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Abstract: The mixed tree domination polynomial of a connected graph G of or-
2n —1

der n is the polynomial P(G,z) = > p(i)zt, where p(i) is the number of

mixed tree dominating sets of G of cardinality i and ,,;(G) is the mixed tree domi-

nation number of G. We analyse the specifications of the polynomial. Also P(G, x)

is determined for cycles, complete graphs and stars, and the roots of P(G,z) are

studied.
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1. Introduction

The domination polynomial of a graph is introduced by Saeid Alikhani and
Yee-hock Peng in [5]. Preethi and Raji introduced the concept of mixed tree domi-
nating set in connected graph [2, 3, 4]. While imitating the concept of domination
polynomial in view of mixed tree dominating set, we came across with many inter-
esting relations with the coefficients of the polynomial and the graph parameters.
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Also, the coefficients of the polynomial of some important class of graphs have
attractive patterns and the roots of the polynomial have interesting nature. This
paper includes the basic results in this study.

Let G = (V, E) be a simple graph. For any vertex v € V, the open neighbourhood
of v is the set N(v) = {u € V : wv € E} and the closed neighbourhood of v
is the set N[v] = N(v) U {v}. For a set S C V, the open neighbourhood of S
is N(S) = UyesN(v) and the closed neighbourhood of Sis N[S] = N(S)US. A
setS C Vis a dominating set of G, if N[S] = V, or equivalently every vertex in V\ S
is adjacent to atleast one vertex in S. The domination number v(G) is the minimum
cardinality of a dominating set in G. A dominating set with cardinality v(G) is
called a v — set. For the basic concepts in graph theory we refer mainly Bondy and
Murthy[1] and the concepts in domination theory and mixed tree domination are
followed from Preethi[3].

Saeid Alikhani and Yee-hock Peng introduced the concept of domination poly-

n
nomial of a graph as the polynomial D(G,x) = S d(G,i)x", where d(G, 1)
i=7(G)
denotes the number of dominating sets of cardinality i. A mized dominating set of
G is a subset K of VU E such that every element in (VU E)\ K is either adjacent
or incident to an element of K.

By the graph formed by a subset A of VU E, we mean the subgraph whose edge

set is AN F and the vertex set consists the vertices in A together with the ends of
the edges in A.
A mixed dominating set S C VU F of a connected graph G(V, E) is a mized
tree dominating set(mtd — set) if the graph formed by S is tree. The mized tree
domination number ¥,,;(G) is the minimum cardinality of a mixed tree dominating
set in G.

Considering the polynomial idea of Alikhani et.al., we introduced the mtd—
polynomial[6] of a connected graph and study the information about the graph that
we can obtain from the polynomial. The graphs considered here are all connected
and simple of order n.

The following results of Preethi and Raji [2, 3, 4] are used in this paper.

Theorem 1. The mixed tree domination number of the graphs P,, C,, K, and
Ky, are given by

1.
1, if n=1or3
n—1, otherwise

P) = {
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2.
1, ifn=1
n —1, otherwise

Yt (Kn) = {

3. Ymt(Cn) =n —1
4 ’Ymt(Kl,t) =1

2. Mixed Tree Domination Polynomial
As the elements of a mtd— set form a tree, the maximum cardinality of an
mtd— set is 2n — 1, and the minimum cardinality is 7,,:(G).

Definition 1. Let G be a connected graph of order n. The mixed tree domination
2n — 1
polynomial of G is the polynomial P(G,x) = > p(i)x', where p(i) is the
1= ’Ymt(G)

number of mized tree dominating sets of G of cardinality i and v (G) is the mized
tree domination number of G.

In this paper we include the studies on mixed tree domination polynomials of cy-
cles, complete graphs and stars, and their roots. If S'is an mtd—set, as the elements
of S form a tree, each vertex in S must be the end of some edge in S. So that in
any mtd — set S of a graph the number of edges cannot exceed n — 1. And in K,,,
C,, P,, the number of edges in an mtd — set cannot be less than n — 2.

