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1. Introduction and Preliminaries
In the usual notation, let R and C denote the sets of real and complex numbers,
respectively. Also let

No:=NuU{0} , N:={1,2,3,...} = No\{0} ,

Zy ={0,-1,-2,..}y=7z"u0u{0} , Z :={-1,-2,-3,...}
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and Z = Zy, UN Dbeing the sets of integers. In terms of Gamma function I'(z),
the widely-used Pochhammer symbol (\), (A, v € C) is defined, in general, by

W), = I () AA+1)...A+n—-1), (v=neN;reC),
(1.1)

it being understood conventionally that (0), := 1 and assumed tacitly that the I

quotient exists
o r
/ e~stpa-1gy = LL@) (1.2)
0

C A+ ) { 1 (v=0;1€C\{0}),

(9?(5) >0, 0 <R(a) <ooor RN(s) =0, 0<R(a) < 1>.

Gauss ordinary hypergeometric function is defined as

/\7 ; e n
2 Fy " :ZM (1.3)

o, n=0

(1.3a) The infinite series (1.3) is always convergent when |z| < 1 and A\, u,0 €
C\Z, .

(1.3b) The infinite series (1.3) is absolutely convergent when |z| = 1, R(o — p —
A) > 0and \ p,0 € C\Z.

(1.3c) The infinite series (1.3) is conditionally convergent when |z| = 1, z # 1,
—1<Ro—p—A) <0and A\, u,0 € C\Z, .

(1.3d) The infinite series (1.3) is divergent when |z| =1, ®(0 — p — A) < —1 and
A\ p, o€ C\Z .

(1.3e) When any one or both numerator parameters of Gauss series (1.3) is zero or
a negative integer and denominator parameter is neither zero nor a negative
integer then series (1.3) terminates and the questions of convergence does not
enter the discussion.

Legendre’s duplication formula

(m)[(22) = 22z_1F(z)F<z + %) (22 € C\Zy) . (1.4)
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Classical Gauss summation theorem [10, p.30,Equation 1.2(7)]

ab] D(d)T(d—a—b) (yw_a_M>deeng) (1.5)

F "1
21[ d; T(d—a)l(d—b)’
Kiimmer’s first, second and third summation theorems [4, p.134]

P a, b CT(l+a-bl(1+9)
1+a—0b; S T(l+al(1+2-0)

<§R(b)<1,1+a—be<C\Zo) .

a, b; 1 il l1+a+b B

2F1 |: 1+g+b; §:| - F\{l_—&—a()r( +b>) (% € C\Z(]) (17)
o 1-a 1] 27oVal(e) _ T(HI(E

A" ] - e rerEs 09

(c € (C\Zg).

Some generalizations of Kiimmer’s second summation theorem
Summation theorem recorded by Prudnikov et al. [5, p.491, Entry (7.3.7.2)]

k=

(aﬁ%LEGO@; peNQ.

In the year 2011, following summation theorem was given by Rakha-Rathie [8,
p.827, Theorem (1)]

a, b 1] :2”‘1F(a+b;1+l’)r(ab?ﬁ)i{(p) (—1)’“F(%)} |

|, =
2 1|: +b‘51+1?; ) F(b>1—x<a7b42rl+p) k F<a+1;kfp>

k=0

(1.10)

(b a+b+14+p a—b+1—p c C\Za P c NO)

2 ) 2
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In the year 2016, two more summation theorems were given by Qureshi-Baboo [6
p.48, Equations (3.1) and (3.3)]

o[ 3] - B {0 ok s
(1.11)

(a,“H’T_mEC\Zg; mGNO) )

and

a,

2F1 [ atb+m. 5
2 )

b; 1:| _ 2a711ﬂ(a+b2+m)l‘\(b—a2—m)
()0 (=55

o (m | (CDTE) (D))
XZ{(J[ ey + ==y ” (1.12)

r=0

<a,"“+b%,b_“T_m€C\Zg; mGNO).

Some generalizations of Kiimmer’s third summation theorem
In the year 2011, following summation theorems were given by Rakha-Rathie

8, p.828, Theorems (6, 5 )]

1-m—c 1 m cfa+r
o I 1}_2 F(E {( ) ’ )}’ 1.13
2 |: c 2 F( 2 C Tz; g 7“) ( )
(c, c—aeC\Zj; mENO).
odmasm BT S ) T
(1.14)

(c,a,a—m,c—a e C\Z,; me NO).
In the year 2016, some summation theorems were given by Qureshi-Baboo [7, p.144
Equation (3.3) and p.145, Equation (3.5)]

[P TR () i )
(1.15)
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(c,c—aGC\Za; mGNO>.

