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Abstract: Graph coloring is an assignment of colors, labels or weights to the
elements of graphs subject to certain conditions. Coloring the vertices of a graph
G such that adjacent vertices possessing different colors is the notion of proper
coloring. A proper coloring C of a graph G is called an injective coloring of G if
any two vertices of G having the same neighbouring vertex have different colors
in C. As a coloring analogue to Zagreb indices and irregularity indices in the
literature, chromatic Zagreb and irregularity indices have been introduced very
recently. In this paper, we introduce the notion of injective chromatic Zagreb
indices and injective chromatic irregularity indices and determine these indices for
some standard classes of graphs.
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1. Introduction

A topological index is a real number connected with a molecular graph which
remains invariant under graph isomorphisms. In chemical graph theory, topological
indices as molecular descriptors, are mainly divided into degree based and distance
based indices and among the degree based topological indices, Zagreb indices are
the earliest and the mostly used. The chromatic version of these Zagreb indices
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are introduced in literature recently, in [6]. For terms and definitions which are not
introduced in this paper, we refer the reader to [5, 2, 3, 9]. Throughout our study,
we consider G = (V| E) as a finite, non-trivial, undirected, simple and connected
graph.

A graph coloring is an assignment of colors (or labels or weights) to the elements
of a graph obeying certain norms and regulations. Unless mentioned otherwise, by
coloring a graph, we mean coloring the vertices of a graph. A proper vertex coloring
of a graph G is an assignment ¢ : V(G) — Cof the vertices of G with colors in C
such that adjacent vertices of G has different colors, where C = {c1, ¢, c¢3,..., ¢}
is a set of colors. The chromatic number, x(G) of graphs is the minimum number
of colors required in a proper coloring of the given graph.

An injective coloring of a graph G has been introduced in [10] as an assignment
of colors to the vertices of G so that any two vertices with a common neighbor
receive distinct colors. The injective coloring may not be always a proper coloring.
But, in this paper, the notion injective coloring represents an injective coloring
which is proper. The injective chromatic number, x;(G), is the minimum number
of colors needed for an proper injective coloring.

The set of all vertices of G which have the color ¢; is called the color class of that
color ¢; in GG, denoted by C;. The cardinality of the color class of a color ¢; is said
to be the strength of that color in G and is denoted by 0(c;). We can also define a
function ¢; : V(G) — {1,2,3,...,¢} such that (;(v;) = s <= ¢;(v;) = ¢s,¢5 € C.
Also, we denote the number of edges with end points having colors ¢; and ¢, by
s, Where t < 5,1 <t,5 < x;(G).

Some studies on injective coloring parameters of certain graph classes have been
conducted in (see [11] [12]). Motivated by the studies on different types of graph
colorings, injective coloring parameters and chromatic Zagreb indices [6], in this
paper, we define and discuss the concepts of injective chromatic Zagreb indices
and injective chromatic irregularity indices of certain graph classes analogous to
the definitions of Zagreb and irregularity indices of graphs (see [1] [4] [7] [8]).

2. Injective Chromatic Zagreb and Irregularity Indices of Graphs

Definition 2.1. Let G be a graph and let C = {c1,ca,¢3,...,¢c0} be an injective
coloring of G such that p;(v;) = c;1 < i <n,1 <s< /L. Then, for1 <t </,

(i) The first injective chromatic Zagreb index of G, denoted by M{"(G), is de-
fined as M{*(G) = > (C(w:))%

i=1
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(ii) The second injective chromatic Zagreb index of G, denoted by M$™(G), is

n—1 n

defined as M§™(G) = 3 32 (C(vi) - C(vy)), vivy € E(G).

i=1j=2

(iii) The injective chromatic irregularity index of G, denoted by M{™(G), is de-

n—1 n

fined as M(G) = 3 3 [¢(vs) — C(vy)], vy € E(G).

i=1 j=2

(i) The injective chromatic total irreqularity index of G, denoted by M7 (G), is

n—1 n
defined osM(G) = § 2 3 [6(w1) = (w3 w05 € V(G).