Example 1. Consider the path P; = vjvovs. It has only one v,,; set. The mixed
tree dominating sets are {vo}, {v1v9, vous}, {viva, ve}, {ve, vous}, {v1ve, vous, v1},
{U1U2702U3,U2}, {U1U27U203,U3}, {U1,U2,U1U2}7 {U27U3702U3}, {U1U2,U2U3701,U2},
{v1v9, Vov3, v1,v3}, {V1V2, VoU3, V3, V2 } and {v1, Vg, V3, V1V2, Vavs}. So that the poly-
nomial is

x + 322 + 523 + 32 + 2°.

The following results are immediate consequences of the definition.

Theorem 2. [6]
1. 279 s q factor of P(G, ) that means 0 is a root of multiciplicity Ym(G).
2. mtd— polynomial of any graph is an odd degree polynomial .

3. The constant term is zero. The coefficient of x is 1 if and only if G is a star
Kl,t; t>1.
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4. The leading coefficient of P(G,z) is 7(G) - the number of spanning trees of
G.

5. The leading coefficient is 1 ie P(G,z) is monic if and only if G is tree.

Theorem 3. [6] If G is hamiltonian then the leading coefficient is greater than or
equal to n. But the converse not true.

The following example shows the converse of Theorem 3. is not true. The
number of spanning trees of G is 8. The graph H is formed from G by adding 4
pendant vertices, so that it has order 8 and all the pendent vertices and the edge
incident to them must be part of any spanning tree. That is 7(H) = 7(G) = n, but
H is not hamiltonian.

The following table shows the mixed tree domination polynomial of various paths.
(| | = Cardinality, ve = vertex, eq = edge)

Paths | of No. of Specifications Polynomial
mid-sets | subsets
P, 1 1 The only vx x
P> 1 3 e any vx or the eg
2 2 e one vx and one eg 3z + 222 4 2°
3 1 e VUE
P 1 1 o The central vx
2 3 e central vx and an eg or two eg
3 243 e one eg and its ends or two eg and one vx x + 32?2 + 5% + 32t + 2°
4 2) e 2 eg and 2 vx
5 1 s VUE
Py 3 1+2+1 elegand 2 vxor2egand 1 vx or 3 eg
4 44+ (1) e 2 egand 2 vx or 3 eg and 2 vx
5 24 é e 2egand 3 vx or 3 eg and 2 vx 4a® + 8x* + 8z° + 4ab + 27
6 (é) e 3 egand 3 vx
7 1 e 3 egand 4 vx
Py 4 1+2+1 e2egand 2 vxor 3egand 1 vx or 4 eg
5 1+2x34+5|e2egand3vxor3degand2vxorlvx4eg
6 2 % ((§)+3) e 3egand 3 vxor 2 vx and 4 eg 4zt +122° + 1625 + 1227 + 52% + 2°
7 2+ (; e 3 egand 4 vx or 4 eg and 3 vx
8 (i) e 4 eg and 4 vx
9 5 vx4deg
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Theorem 4. [6] For n > 4, the mized tree domination polynomial of the path P,
18

2n—1

> [( " )+2( n-2 )+( n-d )]xi:x”_l(x+1)”_4(x2+2x+2)2,

i—m—1 1—n—+1 1 —n+1 1—n—+1

where (l’;) =0 fork>nr.
The interesting fact is that the coefficients of these polynomials follow the pat-
tern of Pascal’s triangle.

Py 1 2 3

Py 1 3 D 3 1

Py 1 4 8 8 4

Ps 1 5 12 16 12 4

Fs 1 6 17 28 28 16 4

Py 1 7 23 45 56 44 20 4
Ps: 1 8 30 68 101 100 64 24 4

P(Px)=a2" o+ )" Y 2?2+ 22 +2)2 =2" Yz + D)"Y (z — (-1 +1))(z +
(1+14))]?, for n > 4. So that the roots are 0 with multiplicity n — 1, —1 with
multiplicity n — 4 and —1 44, —1 — 4 are two roots Of multiplicity 2.

Theorem 5. For n > 3, the mized tree domination polynomial of the cycle C,, is

= (o) 2 ) - (2

i=n—1

= 2"z + 1)" " (2® + 32* + 4z + 3)?,
where (i) =0,5<kork<0.

Proof. The mtd— number of the cycle C,, is 7,,:(Cr) = n—1. Let C,, be the cycle
V1Us...... v,v1. Here we analyse the mtd— sets of various cardinalities. First consider
the mixed tree dominating sets of cardinality n — 1.

