we2® + - - - (1.3)
is an analytic function with positive real part in A. Then,
—t  ift<-—1
jwp —twi| < ¢ 1 if —1<t<1
t ift > 1,

when t < —1 or t > 1, the equality holds if and only if w(z) is z or one of its
rotations. If —1 <t < 1, then the equality holds if and only if w(z) is z* or one of

its rotations. If t = —1, the equality holds if and only if w(z) = le/+_+yzz(0 <v<l1)

or one of its rotations. Ift = 1, the equality holds if and only if w(z) = —z%(o <
v < 1) or one of its rotations.

Lemma 2. [4] (see also [10]) If w(z) of the form (1.3) then, for any complex
number t,
jwa — twi| < maz {1; [t[},
and the result is sharp for the functions defined by w(z) = 2% or w(z) = 2.
2. Fekete-Szego Problem
Theorem 1. Let f(z) be defined by (1.1). Assume that
D(z) =1+ Ayz + Ag2® + Az’ + ... (2.1)

If f € My, (®), and F is the k—th root transformation of f given by (1.2), then
for any complex number ~y

( 2k(p—1) (u—4N) +H[(k=1)+29][2A(2—p)+4] | 42 A ;
- ( R Ve e e ) A + masara Y=o

Ay

|bokr = 0| <X wEEaTa if o1 < < 0

2R (= 1) (u—4N) +[(k— D+ 20222 +41] | 42 A ,
\ ( ORI PRAC ) A ) A —meg Uz
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where
C A =20)43AP Tk (A (p—Dp—43)  (k—1)
T pe-wt [AT(AT 1) DC-p)+al 2 }
o (1 —2X) + 3 [ﬁ( 1) (= D(p—4N) (k- )]
T Re-mt A\ EYCEIE I
and A
|b2k+1 — UbiJrl‘ S k[Q}\(Q _llu) " Iu] maX{l; |'U|} .
oo 2hp =)= 4N +[(k-1) +20]2A2 —p) + 4] A
B 2k[p(1 — 2X) + 3A]? Ay
Proof. If f € M, ,(®), there exists a function w(z) of the form (1.3) so that
0 (fDY are (22) = st
-0 (P2 are) (555) = (22)
Since
(@) :1+uagz+u(a3+<u;1)a§) 224 (2.3)
2\ 2 2
(%> =1—(p—1agz+ (u— 1)(2 _a3>z +--- (2.4)

= 1+ [u(1—=2)\) + 3)\agz + [(M - 1)(; — 4)\)(1%

+ [2)\(2—u)+u]a3] 224

and
d(w(z)) =14 Aywiz + (Ajws + Aswi) 2° + - -

From (2.2), we obtain

and
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For f € M defined by (1.1), it is easy to show that

1 1 1 1(k—1
[f(Zk)] F=z4 EaQ,zkH + (Eag - §< 12 )a%) 22k+1 + -

By using (1.2) and (27), we have got

1
bpt1 = ECLQ;

also | Lk 1)
— Y 2
b2k+1 = ECLS — ETGQ.

Using (2.5) and (2.6) in (2.8) and (2.9), we obtain

b . A1w1
P R[(1 = 2X) + 3)]

and )
_ 2
bkt = TRy ] e A=
2k — 1) — 4N — (k= DI2AC =) + 41 10
* 2k[u(1 — 2)) + 32 JATwl;
and hence,
bok+1 — 77b2+1 = 4 {w2 - Uwf} )
RRA2 — )+ /1
where
2= D= )+ (k= D+ 2PAC— ) ) Ay
2k[p(1 — 2X) 4+ 3A]? Ay
The first part is obtained by applying Lemma 1.
If
=D =)+ (k=) AR ]y Ay
2k[u(1 — 2)) + 3A]2 T
then,
1 k Ay
< 2[u(1 — 2X) + 3> —— (== — 1
1< xR 2+ B D

—(2A2 — ) + )k — 1) = 2k(u — 1) — 4N)] e, 0 < on,

(2.8)

(2.9)
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and Lemma 1 gives:

2k(p — 1)(p — 40) + [(F — 1) + 29][2A(2 — ) + 44

bokr — b | < ( 2k2[u(1 — 2X) + 3A]2[2A\(2 — p) + p] 4
Ay
C[2A2— ) + 4l
For
2k(p — 1) (= 4A) + [(F = 1) + 20][2A(2 — 1) + 4] As
—1= 2% [pu(1 — 2\) + A2 A<t
we have got,
1 2 k AZ
e 201 =20) + 37 (5 = 1)
—[2A2 = p) + pf(k = 1) = 2k(p — 1) (p — 4N)]
<
1 2 k A2
< @) 2[n(1 = 2X) + 3] A_1<A_1 +1)

