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1. Introduction, Notations and Definitions

Elliptic hypergeometric series and their extensions to theta hypergeometric se-
ries has become an increasingly active area of research these days. In the present
paper, we have established transformation formulae for bilateral theta hypergeo-
metric series. Special cases of the results established in this paper have also been
deduced.

A modified Jacobi’s theta function with argument x and nome p is defined by
0(x;p) = [z Ploclp/=; Ploo = [, 9/ 7 Ploc (1.1)

0(x1, 72, ..., o5 p) = 0(21;0)0(22; D), ..., O(w,; p)

and
0

[ plee = [J(1 = 2p").

Following Gasper and Rahman [1; Chapter 11 (11.2.5) and (11.2.53)] theta
shifted factorial is defined by,

0(a;p)f(ag;p)...0(aq" *;p); forn >0
[a;p’q]n:{l(ap) (ag;p)--B(aq""; p) orn
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Also,
[ ] qn(n+1)/2 . (1 2)
a;q,Pl-n = ) n = '
(—a)*la/a; ¢, pln
and,
[al, A2, ...s Qr; Q7p]n = [al; %p]n[aZ; q>p]nm[ar; Q7p]n- (13)
Corresponding to Spiridonov (2], theta hypergeometric series is defined by
a1,Q2, ..., Ar415,4,P5 2 S [alu A2y vy Qi1 Q7p]nzn
ri1 By = , 1.4
i |: b17b27"‘7b7’ :| % [Q7blab27“'7br;Q>p]n ( )

where max. {|z[, |q|, |p|} < 1.
Corresponding to Spiridonov [3] a very well-poised theta hypergeometric series is
defined by,

7'+1V [al; A6y ooy Qr415 4, P; Z]

Z O(a1q*;p)lar, ag, ..., ry1; G, Pln (2q)"
9 (11 p alQ/Q6>-'-7G1Q/&T+1;Qap]n
ai, q\/ar, —q./ai, q al/p, —q,\/a1p, g, ..., Qrg1; q, Dy — 2
(1.5)
\/—17 \/_17 VALY 25V, al ,CL1Q/G6,...,CL1Q/(IT+1

A truncated very well poised theta hypergeometric series is defined by,

alq a17a67"'7a7“+1;Q7p]n
r ‘/r ; g oeey U1, ) " 1.6
i [al 6 e P Z 9 CL1, CL1Q/CL6, ) alQ/a’TJrl; q7p]n <Zq) ( )

We call a series of the form,

n k
z : [a17a27"'7a7‘+1;Qap]kZ
— [Qabhb%-"?b’l‘;Qap]k
k=—m

a finite bilateral theta hypergeometric series.
We shall make use of the following identity,

Z Ak+mZA - Z Ak+mZ)\ (1.7)

k=—m k=—m

Proof of (1.7) In order to prove (1.7) let us consider the following well known

identity,
DTN A=Y A N (1.8)
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[Gasper & Rahman 1; (11.6.18) p.321]

Taking n+m for n and replacing k by k+m in (1.8), we get (1.7) after some sim-
plification.
Following summations are also needed in our analysis,

lag, aq/be, aq/bd; aq/cd; g, pln
aq/b, aq/c,aq/d; aq/bed; g, pla
[Gasper & Rahman 1; (11.4.1) p.321]

10% [(I;b, ¢, daeaq_n;Q7p} = [ (19)

where bedeq™™ = a%q
Now, setting e = ag"™ in (1.9) we get,

lag, aq/bc, bg, cq; q, pln
lq,aq/b,aq/c,beg; q, ply
[Gasper & Rahman 1; (11.4.10) p.322]

sVzla;b,c,a/bc; q,pln = (1.10)

Again, we have

ldpq, c¢/a,c/b, dpg/ab; q,p?],
[c/ab, dpq/a, c,dpq/b; q, p?],

|Gasper & Rahman 1; (11.4.11) p.323]

10‘/9[dp;a7 b7 dPQ/Ca Cdpqn/abv qin;Q7p2] = (111)

Now, Taking c=abq in (1.11) we get

[dpq, ag, bq, dpg/ab; q, p*),,
lq, abg, dpq/a, dpq/b; q, p?],,

sValdp; a, b, dp/ab; q,p*), = (1.12)