=1 j=
In accordance with the above notions, the minimum and maximum injective
chromatic Zagreb indices and the corresponding irregularity indices are defined as
follows.

M (G) = min{M{Y(G): 1<t <01},
M{(G) = max{M{*(G): 1<t <0},
M$(G) = min{M{(G): 1<t <0},
M{(G) = max{M{*(G):1<t <0},
M{(G) = min{M{HG) 1<t <0},
ME(G) = max{MPHG) 1<t <)
M{(G) = min{M{YG): 1<t <0},
ME(@) = max{MPHG) 1<t <)

Remark 1. As a remark, some working formulas for the injective chromatic Zagreb
indices and injective chromatic irregularity indices are to be discussed here. We
recall that n;, denotes the number of edges with end points t, s where t < s,1 <
l,s < XZ(G>
1. We know that, M¥"(G) = > (G(v:))?, v; € V(G). The working principle for
i=1
first injective chromatic Zagreb index is as follows:

4
MEUG) = S o) 7 e € C.
]:

n—1

2. We know that, M{*(G) = 3

n
i=1 j=2

(Gi(v) - Gi(v))), viv; € E(G). The working
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principle for second injective chromatic Zagreb index is as follows: M{*(G) =
t<s

> tSns.

1<t,5<x4(G)

n—1 n
We know that, M (G) = 3 3 [G(vi) — Gi(v)], viv; € BE(G). The working
i=1 j=2
principle for injective chromatic irregularity index is as follows: M{*(G) =
t<s
> |t — sl
1<t,8<x:(G)
n—1 n
We know that, M{"(G) =1 5> 3" |G(vi) — G(v;)], vi,v; € V(G). The work-
i=1 j=2

ing principle for total injective chromatic irregularity index is as follows:

MPYG) =1 S Ber) - B(ca)lt — 5.

t,seC

3. Injective Chromatic Topological Indices of Paths and Cycles

Motivated by the studies mentioned above, we study the injective chromatic

Zagreb indices and injective chromatic irregularity indices of certain fundamental
graph classes in the following discussion.

Theorem 3.1. For a path P,, we have

(Lin. n =0 (mod 3)

3

(i) M{* (P,) = { Mnll. =1 (mod 3)

3 Y

\%; n=2 (mod 3);

(w; n =0 (mod 3)

(i) M§e (P,) = { U=l =1 (mod 3)

Hnd6. - =2 (mod 3);

=2 n=0 (mod 3)

(iii) M$* (P,) = { 42=4 n =1 (mod 3)

n=8. n =2 (mod 3);

(%; n =0 (mod 3)

(iv) M (P,) =< #n=5. 5 =1 (mod 3)

18 ?

\—4"21_8”_5; n =2 (mod 3);
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C1 Cy C3 C1 (&) C3
C1 C2 C3 (8] C2 C3 (&1
1 C2 C3 &1 C2 C3 &1 C2

Figure 1: The injective coloring of the graph P, with different values of n.

Proof. Consider a path P, with vertex set {vy,vs,...,v,}. Then, P, has n — 1
edges. Now we consider the three separate cases. In all cases the injective chro-
matic number, y;(P,) = 3.
Case-1: Let n = 0 (mod 3) be assumed. When n = 0 (mod 3), obeying the
rules of injective colouring ¢, , we can find three colour classes with same car-
dinality £ and we colour them with minimal colours ¢y, ¢, c3. In order to get
the clear picture of the colour classes, we define 3 independent sets in P, as
S1 ={v1,v4,...,05-2}, S92 = {va,v5,..., 0,1} and S3 = {v3, Vg, ...,V }.

Further, injectively colour S; with colour ¢; for 1 < i < 3 to have the values
0(c1) = 0(c2) = 0(c3) = g and mo =1 = §,Mm3 = nT_?’
Part (i): Adding the squares of the colours according to injective colouring and
from the definition of the first injective chromatic Zagreb indices, the result follows
as (Refer Remark [1]):

M (B) = Y (Glw)? = 14g.