There are two types of mtd— sets of cardinality n — 1; a set containing n — 1
edges or a set containing n — 2 edges and one vertex. Since any set of n — 1 edges
of a cycle form a tree, we have (nﬁl):(?) =n such sets. Now for an mtd— set
containing n — 2 edges and one vertex, the edges must be consecutive and hence
must form a path P,_;. So choosing n — 2 consecutive edges is equivalent to choose

n — 1 vertices, there are (nfl) choices. To dominate the n® vertex we have to



134 South FEast Asian J. of Mathematics and Mathematical Sciences

include one of the two end vertices of this path P,_;. Hence there are 2(7;‘1) =2n
mtd—sets of this type. Therefore the coefficient of 2"~ ! is (nil) + 2(7;_11).

Now, there are two types of mtd— sets of cardinality n. In the first type, there
are n — 1 edges and one vertex and in the second type, there are n — 2 edges and

2 vertices. In the former type there are n(nfl) chices. In the latter type, there are
(nﬁl) choices for the n — 2 edges, one vertex must be the end vertex(which has 2

choices) of the path induced by these edges, and the other vertex has ("12) choices.
The mtd— set containing both the end vertices of this P,_; is counted twice. It
follows that the number f mtd— sets in this case is given by [2 (”IZ) —1] (nfl)

In general for © > n — 1, there are only two possible types of mtd— sets of
i elements. As above, we have (nfl) (F(Zfl)) choices for an mtd— set containing

n — 1 edges and i — (n — 1) vertices. Now consider an mtd— set of n — 2 edges
and i — (n — 2) vertices. The n — 2 edges must form a path P,_;, and the vertices
must be choosed from this path. So that i — (n —2) <n —1ori < 2n — 3. There
are (nﬁl) choices for n — 2 edges and 2 choices for the end vertex. Remaining
i—(n—2)—1=14—n+1 vertices can be selected from the remaining n — 2
vertices of this P,_1, that yields 2(;{;31)) choices. If the selected i —n + 1 vertices
include the other end, that will be counted twice because that set will be included
in both choice of the end vertex. The number of such sets, including both the end
vertices is (ZL__Z’) Therefore number of such mtd— sets is (nfl) [2 (Z._T(Lﬁl)) — (7;’__3)]
Tberefore .there are (,",)[2 (i_?;fl)) - (?__3) + (i_(s_l))] mtd— sets of i elements
exists for 7 < 2n — 3.

For ¢ = 2n — 2, the only possibility is an mtd— set consisting of n — 1 edges and
n — 1 vertices. There are n choices for choosing n — 1 edges. As these n — 1 edges
constitute a path on n vertices, there are n choices for selecting n — 1 vertices from
each of these paths. So that the total number of such mtd— sets is p(2n —2) = n?.

For ¢ = 2n — 1, the mtd— set must contain n — 1 edges and n vertices, so that
p(2n — 1) = n. Therefore under the assumption (J) = 0 for j < k, p(i) can be
expressed as p(i) = n[Q(F’Zﬁl)) — (7;:3) + (F(Zq))] foralli,n—1<i<2n—1.

Therefore,

2n—1
n n—2 n—3 .
P C’rw - . 2 . - . ZJ
0= Xl o)) #2 ) = (e
i=n—1

where (i):O,j<kork<O.

Note that P(Cy,, ) = 2" (x+1)""3(23+32%+4x+3)? for n > 4. So that the roots
are, 0 is a root of multiplicity n — 1, —1 is a root of multiplicity n — 3, —1.68233,

.65884 +i(1.16134) and .65884 — i(1.16134) are the roots of multiplicity 1.



A Study of Mized Tree Domination Polynomials in Some Class of Graphs 135

Theorem 6. Forn > 1, the mtd— polynomial of the complete graph K, is given
by

P(K,,z) jijl{( o 1)> W2 4 (n — 1)73 (Z _”@i 2)> V.

Proof. We have 7,,,(K,) = n — 1. mtd— sets of cardinality n-1 fall in to two
categories,

Case(1) n-1 edges: Since they form a spanning tree, the number of ways n-1 edges
can be choosen is the number of spanning trees of K, that is 7(K,) = n" 2.

