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Abstract: The third order mock theta function f(q) is the generating function for
the number of partitions with even rank minus the number of partitions with odd
rank. In this paper, mock theta function f(q) is interpreted in terms of n–color
partitions which lead to a combinatorial proof of the above fact. The two sixth
order mock theta functions φ(q) and ψ(q) from Ramanujan’s Lost Notebook are
also interpreted in terms of n–color partitions by attaching weights.
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1. Introduction

The coefficients in the series representation of a mock theta function many
times have a simple partition-theoretic interpretation. Fine’s interpretation of the
coefficients of series represented by the following third order mock theta function
as the number of partitions into odd parts without gaps serves as an example to
the above claim [3]:

ψ(q) =
∞∑
n=1

qn
2

(q; q2)n
. (1.1)
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Bringmann and Ono [2] exhibit the following identity for third order mock theta
function f(q):

1 +
∞∑
n=1

(Ne(n)−No(n))qn =
∞∑
n=0

qn
2

(−q; q)2n
= f(q), (1.2)

where No(n) (resp. Ne(n)) denotes the number of partitions of n with odd (resp.
even) rank. In Section 2, we study this third order mock theta function f(q)
in terms of n–color partitions by attaching weights which helps in establishing a
combinatorial proof for the equation (1.2).

Definition 1.1. [1] A n–color partition (also called a partition with “n copies of
n”) is a partition in which a part of size n, n ≥ 0 can occur in n different colors
denoted by n1, n2, . . . , nn.

Definition 1.2. The weighted difference of two parts (ai)bi and (aj)bj(ai ≥ aj) in
an n–color partition (a1)b1 + (a2)b2 + · · ·+ (ap)bp such that (a1)b1 ≥ (a2)b2 ≥ · · · ≥
(ap)bp, is ai − bi − aj − bj and denoted by (((ai)bi − (aj)bj)).

In his Lost Notebook [4], Ramanujan defines the following two sixth order mock
theta functions:

φ(q) =
∞∑
n=0

(−1)nqn
2
(q; q2)n

(−q; q)2n
, (1.3)

ψ(q) =
∞∑
n=0

(−1)n−1qn
2
(q; q2)n−1

(−q; q)2n−1
. (1.4)

These functions can also be interpreted in terms of n–color partitions by attaching
weights. Section 3 of the present paper is devoted to the study of these two func-
tions.

2. Third order mock theta function f(q)

Theorem 2.1. Let A1(ν) denote the number of n–color partitions of ν such that
(((ai)bi − (ai+1)bi+1

)) ≥ −(bi+1 − 1). Then

∞∑
n=0

A1(ν)qν =
∞∑
n=0

qn
2

(q; q)2n
.

Proof. In the expression qn
2

(q;q)2n
, qn

2
generates the following n–color partition

(2n− 1)1 + · · ·+ 31 + 11. (2.1)
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The factor 1
(q;q)n

generates the multiples of i = 1, 2, . . . , n. Let us say these are

l1 × 1, l2 × 2, . . . , ln × n, li ≥ 0. Thus, to account for the factor 1
(q;q)n

the number
being partitioned must increase by l1 × 1 + l2 × 2 + · · · + ln × n. This is done by
transforming the partition (2.1) to

((2n− 1) + ln + ln−1 + · · ·+ l1)1+l1 + · · ·+ (3 + ln + ln−1)1+ln−1 + (1 + ln)1+ln . (2.2)

Now, another factor 1
(q;q)n

generates, say m1× 1,m2× 2, . . . ,mn× n, mi ≥ 0. This

factor transforms the n–color partition given by (2.2) to

((2n− 1)+ln + ln−1 + · · ·+ l1 +mn +mn−1 + · · ·+m1)1+l1 + · · ·+ (3 + ln + ln−1+

+mn +mn−1)1+ln−1 + (1 + ln +mn)1+ln . (2.3)

Thus, the ith and (i+ 1)th part in a partition generated in this manner are

ai =2(n− i+ 1)− 1 + ln + · · ·+ li+1 + li +mn + · · ·+mi+1 +mi, (2.4)

bi =1 + li, (2.5)

ai+1 =2(n− i)− 1 + ln + · · ·+ li+1 +mn + · · ·+mi+1, (2.6)

bi+1 =1 + li+1. (2.7)

Therefore, by examining the equations (2.4)–(2.7) it can be easily seen that the
n–color partitions satisfy the condition stated in the theorem.

Now, suppose that each part of a n–color partition ((a1)b1 +(a2)b2 + · · ·+(ap)bp)
enumerated by A1(ν) is mapped to a 2× 1 array in the following manner

φ((ai)bi) =

(
ai − bi − bi+1 − · · · − bn
bi + bi+1 + · · ·+ bn − 1

)
for 1 ≤ i < n.