Part (ii): Here, for this particular part, S; is coloured with ¢y, Sy with ¢; and

Sz with cz. So we will have n;y = m3 = ¢ and 73 = "T_?’ Thus the result is

immediate from the definition of the second injective chromatic Zagreb index as
(Refer Remark [1]):

n—1 n

n—18
M (P, Z Gi(vi) - Gi(v))) —
=1 j=2

Part (iii): The definition of the injective chromatic irregularity indices of a graph,

gives the result as follows (Refer Remark [1]):

n—1 n

4dn — 6
M% Z |Cz Uz — G U])‘ = .

3
i=1 j=2
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Part (iv): First we assign injective colouring to the vertices as S; is coloured with
¢; for 1 <1 < 3. In order to calculate the injective chromatic total irregularity of P,,
all the possible vertex pairs from P, have to be considered and their possible colour
distances are determined. The possibility of the vertex pairs which contribute to the
colour distance are calculated considering all vertex pairs. Now from the definition
of the injective chromatic total irregularity indices of a graph, the result follows as
(Refer Remark [1]):

n—1 n

2
M (P, =%ZZ!M ) =

=1

Case-2: Let n =1 (mod 3) be assumed. When n =1 (mod 3), obeying the rules
of injective colouring, we can find three colour classes and we colour them with
minimal colours ¢y, ¢o, c3. For the easy flow of the proof we define 3 independent sets
in Pn as Sl = {Ul, Ugy - 7’Un}, SQ = {UQ, Us, ... ,Un_g} and Sg = {Ug, Vg, - - - ,’Un_l}.
Now we colour S; with colour ¢; for 1 < i < 3 to have the values 0(c;) =
RT-F?’Q(C2) = 0(63) = ngl nT—l
Part (i): From the definition of the first injective chromatic Zagreb indices the
result follows as (Refer Remark [1]):

n

ME (P = 3Gy = T

Part (ii): From the definition of the second injective chromatic Zagreb indices the
result follows as (Refer Remark [1]):

[y

M (P) =

1

(Glv) - Gloy)) = %

o,
i M:
[N}

1

Part (iii): From the definition of the injective chromatic irregularity indices of a
graph, gives the result as follows (Refer Remark [1]):

n—1 n

Mg (P,) = >N G = Gilwy)| =

i=1 j=2

4(n —1)
—

Part (iv): First we assign injective colouring to the vertices as S; is coloured with
¢; for 1 <7 < 3. In order to calculate the injective chromatic total irregularity
of P,, we calculate the colour distances of all the possible vertex pairs from P, as
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in previous case. From the definition of the injective chromatic total irregularity
indices of a graph, the result follows as (Refer Remark [1]):

n—1 n
1 4n?+n—5
M(pl n i\Vi i = s -
TP =50 D 1G(w) = Gilwy)] =
=1 j=2
Case-3: Let n = —1 (mod 3) be assumed. Apply injective colouring to the
vertices to have the colour classes as S1 = {v1,v4, ..., 01}, S92 = {va,U5,...,0,}

and S3 = {v3, V6, ...,V 2}

Now we colour S; with colour ¢; for 1 <14 < 3 to have the values (c;) = 0(cy) =
nTH,e(Cs) = nT—Z and 712 = nTHﬂh:s =Ts = nT—Z
Part (i): Adding the squares of the colours according to injective colouring and
from the definition of the first injective chromatic Zagreb indices the result follows

as (Refer Remark [1]):

n

ME (B = Y6l =

Part (ii): The result is concluded from the definition of the second injective
chromatic Zagreb indices as (Refer Remark [1]):

n—1 n

_ lin— 16
M;l Z (Gi(vi) - Gi(wy))

3
i=1 j=2

Part (iii): The definition of the injective chromatic irregularity indices of a graph,
gives the result thus (Refer Remark [1]):
n—1 n
dn — 5
M (P, > 1G(w) = Glwg)l = —5—
7j=2

=1

Part (iv): Just as in the previous cases, from the definition of the injective chro-
matic total irregularity indices of a graph, the result obtained is (Refer Remark

[1]):

n—1 n

1 4n —n—5
M% E i(v) o 0 "

Using the notion of injective Coloring7 the results obtained by considering the max-
imum values are charted below as next theorem.