AT

S (M) [ SE ) e

r=0 2
<a,c,a—m,c—a€C\Za; mENO).

Appell’s double hypergeometric series
In the year 1880 Appell’s defined the following double hypergeometric series
([1, p,73, Equation 4] see also [9, p,211. Equation 8.1.6])

.0- a, S
F“[O"B;Wfﬁw]:F&'ﬁf{ 0 5 xy}
— 73 )
- i (@ (B)mtn 27Y" (1.17)
m,n=0 (7)m(5>n mn! .

Convergence conditions of Appell’s double series F}

(1.17a) Appell’s series Fy is convergent when /|z|++/]y| < 1; a,B,7,0 € C\Z,.

(1.17b) Appell’s series Fy is absolutely convergent when +/|z| + /|y| =1 ; x #
073/ 7£ 0; O‘:Baf%é S (C\Za and %[(a—i_ﬁ) - (7+5>] <-L

(1.17c) When « or § or a, 8 both are negative integers and v,d € C\Z,;, then
Appell’s series F; will be a polynomial.

For absolute convergence (1.17b) of above series see a paper of Hai et al. [3, p.105,
Equation 1.3 and p.107, Theorem 3 (Equations 1.7, 1.8 and 1.9) |.

In each section of this paper, any values of parameters and variables leading to
the results which do not make sense, are tacitly excluded.

. . . . . —x -y
2. Application in F) [A, B; B, B; =L (17:p)(17y)]

Consider the following reduction formula ([2], p.238,Equation 7, see also [1],
p.102,Question 20(iv))

) ) -z -y
i {A’B’B’B’ I-o( -y G-20 —yJ
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—(a-a-gten | ATTATE w), 21
|$y|<l \/‘ 1_y \/‘ 1_xy1_y>‘<1 A B 1+A— Be@\Z)

Putting y = ; in reduction formula (2.1) and applying classical Gauss summation
theorem (1.5), we get

{ (1—:10)2]A ['(B)[(2B — 24 — 1)
(1—2)*" (1)

T(B—AT2B—A—1)
(w12 wl_z o

2
F4[ABBB x ! }_
(2.2)
A,B,2B-2A-1eC\Zg>.

=1for —oo < R(x) <

Here R(A — B) < —1 is the common convergence condition (see the absolute
convergence condition (1.3b) of Gauss series and absolute convergence condition
(1.17b) for Appell’s function Fy).

Put y = 5= in reduction formula (2.1), we get
Fi |8 B B — 2 !
T T A=) —22) (1 —2)(1 — 22)
A
_ [(1—x)(2x—1)1 JF, [A 1+A-— g %} (2.3)

<1 for —oo < R(z) <

\/‘ 1—x)( 1—2:5)

A,B,1+A-Be@\Zg>.

\/’ 1—x 1—23(;

Now putting A = a, B = % in reduction formula (2.3) and using Kummer’s
second summation theorem (1.7), we get

2(a+1) 2(a+1) 2(a+1) 222 1
37 3 7 3 "(1-20)1—-2)(1—-22)(1—x)

F4 |:CL,
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—~
[
N
=
—~
[}
S)
+
no
~—

(2.4)

[(1 —a:')(2a:'— 1)}& r

\/‘1—x 1 —2z) \/‘ (11—2.9;)
3 )E(C\Z )

In the reduction formula (2.3) putting A = a, B =
theorem (1.9), we get

< 1for —oo <R(x) <0;

W and using summation

2a+2—m‘2a+2—m 2a—|—2—m‘ 222 1
3 7 3 7 3 "(1-22)(1—2)" (1 —2x)(1 —x)

_ [(1 - x)z(j:c - 1)r galrr(:)*%) i { (T)F(‘E(‘—%} . (25)

(=

F4 |:CL,

<lfor —oo<R(z)<0;

W' 1
(1—2)(1 - 22)

2a+2—m
3

a,

e C\Z, ; meNo).