Thus, a n–color partition with n parts is mapped to a 2× n array(
c1 c2 · · · cn
d1 d2 · · · dn

)
This array clearly satisfies c1 > c2 > · · · > cn ≥ 0, d1 > d2 > · · · > dn ≥ 0
and ν = n +

∑n
i=1 ci +

∑n
i=1 di. Thus, it is the Frobenius representation of an

ordinary partition of ν. Conversely, every ordinary partition of ν can be mapped
to a n–color partition by the following map:

φ−1
(
ci
di

)
=(ci + di + 1)di−di+1

for 1 ≤ i < n− 1,

φ−1
(
cn
dn

)
=(cn + dn + 1)dn+1.
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The n–color partitions generated in this manner are those enumerated by A1(ν).
Thus, ordinary partitions of ν are in one-one correspondence with partitions enu-

merated by A1(ν) and this is a well known fact since qn
2

(q;q)2n
is the generating function

for ordinary partitions.
Now, if we attach a weight (−1)t to the count of each n–color partition enumerated
by A1(ν), where t = a1 − 2n + 1, then we see that f(q) is the generating function
for this weighted number of n–color partitions. The corresponding value of t for
ordinary partitions is c1 + d1. (−1)c1+d1 gives the same result as (−1)c1−d1 . There-
fore, the partitions with even rank have positive weight and partitions with odd
rank have negative weight which leads to the establishment of the combinatorial
proof of the equation (1.2).

3. Sixth order mock theta functions φ(q) and ψ(q)

Theorem 3.1 Let A2(ν) denote the number of n–color partitions of ν such that
for 1 ≤ i ≤ p− 1

(((ai)bi − (ai+1)bi+1
)) ≥


0 if ai ≡ bi, ai+1 ≡ bi+1 (mod 2),
2 if ai 6≡ bi, ai+1 6≡ bi+1 (mod 2),
1 otherwise.

Then
∞∑
n=0

A2(ν)qν =
∞∑
n=0

qn
2
(−q; q2)n
(q; q)2n

.

Proof. In the expression

qn
2
(q; q2)n

(q; q)2n
=

qn
2
(q; q2)n

(q; q2)n(q2; q2)n
,

qn
2

generates the following n–color partition

(2n− 1)1 + · · ·+ 31 + 11. (3.1)

The factor 1
(q;q2)n

generates the multiples of i = 1, 3, . . . , 2n − 1. Let us say these

are k1 × 1, k2 × 3, . . . , kn × (2n− 1), ki ≥ 0. Thus, to account for the factor 1
(q;q2)n

the number being partitioned must increase by k1×1 +k2×3 + · · ·+kn× (2n−1).
This is done by transforming the partition (3.1) to

((2n−1)+2(kn+· · ·+k2)+k1)1+k1 +· · ·+(3+2kn+kn−1)1+kn−1 +(1+kn)1+kn . (3.2)
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Now, the factor 1
(q2;q2)n

generates, say l1 × 2, l2 × 4, . . . , ln × 2n, li ≥ 0. The factor

(−q; q2)n generates, say m1× 1 +m2× 3 + · · ·+mn× (2n− 1), mi = 0 or 1. These
factors transform the n–color partition given by (3.2) to

((2n− 1) + 2(kn + · · ·+ k2 + ln + · · ·+ l1 +mn + · · ·+m2) + k1 +m1)1+k1
+ · · ·+ (3 + 2(kn + ln + ln−1 +mn) + kn−1 +mn−1)1+kn−1

+(1 + 2ln + kn +mn)1+kn . (3.3)

Thus, the ith and (i+ 1)th part in a partition generated in this manner are

ai =2(n− i+ 1)− 1 + 2(kn + · · ·+ ki+1 + ln + · · ·+ li +mn + · · ·+mi+1)

+ ki +mi, (3.4)

bi =1 + ki, (3.5)

ai+1 =2(n− i)− 1 + 2(kn + · · ·+ ki+2 + ln + · · ·+ li+1 +mn + · · ·+mi+2)

+ ki+1 +mi+1, (3.6)

bi+1 =1 + ki+1. (3.7)

An examination of the equations (3.4)–(3.7) establishes the theorem.
Now, if we attach weight (−1)t, where

t =

{
1
2
(a1 + b1 + 1) if a1 6≡ b1 (mod 2),
1
2
(a1 + b1) if a1 ≡ b1 (mod 2),

to the count of each n–color partition, then we see that φ(q) is the generating
function for this weighted number of n–color partitions.

Theorem 3.2. Let A3(ν) denote the number of n–color partitions of ν such that
ap = bp and for 1 ≤ i ≤ p− 1

(((ai)bi − (ai+1)bi+1
)) ≥


0 if ai ≡ bi, ai+1 ≡ bi+1 (mod 2),
2 if ai 6≡ bi, ai+1 6≡ bi+1 (mod 2),
1 otherwise.

Then
∞∑
n=0

A3(ν)qν =
∞∑
n=0

q(n+1)2(−q; q2)n
(q; q)2n+1

.

The proof of this theorem can also be accomplished in a similar manner as the
previous one. The value of t for the attached weight to obtain the interpretation
of ψ(q) is given by

t =

{
1
2
(a1 + b1 − 1) if a1 6≡ b1 (mod 2),

1
2
(a1 + b1 − 2) if a1 ≡ b1 (mod 2).
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