We also have

i 0{ad(rst/q)*, (b/d)(r/9)", (c/d)(s/)", (ad/be)(t/q)*;p}
0(ad,b/d,c/d,ad/bc;p)

k=0

[a; 7st/q, pli[b; v, pli[e; s, plu[ad® /be; t, plug"
dq; q, plx[adst/bg; st/q, pleladrt/cq; vt/ q, plilbers/dg; s/ q, pli
B 0(a, b, c,ad? /be; p)larst/q?; srt/q?, pl,
- df(ad,b/d, c/d, ad/be; p)ldq; q,plu[adst/bg; st/q, pla
" [br; v, plnles; s, plalad®t/be; t, pl, — 0(d, ad /b, ad/c, be/d; p)
ladrt/cq;rt/q, plalbers/dg;rs/q,pl,  dO(ad,b/d,c/d,ad/bc;p)

1

(1.13)
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[Gasper & Rahman 1; (11.6.9) p.327]
Taking d=1 in the above we get

zn: 0la(rst/a)*,b(r/q)*, c(s/q)", (a/b)(t/a)*; P}
—~ 8(a,b,c,a/bc;p)

y [a; st/ g, plilb; 7, plilc; s, ple[a/be; t, plig”
4; ¢, pli[ast/bg; st/q, plklart/cq;rt/q, plk[bers/q; s/ q, pli
~arst/q; st/ plalbrs 7 plales; s, plaat/be; t, ply
14 ¢, Plulast/bg; st/ q, plulart/cq; vt/ q, plalbers /q; s /q, pl
2. Main Results

In this section we shall establish our main transformations. We start by setting

(1.14)

N = 0(ag®*;p)la, b, c,a/bc; q, plrg”
6(a;p)lq, aq/b, aq/c, beg; q, ply

and
4, = _ama@*sp)lapy, 8,7, apy /By . pilkat
0(apr; pi)lar, apra1 /B, apran /v, Byar; 1, pil
in (1.7) and using (1.10) and (1.12) we get

0(aq*™;p)la, b, c, a/bc; q, plmlapiar, apiqi/ 57, Bar, vq1; g1, P g™
6(a;p)[q, aq/b, aq/c,beg; q, plmlapiar /B, aprar /v, Byar; a1, piln

ZGaq

g™, Bar ™ Japy, vai " fapy, a7 " By i, PRk
gy " Japy, a "/ Boay " s Bya " apys au, Pk
0(ap1@?™; p?)[aps, B, 7, ap1/BY; a1, pilmlaq, by, cq, aq/bc; q, plagi
O0(api; p?)lars aprqr /By aprai /7, Byar; 1. pHmla, aq/b, ag/c, beg; q, ply

>k pYlag™, bg™, cq™, aqg™ [be; 4, plkg”

1+m7 a‘q1+m/b7 aqu/c, bcq1+m; q, p]k

i 0(ap1 @™ p)[ap1 g, BE, VG, apr @/ BY; au, PRkt
= 0(apig™s p) ™ apvs ™ B apra ™y By ™ an vl
g™, bg " a,cq™[a,q " /bc; q, plk
L - (2.1)
lg7"/a,q7"/b,q7" /¢, beq™™ [ a; q, pli
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Next, putting
0(ag®*;p)[a, b, c,a/be; q, plrg”
6(a;p)lq, aq/b, aq/c, beg; q, pli

A =

and

0{a(rst/q)*, Br/@)* 7 (s/a)", (/BN (E/a)" pi}
9(06, Ba s 04/5%171)

la; rst/qi, p1)elBs my p1)elys s, i)lo/ B t, palwdf
[q1; @1, palklast/ Baus st/ qu, palelart/yaus it/ qu, el Byrs/qu ms /v, pilk

in (1.7) and using (1.10) and (1.14) we get

Ay =

X

9(aq2m; p) [(I, b: c, (I/bC; q7p]m[aTSt/Q%7 TSt/Q%a pl]n[ﬁra r, pl]n
0(a;p)lg, aq/b, aq/c,beq; 4, plmlar; 1, Prlnlast/Ba; st/qu, piln

[vs; s, p1lnlat/ By t, pi]ng™
lart /vqu;rt/qu, palnlByrs/qus s/ qu, piln

X Z ag® %% p)lag™, bq™, cq™, aq™ /be; q, plrg*
9 1+m’ aq1+m/b, aq1+m/C, quH—m; q, p]k‘