—(2A2 = p) + ) (k = 1) = 2k(p — 1) (1 — 4X)]

and Lemma 1 yields:
2 Al

et =1l < ae =y

For
2k(p — 1)(p — 4N) + [(k — 1) + 2n][2A(2 — p) + 4] Ay
( 2k[(1 — 2)) + 3A]2 A = A_l] =
we have,
2 k AQ
n o> @) T 2[n(1 = 2X) + 3] A—I(A—1 +1)
—(2AR2 —p) + p)(k = 1) = 2k(u — 1) (= 4A) ] i.e.,
n > oo

Applying Lemma 1, we have got

2k(p — 1) (p — 4N + [(k — 1) + 29][2A(2 — p) + u]) A2

bakyr — Ny | < —
2%k+1 — 1 k+1| = ( 2k2[(1 — 2X) 4+ 3A]2[2A(2 — ) + p]
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Ay
+ .
A2 — 1) 1 4]
The second part follows by applying Lemma 2

Al
boar — 2| = — vw?
92k-+1 7]k+1} RN — ) 1 ‘wg le‘
Al

= e-w

max {1; |v|}.

Theorem 2. Let f(z) be given by (1.1). Assume that ®(z) is defined by (2.1). If
f € Ny u(®), and F is defined by (1.2), then for any complex number n

( (2n+kp—1) 42 A .
2k2 ()2 A B k(#fz,\) if n < oy,

Ay

|52k+1 - Wbiﬂ‘ S\ Ery if o1 <n < o,

—(2n+kp—1
. (kg(taf/\ )A2 k(u+2>\ if n =09
where
(k+A)? kA
— uk+1,
S, D
(b +A)? kA
S 1) — k41,
o2 ([L+2)\)A1<A1 ) H
and

Ay (1 +2)) A,
bokr1 — Moy | < 77— 1; 1—kp—2n)A
s =l < s { ’(%(ww( he 1+A1)‘}

Proof. Let f € N, ,(®), there exists a function w(z) given by (1.3) so that

a-n (1) e (M) — b(w (). (210)

<f(ZZ)>“:1+W22+M(a3+(“gl)@) Pt (2.11)

(f(z)y_l =1+ (p—Daz+ (p—1) (a3+ (M;2)a§) Fe (212)

z

Since
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(1= ) (@)“ FAF(2) (@)W1 (2.13)

—1
=14 (u+ Nagz + (1 + 2)) <a3+('u2 )ag)ZQ—l—...

and
P(w(z)) =14+ Ajwiz + (Ayws + Aw?) 2% + ...,

by using (2.13), we have got

= 2.14
SRRy (214
and
(L+20) (1 —=1) 5 o
=———JA Ay — A . 2.1
as (MJFQ)\)[ 1ws + (A 201+ \)2 pwi] (2.15)
Using (2.14) and (2.15) in (2.8) and (2.9), it follows:
b . Ajw,
k+1 — ]’C(/_,L—f—)\),
and
1 2 (1 +2)) (k=1 12 >
b1 = AR [Ajws + Asw] — m((ﬂ — D+ )Ajwy],
and hence
b e — — | —%(k o —1)A; — = w2} .
I ka2 {w2 <2k(u+ e = A g wl( )
2.16
Applying Lemma 2 yields:
2 1 2
- =y — (2 (1 — k-2 A, — 22
|bak1 — Mbj 41| i+ 20 ‘wz (2k<u+)\)2( kp —2n)A Al) wy

Theorem 3. Let f(z) be given by (1.1). Assume that ¢(z) is defined by (2.1). If
f e L,(P), and F is defined by (1.2), then for any complex number n

A A A
2 1 ) 1 _ _ 122
‘b2k+1 —77bk+1‘ < W1+ ] maX{la 'k( » >(1 2n) A,
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Proof. If f belongs to L,(®), there exists a function w(z) of the form (1.3) so

that )
(14 €") (ZJ{C(S)) — e = ®(w(z)).
Since
iy Zf/(z) — e = eNaoz eMN(2aa — a)z2 + - -
(14 >(f(z)) L (14 eM)agz + (14 67) (205 — a2+, (2.17)
and

d(w(z)) =14 Ajwiz + (Ayws + Asw?) 2° + ...
It follows from (2.17) that

A1w1
= — 2.18
as (1 + 617) 9 ( )
and . 22
=— A Asw? 1—wl . 2.19
Using (2.18) and (2.19) in (2.8) and (2.9), we get
b . A1w1
TR+ en)
and . A2
b =—|A Aguw? + 11
2= 0 1 ) [ 1wa + Agwy + R+ e |
and hence,
A A A
2 1 1 2 2
- S A 7T . P ) -
bris = i 2k(1 + €™) {w2 {k(l + eW)< n=1) Al] wl}’

applying Lemma 2 yields:

Ay
b — nb? < — 1, |——mm—(1—2n) — —
o= € gt e {1 - a0 - 2

3. Fekete-Szeg6 problem for z/f
In this section, the Fekete-Szego type coefficient inequalities associated with the
rational function ¥ of the form

U(z) =z2/f(z) =1+ ) d;7, (3.1)

Jj=1
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where f belongs to the classes M) ,(®), N, ,(®) and L,(®) are derived.