Theorem 3.2. For a path P,, we have
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'MT"; n =0 (mod 3)

(i) M{7(P,) = { Mmt13. =1 (mod 3)

| M = —1 (mod 3);
) ( 112—9; n=0 (mOd 3)
(i) M5 (Pa) = § B2 n =1 (mod 3)
(Uz= p=—1 (mod 3);
( %’ n = (mOd 3)

(iii) ME (P,) = { =4 p =1 (mod 3)

5. p=-1 (mod 3);

\ 3
) ’%; n =0 (mod 3)
(iv) M (P,) =< 44n=5. =1 (mod 3)
\—4”21’8"’5; n=—1 (mod 3);

Proof. Here the proof is similar to that of the proof of Theorem 3.1.
Next, we discuss the injective chromatic Zagreb indices and injective chromatic
irregularity indices of cycles in the following theorem.

Theorem 3.3. For a cycle C,,, we have

(147”; n =0 (mod 3)
(i) M{e (Cy) = ¢ Ul =1 (mod 3)

\—14”;68; n =2 (mod 3);

(“T"; n =0 (mod 3)

(ii) Mg (Cp) =S U2 =1 (mod 3)

\—11”;56; n =2 (mod 3);

(%”; n =0 (mod 3)

(iii) M$<(C,) = { 2. 5 =1 (mod 3)
dntd. 9 =2 (mod 3);

\ 3
i '%; n =0 (mod 3)
() M (C,) = 4”2%3”_14; n =1 (mod 3)

4n24+20n—56 . — .
T n:2 (HlOd 3),
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&1 Co “ 2
C
C3 s 3
C3
C1 Co Cc1
Co
@ c C
1 1 2
C3 Cq C3
C1 o
Cq
C3
C3
8]
C2
C2
C1
Cy C3

Figure 2: The injective coloring of the graph C), with different values of n

Proof. Consider a cycle C,, with vertex set {vq,vs,...,v,}. Then, C, has n edges.
Now we consider the three separate cases.
Case-1: Let n = 0 (mod 3) be assumed. When n = 0 (mod 3), obeying the rules
of injective coloring, we can find three color classes with same cardinality § and
we color them with minimal colors ¢y, ¢3, ¢3. In order to get the clear picture of the
color classes, we define 3 independent sets in C,, as S7 = {v1,v4,...,0, 2}, =
{vg,v5,..., 0,1} and S3 = {v3, Vg, ...,V }.

Now, we color S; with color ¢; for 1 < i < 3 to have the values 0(c;) = 0(cy) =
0(c3) = % and 712 = 123 = 113 = %
Part (i): Adding the squares of the colors according to injective coloring and from
the definition of the first injective chromatic Zagreb indices the result follows as:

n

M{7(Ca) = D (C(w)) = 5(1+4+9) = 4.
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Part (ii): Here, for this particular part, S; is colored with ¢y, Sy with ¢; and S
with c3. So we will have n;5 = n13 = 3 andnes = "T_?’ Thus the result follows from
the definition of the second injective chromatic Zagreb indices as:

n—1 n
ME(P) = 32 3 0(C(00) - C0y)) = 3+ 30— 6= =

Part (iii): The definition of the injective chromatic irregularity indices of a graph,
gives the result as follows:

n—

M?sjoe_(Pn):ZZ|C(Ui)_C(Uj)|:2?71—}_2(“3_3) :4n3_6'

1
i=1 j=2

Part (iv): First we assign injective coloring to the vertices as S; is colored with ¢;
for 1 < i < 3. In order to calculate the injective chromatic total irregularity of P,,
all the possible vertex pairs from P, have to be considered and their possible color
distances are determined. The possibility of the vertex pairs which contribute to
the color distance are calculated considering all vertex pairs. Only the vertex pairs
with different colors are to be considered. Now from the definition of the injective

chromatic total irregularity indices of a graph, the result follows as:

- 1 1,n? 4n?