(@1 " a1, prle[B(st/a) ™" /s st/ qu, pi]k
(rst/q})~"/c;rst/qi, pile[r=/B; 7, pilk

Y(rt/q) ™" ot/ qu, pilk[(rs/q) ™"/ Byirs/qu, palk
[s7/v; s, pu]e| Byt /i t, pa

_ [ rst/qf, pilm[B; 7, Palm [73 8, P[0/ Bt prlmad”
[q1; 1, 1lmlast/ Bars st/ qu, prlmlort/yqu; e/ ar, prlm[BYrs/qims/ a1, pilm
lag, bq, cq, aq/bc; q, pln
[q,aq/b, aq/c, beg; q, ply

Z O{cx(rst/q )™, B(r/q)F™, (s/q)" ™, (a/ﬁv)(t/ql)“m,pl}
O(c, 8,7,/ By;p1)

X

k=—m
[a(rst/g)™; rst/qd, p)k[Br™;r, pik[vs™; s, pilk
(™5 v, pulile(st/an) 0/ By st/ qu, paleladrt/q)™ /it fqu, pal

lat™ /Byt pilkla™™ b " [a, cq™" Ja,q~" /be; q, pli (22)
[By(rs/qu)™ s rs/qu, okl /a, a7 /b, 7" /¢, beq™ [ a; q, pli

X
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Next, if we put
0(apq®; p*)[ap, b, ¢, ap/bc; q, p*leqd”
0(ap; p?)[q, apq/b, apq/c, beg; q, p?)

A =

and

A = 0{a(rst/q)", B(r/q)*,v(s/q)", (a/57)(t/Q1)k;p1}x
* 9(&,5,7,&/&7;]}1)
o st/ gt puelBs m, palily; 8, palkla/ Bs t paedt
lq1: @1, prlelast/ Baus st/ qu, prlklort /yvqus rt ) qu, k[ Byrs/qus s/ qus pali
in (1.7) and using (1.12) and (1.14) we get

X

(apg®™; p*)[ap, b, ¢, ap/bc; ¢, p*)mg™
0(ap; p?)[q, apq/b, apq/c, beg; q, p?lm,

larst/q};rst/qt, pilalBr;r, pilalVs; s, pilnlat /B t, piln

X
[q1; g1, pr]nlast/ Ba; st/ qu, prlnlart/yqu; t/av, paln[Byrs/qu; s /g1, piln

y Z apcfm“’“,p Napg™, bg™, cg™, apq™ /be; q, pleg”
O(apg®>™;p

1+m apq1+m/b apq1+m/c bcq1+m q, p]

[ qu, ] B(st/q) ™" /a; st/ qu, pi]k
[(rst/q?)=" ) rst/qt, palklr="/B; 7, palk
y(rt/q) " /e rt/qu, pilkl(rs/qi) ™" /By s/, pili
[s7 /s 8, pulelByt=" /s t, ik
_ [ 75t /45, p1lim[B5 7, P13 8, Prlmlat/ BYi ¢, Pl
[q1; q1, p1]mlaest/ Bau; st/ qu, pulm|art /vqu; vt /g, prlm|BY7TS/qus 78 /g1, Pi)m

lag, bq, cq, aq/bc; q, pla
[, aq/b, aq/c, beg; q, pln

Z O{alrst/q)™ ™, Br/a)" ™, y(s/a)"™, (a/BY)(t/a)" ™ pi}
O0(c, 8,7, o/ By; pr)

[a(rst/q?)™; rst/q2, pilk[Br™; 7, pilk[ys™; s, p1lk v
[ qu, pilile(st/a0) = m ) By st/ an, pi[e(rt /)™ [yt fan, pali

lat™ ) B; t, prlklg™™, bg™" /ap, cq™™ [ap, ¢ " /bc; q, p*Jk
[By(rs/qu)™ s rs/qu, pilkla"/a, a7 /b, g7 /¢, beq™ [ a; q, pli

X

k=—m

(2.3)
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3. Special Cases
In this section we shall deduce certain interesting special cases of our results.
If we set r = s =1t = ¢ in (2.2), we get after some simplification

0(aq®™; p)la, b, c, a/bc; q, plmlaqi/ By, Bar, vau; a1, Prlng™
9(a;p)lg, aq/b, aq/c, beg; ¢, plmlag /B, aqi /v, Byai; a1, piln