Case(2) n-2 edges and 1 vertex: Since any two vertices are adjacent in K, any n-2
edges form a tree of order n-1. There are ( 71) choices for choosing n-1 vertices. If
v is the vertex in K,, which is not in the tree, number of such trees is 7(K,, —v) =

T(Ky-1)=(n—1)"73. So there are (") (n— 1)”_3 choices for n—2 edges. These n—2
edges dominate all the edges of K, and all vertices except v. Therefore to dominate
v, any one vertex other than v can be chosen. Therefore ("] ')( ") (n—1)""2 choices

in category (2).
pln—1)=n"2 4 (n | 1) (n " 1) (n— 1)"2,

Therefore,
In general, for mtd— sets of i elements, we have the following choices.

Case(1) n—1 edges and i—(n—1) vertices: In this case we must have i—(n—1) < n.
That is 4 < 2n — 1. We have seen that there are n"~2 choices for choosing n — 1
edges. Since these edges induce a spanning tree of K, any of i — (n — 1) vertex
will serve the purpose. So there are (2.7 (371)) n"~2 choices for an mtd— set of n — 1

edges and i — (n — 1) vertices.

Case(2) n—2 edges and i — (n — 2) vertices: We should have i — (n—2) <n—1 or
i < 2n—3. There are n(n—1)""3 choices for n—2 edges, and the i — (n—2) vertices

can be selected from the ends of these n — 2 edges in (i_?im) ways. Therefore

there are n(n — 1)"’3[(2._?;_12))] mtd— sets in this case. Hence we can conclude that

(i) = (i__y)) ™2 +n(n = 1), 1,)] for i < 2n — 3.
All mtd— sets of 2n — 2 or 2n — 1 elements falls in case(1). Hence for 2n —2 < <

2n —1, p(i) = n"? (i_(;‘_l)). Thus we can conclude that,

P(K,,z) = %i {(i B <Z B 1)> n"2 4 n(n — 1)"3 (@ _”(;i 2)> Val.

i=n—1
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Theorem 7. The mtd— polynomial of the star graph Ky, t > 1 is P(Ky4, ) =
241

Zp(i)xi, where p(i) is given by the following equations. For 1 <i<t—1,
i=1
i—1

D (2, if dis odd.

)(é2), if 11is even.

(1) + G () + (L) () + o+
(1) + (L) () + G () + o+

Fort <1< 2t+1,

GE) + G Go) + (L) G + e+ (s
(o) + () () + (L) G5 + o+

with the assumption (;) =017 <0.

Proof. ConsiderK;;, where t > 1. For K;,, ¢ > 1 all mtd— sets which do not
contain all the ¢ edges must contain the vertex of degree ¢, say the center vertex
and denote it as v. There is only one mtd— sets of cardinality 1. Let us count the
mitd— sets of cardinality ¢, when 2 <1¢ <t — 1.

Table(vx = vertex, eg = edge)

M

i—1

1), if iis odd.

)(Z), if i1s even

p(i) =

Cases Specifications No. of
mtd-sets
i=2 The center vx v and any eg G)
i=3 el vx, 2eg(v and any 2 eg) ° (%)
o2 vx 1 eg(v,any one eg and its other end) | o (1)
i=t—2| el vxt-3eg .(ti})
e 2 vx t-4 eg ¢ (tf4) (t?l)
t—1 L3 L) (0
o - vx, t — eg(t odd) * (t—%) (ﬂil
2
o L—1vx t—(L+1)eg(t even) o (i) ()
1=1t—1| el vx, t-2 eg ¢ (tj2)
e 2 vx, t-3 eg .(tj?;) (tig)
; % vx and £ — 1 eg(t even) ° (it—l)
2
o =1 vx and L eg (t odd) o (L)( 7))
2 & 5\
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In general for 1< i<t-1, an mtd — set of cardinality + may be one of the following
type. Note that it must contain the center vertex.