2a+2+m
3

In reduction formula (2.3) putting A = a, B = and using summation

theorem (1.10), we get

20+2+m 2a+24+m 2a+2+m 222 1
F4 a, ; 3 )
3 3 3 "1-22)(1—2) (1 —2x)(1 —x)

[t TR (1) )

= " (2.6)
(\/‘u—;ﬁ—w +\/‘<1—:c)<11—2x>

20+2+m 2—a—2m 2—a+m
3 ’ 3 ’ 3

<1lfor —oco<R(z) <0

a,

EC\ZS ; mEN())
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In reduction formula (2.3) putting A = a, B = 2*5=" and using summation
theorem (1.11), we get

{ 20a+1—m 2a+1—m 2a+1—m 212 1 }
F4 a, )

3 3 ' 3 (U-200(l-2) (1-20)01-2)

1—a)(2z—1)]* 20702ty 2 /m r(etr [(atr+l
- [z ] ZEIEE S () | e it

(\/‘(1—5?12—2@ +\/‘<1—x><11—2ac>

<1for —oo<R(x) <0;

2 1-—
a,% e C\Z, ; mENO>.
In reduction formula (2.3) putting A = a, B = 25+ and using summation
theorem (1.12), we get
20+14+m 2a+14+m 2a+1+m 22 1
F4 a, ) ) ) )
3 3 3 (1-2z)(1—2) (1—2z)(1 —x)

- [a=nee-yy 2ot (Reskimp(an)

a 2 [(a)l(=%m)

B[R ) s

+\/\ ]
(1 —x)(1 —2x)

O

20+14+m 1—a—2m 1—a+m
3 ’ 3 ’ 3

<1lfor —oco<R(z)<0;

a,

e C\Z, ; meNO).

Now putting A = a, B = 2a in reduction formula (2.3) and using Kummer’s third
summation theorem (1.8), we get

222 1
Fy [a, 2a; 2a, 2a; < }

(1—-22)1—2) (1—-22)(1—x)
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(2.9)

< lfor —oo < R(x) < 0;2a € (C\ZO_).

(\/'(1 —m?flz—Zx) +\/ 1 —x)h o)

Now putting A = a and B = 2a+m in reduction formula (2.3) and using summation
theorem (1.13), we get

222 1
F4{a,2a—|—m;2a—|—m,2a—|—m; < ]

(1—22)(1—2) (1 —2x)(1 —x)
- {(1 — x)Q(jx — 1)}1 QGESI?(;F_T;,L) i { (T)%ﬂ} | 210

Q=

Now putting A = a, B = 2a — m in reduction formula (2.3) and using summation
theorem (1.14), we get

22

1
(1—z)(1—2x) (1—-z)(1—2x)

<1f0r—oo<§R(:c)<0;aE(C\Z0;mENO).

222 1 ]
(1—-22)1—2) (1—-22)(1 —x)

_ {(1 - x)2(x2:c . 1)} a 112&2%(7:)) i { (7;2) (—Fl()%) } | (2.11)

(o

F, [a,2a—m;2a—m,2a—m;

<1for —oo < R(x) <0;

+\/' .
(1 —z)(1 —2x)

a, 2a—m € C\Z; ; mGN()).

Now putting A = a, B = 1+2a+m in reduction formula (2.3) and using summation
theorem (1.15), we get

222 1
(1—-22)1—2) (1 —22)(1 —x)

Fy {a,1+2a+m;1+2a+m,1+2a+m;
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C[A=z)2z-1)]*  T(1+2a+m) f: F(HH%H) N [(Ztatmiry
= 2x 20+mHIT (1 + a + m) w) F(w) )
r=

(=]

(2.12)
Now putting A = a, B = 1+2a—m in reduction formula (2.3) and using summation
theorem (1.16), we get

222

(1-2)(1-22)

(1—x)%1—2z) <1for —oco<R(z)<0; a€C\Z; ; me NO)

222 1 ]

E 14+2a—m;1+2a—m,1+2a—m;
4{a, +2a—m;l+2a—m,1+2a m’(1—2x)(1—x)’(1—2x)(1—x)

X

_ [(1 —z)(2z — 1)}“ I'(1+2a —m)
2z 20=m+1(q — m)['(a)

S{(7) [ ey

r=0 2
\/‘1—1‘ 1 —2x) \/‘1—33 )(1 —2x)

a#m; a, 1+2a—m€C\Za;m€Ng>.