Theorem 4. Let f(z) be given by (1.1). Assume that ®(z) is defined by (2.1). If
f e My, (P), and U is defined by (3.1), then for any complex number n

( (222w +ul(—n) D40 42 A .
( (0120 1B A@ ) 7] > A —magm <o
A .
[d2 = ndi| < § ~ @ - if o1 < < o,
AC— )+ (1) (1= D(p—4N) ) 2 A .
. ( [u(lli?kl;+3k]g[2ké—u)iu] > AL+ masgge Y=o
where
u(l—2X)+3)\2 (A
o+ = L2V (Ao ) pro b = (u— (),
A A
1—2\) +3)\2 /A
o o = WAZVERP (A )y ) — = (- ),
Ay Ay
and
A
dy — 7| -

= Be—m -l
A PA2 = p) + pf (L =) + (p = 1)(p — 4X) A
Sl (1 =20+ AP )

Proof. It is easy to see that
2/f(z) =1—axz+ (a5 —a3) 2° + ... . (3.2)
By using (3.1), (3.2), we have got
dy = —ay (3.3)

and
d2 = Clg — as. (34)

Using (2.5) and (2.6) in (3.3) and (3.4), we obtain

—Ajun

D= AT 1
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and
dy - Aw? _ 1
[(L=2X) +3A]*  [2A(2 — p) + 4]
(n=D(p=4N) 5\ 2

A Ay — A
[lwf*(z (L —20) 1 3A 1) ]

and hence,

A
dy —nd? = — - -
T = e

(B ).

By applying Lemma 1, we have got the first part of the result and by Lemma 2,
we get the second result:

2 _ Ay
d=ndi| = BEENEY
[([%(Q—M)Jru](l—n)+(u—1)(u—4k)>A _&} 02
[1(1 — 2)) + 32 YA
dy — nd; | =

= RAZ—p
max{l; ([QA(Q — )+ —n)+ (- 1)(#—4A)) A A

[(1 —2X) + 3A]2
Theorem 5. Let f(z) be given by (1.1). Assume that ¢(z) is defined by (2.1). If
f e L,(P), and U is defined by (3.1), then for any complex number n

b

Ay
)

Ay
dy —nd?| < ——— 1;
|2 771‘_2‘1_|_€w|max{,

Proof. Using (2.18) and (2.19) in (3.3) and (3.4), we have

—Alwl
(14 €M)

A2u? 1 AN
@‘u+wv‘m+awpmﬁ(&+u+WD%y

dy =

and
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and hence,
Ay A Ay ]
dy — pd? = ————— — (1 =2 = =W
2 /"L 1 2(1+€1'y) {w2 _(1_{_617)( 77) Al_ wl}
Lemma 2 gives:
Ay A Ay ]
dy — pd?| = ———— — — - —
‘ 2 12 1‘ 2|1+627| (0] (1+627)( 77) Al_ wy |,

A A
dy — pud?| < ———— 1; |[—————(1—-2n) — —=
!2 M1|_2|1+ew|maX{,‘(1+6W)( n) A,
For functions with non-negative derivative.

Theorem 6. Let f(z) be given by (1.1). Assume that ®(z) is defined by (2.1). If
f €N, (P)and U is defined by (3.1), then for any complex number n

(A2 (p=1)(A+1) Aoy .
G (=) + M) — i m<on
|dy —nd}| < S Gy if o1<n<o0y, ,
A2 (u—1)(A+1 A )
\ _(;Hr—i\)Q <(1 —n)+E MQ(ML(A) )> + (u+2/\)’ if nz o
where HA+1 A A) A
- DA+ + +
pim 14 MEZDOFY (A N Ay
2(p+A) Ay A
—1H(A+1 A A)A
oy — 14 M )(+)_(u+)+(u+2) 2
2(p+A) Ay A
and

plp— 1A+ 1)) A
— (p+N)

A
R ((1_”” 2wt ) M }
Proof. By using (2.14) and (2.15) in (3.3) and (3.4), we have got

20 ).

dy —udﬂ < Lmax{l;

—Ajwy Aw? 1 [ < (
dy = dd, = — A A, —
PTG MR T G Gy [

and hence,

2 A, Ay (1 +2X) (e — 1) A
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By applying Lemma 1, we have got the first part of the result and by Lemma 2,
we get the second result:

1]

2]

2 A
dg—’f]dl :(N+—§/\)

wz—{L<(1—n)—(“+2A)w—1>> &}w%

(u+2X) 2 (1 + N A

i (- B2 )

(1)) 2 (+ N Ay
R. M. Ali, V. Ravichandran and N. Seenivasagan, Coefficient bounds for
p-valent functions, Appl. Math. Comput., 187 (1)(2007), 35-46.

A .
< (MJ:A) max {1,
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