First we consider the mtd— set consisting of 1 vertex and 7 — 1 edges, there are
(Zfl) such mtd— sets exist. An mtd— set consisting of 2 vertices and ¢ — 2 edges, in
this case the second vertex must be the end of some edge in the set, so that (212)
choices for 1 vertex. Therefore total number of such mtd— sets is [(,",)][('7%)]-
Continuing in this way we get,

Case(1) When i is odd, ﬂ vertices and %edges: There are (é ) choices for
edges. Except the center VerteX all other vertices must be the enof of some edge

i—1
in the set, (Z) choices for vertices. Therefore total number of such mtd— sets is
2

(L) IC2))

Case(2) When ¢ is even, 5 vertices and % edges There are ( ) choices for edges and
2

(2% 12) choices for vertices. Therefore total number of such mtd— sets is [(: )] [(3)]
27V

If (]) is taken as 0, forj < 0 then the coefficients of z¢, 1 <i <t — 1, is given by

() + (L) () + (L) (57) + o+ ()
(1) + () () + G )+ + G

For t <i <2t + 1, we have the following table

i—1

2), if iis odd.

.

»

p(i) =

), if 1iis even.

w‘ | Nl
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Cases Specifications No. of
mtd-sets
i=t oteg '1:(t€1)
ol vx, t-1 eg of,!
o2 vx, t-2 eg d (ti2) (tIQ)
3 vx, t-3 eg '(tf;;) (t;?))
o L vx L eg(t even) '(g) (zé_l)
o Bl yx =l eg (t 0dd) o (1)
2
i=t+1 ol vx, t eg ‘(Hl_l)
o2 vx, t-1 eg '(t_t1> (tIl)
o3 vx and t-2 eg .(ti2> (t;2)

o L+ 1 vxandt-5 eg(t even) | @ (t_t%) (t—%%)
° % VX t—% eg(t odd) . (tj%l) (tj)
2
1=1t+2 ®2 vx t eg (3

[ ]
e 3vxt-leg °
e 4 vx and t-2 eg °

o2 42

5= vx,S=eg(t even) o (%) (j)
3
o1 vx, 5 eyt odd) () (1)
i=2n—4=20—2|et—2vx, teg e (11)
ot—1vx,t—1eg '(tfl) (i:;)
i —2n—3—2—1etlvx tog o(;')
etvxandt—1eg ° (tfl) (ij)
i—om_2=2t ot VX, t eg o (")
= —1—=2t+1| et+1vx, tcg e (1)

In general, an mtd— set of cardinality i, t< i<2t+1 may consists of,
For an mtd— set consisting of ¢ — ¢ vertices and t edges, there are (E) choices for

edges and (ij

(0] [(41)]. Now we consider an mtd— set consisting of (i —t) + 1 vertices and ¢ — 1
edges, in this case there are (tfl) choices for edges, as one edge is not included,

we must include the center vertex to dominate its ends. Also, in order to form a

) choices for vertices. Therefore total number of such mtd— sets is |
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tree,the remaining vertices included must be from the other ends of the t-1 edges

in the set. So there are (ij)) choices. Therefore total number of such mtd— sets

is[(,"))] [(2_1)] Continuing in this way get,
Case(1) i is odd, 2! vertices and 5* edges: By choosing 5t edges arbitrarily(that

yields (H) ch01ces) the center vertex and ““1 -1 vert1ces from the ends of the
2

=1 edges chosen, we have total number of such mtd— sets is [(%)][(é)]

Case(2) i is even,2 vertices and % edges: By choosing % edges arbitrarily(that

yields (i) choices), the center vertex and £ — 1 vertices from the ends of the 2
2 .

edges chosen, we have total number of such mtd— sets is [(ﬁ)][(gg)] If (;) is
2/ N

taken as 0, forj < 0 then the coefficients of ¢, t < i < 2t + 1, is given by

i—

(5D + (DD + (L) (E0) ot ()2, if s odd
(D + (A0 + (0 +ot () i s aen

2

p(i) =

3. Conclusion

We have studied the mtd— polynomial of many important classes of graphs, and
continue for other classes of graphs, and derived graphs, using graphs operations
like join, corona,etc. In this area our main task is to relate the mtd— polynomial
of the derived graph with that of its underlying graphs. Also we are trying to find
whether we can extract the important features of a graph from the parameters
related to its mtd— polynomial. For example, we have noticed that the leading
coefficient of the mtd— polynomial of G is 7(G), the number of spanning trees of

G.
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