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Abstract: In this paper, an identity of Ramanujan has been generalized. Partic-
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1. Introduction, Notations and Definitions
For complex variables a and ¢, |¢| < 1, the ¢g— shifted factorials are given as,

(a:d*)0 =1, (a;¢")n = (1 = a)(1 —ag")...(1 — ag™ "),
where n and k are positive integers. For brevity, let
(a1, a, -, ar; ) = (a1; ¢ )n(a2; ¢ - (ar; ¢ -

Following [4; (1.2.22), p.4], the generalized basic hypergeometric series is defined
by

n

.k 0 L
P 1,09, ...,0,,q"; 2 1 _ Z (ahaQw--,araq )nz {(_l)nqkn(nfl)/Q}lJrS*T_ (11)

res bl,bg,...,bs (q,bl,bg,...,bs;qk)n

n=0



94 J. of Ramanujan Society of Math. and Math. Sc.

The infinite series in (1.1) is absolutely convergent for |z| < oo if r < s and for
r = s+1, it converges in the region |z| < 1. The four basic Appell series are defined
as,

<I>(1)[a; b,b/;C;ZL‘,y] _ Z (aaQ)m—I—n( aQ)m( 7Q)nx ) : (12)
vty (G D@ Dn(E Dmen
O a;b, Ve iz y) = Y (@ D (b5 9)ul: ) ,x v (1.3)
oo (G D@ On (6 D3 On
i . m /. n b m b/. n m,,n
S, b Yoy = Y (@5 Dl (B3 @) (V5 Duz™y" g
o (4 D (@ OnlC; Qimn
and
(I)(4) a; b, c, C,;l’, — (CL, Q)m—l—n( y Y )m+n ' 15
| y m,;:o (@ D@ Dn(c; Qi (5 0)n (15)

[4; (9.1.1)-(9.1.4), p. 232]

Basic Lauricella function is defined as,
¢D[aa b17 b27 ceey bna CiT1, Ty ony In]

i (a; q)m1+m2+...+mn (b1§ Q)m1 (b2§ Q)mQ"-(bn; Q)mn lexglg pmn (1.6)
o (G Dmi (G D (@ D (G Dyt 4o, "

[1; Theorem 4, p. 207]

where max. (q, |x|q, |z2], ..., |za]) < 1.
We shall use the following g—binomial theorem in our analysis,

[e.o]

(a;q) nz ~ (a2;9)
2 i T Gae (7)

[3; App. II (IL.3), p. 354]

2. Main Results
In this section we establish our main results.
Following identity is due to Ramanujan,
iaq quhZ (bQ> (azq OOZC/bQ)(ZQ)bT (21)
q q q

R P N ) Ny ey W P M

m=0
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[2; Theorem (1.2.1), p. 6]

where |z] < 1, |b] < 1.
Proof of (2.1)
Left hand side of (2.1)

— (3;¢")m (b5 @) 2™ o0 " )™
= . 2.2
,;) (@5 d")m (e D (54 oo; (¢";q") quh,Q) 22)
Using binomial theorem (1.7) we get
B OOZ (a;q") zic/bq )b g mh
@)oo 5= (054" m = (G:9),
For |z| < 1, |b| < 1, we have
00 C/b q = m
S S

Again, applying binomial theorem (1.7) we have,

)oo Z C/b ¢)rb"(a2q™; ¢")
Joo = )r(2q™: q") oo
(b @)eo(az; q o o (€/030), (24" 0"
_ , 2.3
(¢ @)oo ZO (43 9)r(az; q"), (23)
which is precisely the right hand side of (2.1).
We now establish following transformation
Z bq nhz _(bq an OOZ C/bq r ) ’ (24)
ot Fan - (66%)o0 — qqrazQ)
provided |z] < 1, [b] < 1.
Proof of (2.4)
Left hand side of (2.4) is
. (lq bq nhZ a oo aq knh’q)
= 2.
nzo ¢"Jun nzo bqk"h P
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Applying the g— binomial theorem (1.7)

_ (010 o (@ dM)n2" C/b q b’“ Frnh
(") ; M Z ’

=0 (q7 r=

For |z] < 1, [b] < 1, it yields

; oo C/b q (a’ qh)nbr Th\Nn
= Z Z 7 (20
r=0

— (¢":¢")n

Again, applying binomial theorem (1.7) we have,

ooi c/bq b’”azq "o
r=0

) (2g*"™; q")oo

_ (150" s(a2; 4" Z c/b ). (214 )krb’”7 (2.6)
(€ q")oo(210")00 = (d¥:0%)r(az;¢")ir
which is precisely the right hand side of (2.4) if we take k = 1 in (2.4) it reduces
into (2.1).
Two variables generalization of (2.4)
Following is the two variables generalization of the identity (2.4)

i i ai h1 CLQ; qhQ)n(b; qk)mh1+nh2zinzg
b (

oo 30" )m (425 0"2)n(C5 4% )mny 0

b; ") oo ;g™ 14" oo b; 2 g™ )k (225 ¢™2) o b"
_ (b;q )k (@121 C]h )oo(@222;q Z C/ C] (2159 )k (22;4 ): (2‘7)
(€ 4%) o (213 4™ ) oo (225 ¢M2 (@121 ¢ )i (@222 ¢"2) oy

where max. (|z1],]|22], |b]) < 1.