<lfor —oo < R(z) <

. —y
3. Application in F} [A B;1+ A— B, B; T Tt y)]

Consider the following reduction formula ([2], p.238,Equation 8, see also [1],
p.102,Question 20(v))

) _ ) -z -y
F4[‘4’B’”A B,B,(1_36)(1_1/),(1_@(1_1})}

=l0-y AF[1+AAg —1(1_;y)]

1
\/‘1—1’ 1—y \/’1—:6 1—y ‘<

(=2 <
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: A, B,1+A—BeC\Zg>.

Putting y = % in reduction formula (3.1) and applying the classical Gauss summa-
tion theorem (1.5), we get

| a2 1 ] [(@-1]*T(+A-B)I(1-2B)
F4|:A,B,1+A—B,B,(1_x)27(1_x)2:|_[ T :| I‘(1_B)F(1+A—2B)7
(3.2)

0;
< \/‘1—95 \/‘1—1‘

for —oco < R(z) < 0; A, B, 1+ A — Be(C\Z>

Here R(B) < 0 is the common convergence condition (see absolute convergence
condition (1.3b) of Gauss function and absolute convergence condition (1.17b) for
Appell’s function Fy).
Again put y = 5= in (3.1), we get
222 (1+x) z—11" A B; 1
Fy, |A,B;1+ A— B, B; = F o=
preasmng x>2’<1—x>2] et g

1+2x
1—x 1—1:

for —1<R(z)<0; A, B,1+A— BGC\Z)

Now putting A = a, B = 2! in (3.3) and using Kiimmer’s second summation
theorem (1.7), we get

at12+2 o+l 222 (1+x) x—17% T(3)D (2
F4 a, ; ) ’ =
3 3 (1—22 (1—a)2 a

3
1+z
1—;1: 1—.10

for —1 <R(x) <0; a, 3 EC\Z)
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Now putting A = a, B = 1 — a and using Kiimmer’s third summation theorem
(1.8) in (3.3), we get

222 (1+x) z — 17" T(a)D(34H)

F 1—a;2a,1— = .
ot e o o ] < RESC U
222 1+x _
\/’1—x \/‘1—9@ <1lfor —1<R(x) < a,l—aE(C\ZO).

Now putting A =a, B=1—a—m in (3.3) and using summation theorem (1.13)
given by Rakha-Rathie, we get

Ffot-ammonemt oo m 2
B [x;o: 1} a 2a£5121f(::1 377,) i { (T) %} , (3.6)

<lfor —1<R(z)<0;a,l1-a—meC\Z; ; meNo).

==

Now putting A = a, B =1—a+m in (3.3) and using summation theorem (1.14),
we get

272 (1+x) ]
0o (1 —xp

_ [:1: - 1} a 2m—aF(2a —m) zm: { (’f:) (-;()ﬁ) } | .

—0
212 1+x
1—95 1—1;

a, a—m, 2a—m,1—a+m e C\Z; ; mGNO).

F, [a,l—a+m;2a—m,1—a+m;

<lfor —1<R(x)<0;

Now putting A = a, B = —a — m in (3.3) and using summation theorem (1.15),
we get

272 (1+x) ]
(1—x)*" (1 —x)?

F, [a,—a—m;l—i—Qa—i—m,—a—m;



Some Reduction Formulas For Appell’s Function ... 183

_ |~ 1% 2-em= 111(1—1-2a+m i F(—aﬂgmﬂ‘) N F(2+a45m+r)
2x I(1+a+m) [(Batmiliry T p(2Batminy | {

r=0 2 2
(3.8)
(\/’(12—%;2 *\/‘u—”

Now putting A = a, B = —a + m in (3.3) and using summation theorem (1.16),
we get

5| <lfor —1<R(z) <0; a,—a—meC\Z; ; mGN()).

222 1
F4[a,—a+m;1+2a—m,—a+m; z ( +x)}

-2 (I-2)

. z—1]1° F(l—I—Qa—m)l—‘(a_m) m m (_Urr(w) (_1)r1’\(2—i-a—7m+r)
_[ 296] 2“"”“F<1+a—m>F<a>§{(r>[ rEpE) s ”

(3.9)
212 1+x
1—x 1—x

a,a —m,—a+m,1+2a—meC\Zj ; m€N0>.

<lfor —1<R(z)<0;

Remark: We have verified the convergence conditions related to arguments and
parameters numerically (using scientific calculator) in left hand and right hand
sides of all above results of each section.

We conclude our present investigation by observing that several reduction for-
mulas can be derived in an analogous manner using known summation theorems.

Acknowledgment: The authors are thankful to the referee for his valuable sug-
gestions about the convergence conditions.
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