Mje (P) = 3 Z |pe(u) — pe(v)] = 5(5) =1

u, eV (Pr)

Case-2: Let n = 1 (mod 3) be assumed. When n = 1 (mod 3), obeying the rules of

injective coloring, we can find three color classes and we color them with minimal
colors ¢y, co, c3. For the easy flow of the proof we define 3 independent sets in P,

as 51 = {121, Vg« .- ,’Un}, Sy = {Ug, Vg, ... ,vn_g} and S; = {Us, Vg, - - - 7%_1}_
Now, we color S; with color ¢; for 1 < ¢ < 3 to have the values 6(c;) =
%79(02) = 0(63) == ngl and M2 = Moz = M3 = anl

Part (i): From the definition of the first injective chromatic Zagreb indices the
result follows as:

- _n—|—2

MY (Po) = 3 _(C0)? = —5=+ (4+9)

n—1 ldn—11
3 3

Part (ii): From the definition of the second injective chromatic Zagreb indices the
result follows as:

M (B = 30 Do) gl = 7t = B

i=1 j=2
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Part (iii): From the definition of the injective chromatic irregularity indices of a
graph, gives the result as follows:

M (R) = Y03 I - <o)l = 4(”3‘ D _ 4"3‘ !

i=1 j=2

Part (iv): First we assign injective coloring to the vertices as S; is colored with
ci for 1 <7 < 3. In order to calculate the injective chromatic total irregularity
of P,, we calculate the color distances of all the possible vertex pairs from P, as
in previous case. From the definition of the injective chromatic total irregularity
indices of a graph, the result follows as:

_ 1 An?>+n—->5
ME(R) =5 Y ledu) - o) = D
u,weV (P)
Case-3: Let n = —1 (mod 3) be assumed. Apply injective coloring to the vertices
to have the color classes as S; = {v1,v4,...,05_1}, 52 = {09, v5,...,0,} and S3 =

{"Ug, Vg, - - - ,Un_g}.
Now we color S; with color ¢; for 1 < i < 3 to have the values 6(c1) = 0(cy) =
n—2

n+1 _ n—=2 _ n+l _ —
1, 0(cs) = 5= and miz = %57, M3 = iz = U5

Part (i): Adding the squares of the colors according to injective coloring and from
the definition of the first injective chromatic Zagreb indices the result follows as:

= n+1 —n—2 14n—13

ME* (P) = 3 (C(0)* = 55— +9— 3

Part (ii): The result follows from the definition of the second injective chromatic
Zagreb indices as:

n+1+9n—2_11n—16
3 3 3

MEF (P) = 30D (C(0) - Gloy) = 2

Part (iii): The definition of the injective chromatic irregularity indices of a graph,
gives the result as follows:

Méo;(pn):ZZIC(w)—C(UM:n;1+3(n3—2) :4”3—5'

% j=2

n—1 n
1
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Part (iv): Just as in the previous cases, from the definition of the injective chro-
matic total irregularity indices of a graph, the result follows as:

An? —n—5

MEP) =5 X leln) - el = T

u,weV (By)

4. Conclusion

In this article, we have discussed certain colouring related topological indices,
called injective chromatic Zagreb and irregularity indices, of paths and cycles. The
study seems to be promising for further studies as these parameters can be com-
puted for many other graph classes and classes of derived graphs. These parameters
can be determined for various graph operations, graph products and graph powers
also. Various types of similar colouring related parameters with respect to different
types of graph colourings offer much for further investigations. The concept can
be extended to edge colourings and map colourings also.

These newly defined colouring related parameters can be found to have nu-
merous applications in various fields like Mathematical Chemistry, Distribution
Theory, Optimization Techniques etc. Similar studies are possible in various other
fields. All these facts highlight the wide scope for further research in this area.
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