¢ pYlag™, bg™, cq™, ag™ /be; q, plrg”

Z 0 Mg+, agt+™ /b, ag' ™ /e, beg' ™ q, pli

" Bay " o, var " oy a0 B qu, palw
lgi" /o, a7 By a7y, Byar " s qus pak
_ | B.7,a/By, ¢, pilmlag, b, cq, aq/be; ¢, plngt”
lq1, 1/ B, aq1 /7, Byq1; ¢1, P1lmla, ag/b, ag/c, beg; q, ply,

2”: 0(agt™ 2 p1)egt, Bar, va, g/ By; qr, palkdt y

[ 0 p)la ™ aq ™™/ B aq ™™ )y, Byar ™ qus palk

lg™, bg " /a,cq/a,q " /bc; q, plk

3.1
g™ /a,q " /b,q7"/c,bcq™" [ a; q, D)k (3:1)
Now, setting a = v in (3.1), we get
Z 0(aq*;p)la,b,c,a/be;q.ple  laq,aq/be,bq, cq; q, pla (3.2)
0(a;p)lg, aq/b,ag/c,beq; q,pli  [g.aq/b,aq/c, beg; q, s,

which is (1.9)
Again, if we take o« = ¢ in (3.1) we get

0(aq*™; p)la, b, c, a/bc; ¢, plmBar, var, Byas ™, i pilmd™

0(a;p)lg, aq/b, ag/c,beg; q, plmlar, Byar, Bay™ var ™ il

X

¢ pYlag™, bg™, cq™, ag™ /be; q, plrg”

Z 0 Mg+, agt+™ /b, ag' ™ /e, beg ™ q, pli

" a7 Boar ™ v By s pali

") By, ai ™/ B v ar T an pala
_ _Byvi@, pilmlag, bg, cq, ag/be; ¢, plngy”

(val, B v, plmla, aq/b, ag/c, beg; q, pln
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Z”: 0(BYG™ 2 p1) B, Y a1, prlkay y
0(Bv;p1)[Bar™, vt ™ g1, p1i

k=—m

g™, bg ™" fa,cq™[a,q " /bc; q, plk
lg"/a,q /b, q7"/c,bcqg™" [a; q, D)k
Next, if we put m=0 in (3.1) we get

(3.3)

[OéQ1> Baq1, v, 04(]1/57; Q1>Pl]n
[CI1, 04(]1//3, aﬂh/% Byqu; Q1,p1]n

n

0(ag®;p)la,b,c,a/be; ¢, plilar ™, Bay "o, var " e, 41"/ By; a1, pled”
= 0(a;p)la, aq/b,aq/c,beq; ¢, plelay " /o, " /B, @ " /v Byan " e qu, palw

_ lag,bq, cq,aq/bc; q, pln
g, aq/b, aq/c, beg; q, pln

0(agi™; py)les B, v, o/ Byiqu, plela ™™, bg ™" a, cq" /a, g " /be; ¢, plray
— (a; p1)lar, aq1/ B, aq1 /v, Byas v, plela™/a, ¢ /b, g7 e, beg ™ [as g, ply
(3.4)
If we set p=p; =0 and ¢; = ¢ in (3.4), we get the following interesting transfor-
mation

0Py [ a,qgv/a, —qy/a,b,c,albe, g o, vqg " o, a7 By, a7 45 q ]
Va,—/a,aq/b,aq/c,beq, g7 o, g7 B a7y, BrygT o

_ lag,bq, aq/be, cq, 0q/B, aq/, Y4 dln
lagq/b, aq/c, beq, g, Bq, vq, aq/BY; Gl

a, g, —q/a, B, v,/ By, bg7" a,cq Ja,q " [be, g q5 q
10Pg (3.5)

Vo, —Va,aq/B,aq/v, Byq, ¢ " /a,q /b, g /e, beg" a

Now, letting f — 1 in (3.5) we get the following summation of a truncated very
well poised ¢Ps,

& { a,qv/a,—qv/a,b,c.a/be;qiq | _ lag, bg, aq/be, cqiqln (3.6)
6o \/aa _\/57 aq/b7 CLQ/C, bcq n [Q7 CLQ/b, G’Q/C7 bcg? Q]n '

It is evident that several other interesting results involving theta hypergeometric
functions can be established.
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