Proof of (2.7)
Left hand side of (2.7) is

_ i i (013 6" ) (@25 4" ) (05 0" )iy +na 27" 25
(
=0

(q"5¢"M)m (0725 ¢"2)n (€5 @) mny +nns

(3¢ ii (a1; 4" )im(az; ¢2), (cghtmhrtnha) gby o

21 %2
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Using binomial theorem (1.7) we get

k)rbqur(mhl +nhga)

2 = (c/b;
Z(/q

k. ok
— (4% ¢")»
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=
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For max. (|z1],|22],|b]) < 1, it becomes

; Oo Z C/b q (&1’ qh1 k’r‘h1z i CLQ, h2 k?’rhgz )n
OO r=0 m=0 (th th n=0 h27qh2)
Again, applying g—binomial theorem (1.7), we get
i ) s (a2226""2; 4 oo

oo i C/b q br(alzlq
— )r (216715 g ) oo (22457725 472 ) o

’

:(b;qk)oo(alzﬁq D)oo (@222; ¢™) ooz c/bq V(213 @) ke (205 @) b
(€3 4%) oo (213 4™ ) oo (223 4% ) oo r(a121; @) ir(a222; 42y’

which is right hand side of (2.7).
Proceeding as above, m variables generalization of (2.4) is

(2.8)

ni ,n2 th

i (a1; @™ )y (@25 6" ng e (A @™ s (B3 4% )iy s st 21 202 20
(@™5¢" )0, (6725472 ) g (@5 @ ) (€5 @8 ) ni b fmsho ot hom

n17n27---=nm:0

(00701213 4" ) oo (A2 " ooz C/b q )r (215 " )i (Zos ¢ )b
(€36")o0 (213 4" oo (2ms ¢ r(a1215 " )ir - (@mZms @ ir
(2.9)
provided max. (|z1], |22], ..., |zm], ]b]) <1
3. Special Cases
In this section we discuss special cases of the results established in previous
section.

(i) Taking k = hy = hy = ... = h,, = 1 in (2.9) we get,

(b, ay21,a229, ..., GmZm; q) oo
(C7 215 22y «+ry By Q)oo

Oplb;ar, as, ..., am; € q; 21, 22, vy Zm] =

% m—i—lq)m C/ba Z17227"'7zm;Q;b ’ (31)

121, 4222, ..., AmZm
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where max. (|z1],]|22], ..., |zm|,[0]) < 1 and ®p is the basic analogue of Lauricella

function Fp defined in [4; (8.6.4), p. 228] [1; Theorem 5, p. 207].
(i) Putting z1 /a1, 20/as, ..., zm/am for z1, 2o, ...,

taking ay, as, ..., @, — 0o in (2.9) we get,

zm respectively in (2.9) and then

> .k
§ : (ba q )n1h1+n2h2+---+nmhm LM n2

—~

(_)n1+n2+...+nm qh1n1 (n1—1)/2+h2nz(n2—1)/2+...4+hmnm (nm—1)/2

. Ak
G q )N1h1+n2h2+---+nmhm

1 LR

X
(th 7 th )nl (qh2 7 qhz)ng

(g gt ),

(¢/b; q"),b"

(03002130 ) (Zm 4" )
a (C;q) Z

(iii) For h = k =1, (2.4) yields

a,b; q; z 1 ~ (b,az;9)s

P
= { (¢, 2:9)o0

which is Heine’s fundamental transformation.
(iv) For h = k =2, (2.4) gives

(214" kr (225 ¢™2)

3@, { a, Vb, —vb;q; 2 } _ (1¢%)o(az;9)x

(¢56%)o0(2 @)oo

\/67_\/E

where |z], |b] < 1.
(v) For h=2and k =1, (2.4) gives

{ a,b,bq; ¢%; 2 ] (b5 @)oo (@25 ¢%) oo
3Py =
¢, cq

where |z], |b] < 1.
(vi) Taking h =2, k =2 in (2.4) we find,

5(1)4 |: a, \/67 _\/57 Q\/B,

a (¢ @)oo (23 4?) oo o

az,azq

—qVb;¢*; 2

\/67 _\/Ea Q\/Ev _(]\/E

(0,025 ¢%) e o, | /bVE—VE vz, —qv/z 4% b
b \/&,—@7Q\/a_, _Q\/@

(6,20

b,z,q;b
2(1)1|:Z/Z zq

|

[ c/b, 2, 2q; q% b

[TZ_,\/_E,\/—Q_\Z/E;Q;I)

E

kr(zma qhm k

|
|

(3.4)
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where |z] < 1, |b] < 1.
(vii) Taking hy = hg = k =1 in (2.7) we get,

(b, 121, A229, Q)

(C; 21, %2, Q)oo

(I)(l)[b; a1, a2;C; 4, 21,2’2] = = 3@2[0/57 21, Z2;A1%1, A2%92; 4, b]7 (3-7)

where |21 < 1,]2| < 1,]b] < 1 and ®1) is the basic Appell function [4; (9.1.1), p.
232].

Taking different values of h, k one can have large number of transformations from
(2.4), (2.7) and also from (2.9).
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