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Abstract: In this paper, making use of certain known transformations of poly-
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1. Notations and Definitions
We shall follow the following notations and definitions in this paper.
We define a generalized hypergeometric function, ,.F§ as,

2] 2] 5 (0l (a m

where the symbol

ala+ 1) (a+2)..(a+n—-1); n>0
(a)"_{ 1; n=>0
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The series (1.1) is valid for|z| < 1 when r = s+ 1 ; for all values of |z| when
r<s+1andfor =0 whenr>s+1.
Again for any « and ¢, (|¢| < 1) real or complex, we shall write

(;q)n = (), = { g —a)(l = agq)(l - ag?)...(1 — ag"); Z i 8

and,
(_l>nqn(n+1)/2

(5q)n = () n = (a)n<§)n

Now, we define a basic hypergeometric function

G e [ |- R e <

(1.2)

(1.3)
We also define a basic bilateral hypergeometric function
(ar); q; 2 } a1, A2, ..., Qr; 4 2 - (a1)n(a2)n-.-(ar)n2"
r%r = rw'r = > 14
1/} |: (br) blab2'-'ab7“ n:zoo (q)n(bl)n(b2)n(br>n ( )
valid for |b1by...b,/aq, ag, ...a.| < |z| < 1.
We define a poly-basic hypergeometric series,
a1, A2, 03,...;01,00,b3, ...;C1,Ca, C3y oo} D1, D2y D3y oov} oo} 2
di,dy, ds, ...; €1, €2, €3, .5 f1, fa, f3, 5005
io: a1, az, as, ...; p1ln[b1, b2, b3, ...; palnlct, c2, 3, .5 P3ln.. 2" (1.5)
"0 [p1]nldy, da, ds, ...; prlnler, €2, €3, .5 p2lnl f1, fo, f3, -3 D3]
fOI“Z|, ’p1’7 |p2|7 vy < L.
We also introduce a bilateral poly-basic hypergeometric series,
a1, ag, a3, ...;01,b2,03,...5C1,Ca, €350 D1, D2, D3y -0 o5 2
di,da, ds,...;e1, €, €3, .5 f1, fa, f3,5 05
_ io: [a1, a, az, ...; p1ln[b, b2, b3, ...s palnlcr, e2, 3, s P3ln-. 2" (1.6)
[ )

pﬂn[dl, dy, ds, ---3P1]n[€1, €2, €3, ---§p2]n[f17 fa, f3, ---§p3]n---
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valid under suitable convergence conditions.

2. Introduction:

In 1858 Cayley [1] published without proof the following remarkable theorem:
If

(1= 2)o Ry { 2, 2b; 2 ] Zan (2.1)

then
a,b; z c—a,c—bz ]  ~= [dnan2"
QFI{c—i—l/Q} 2F1[1/2—|—c }_;[c+1/2]n (22)

It was not until forty years later that a proof of it was published by Orr [2] who
discussed the differential equation satisfied by the product of two hypergeometric
series and obtained some additional theorems of a similar nature. Other mathe-
maticians such as Edwardes [3], Watson [8], Burchnall and Chandy [4], Whipple
[9,10] also dealt with similar identities employing certain methods, not necessarily
used by Orr.

Denis [5] in 1969 established certain very interesting identities of Cayley-Orr type
involving basic bilateral hypergeometric series which are of number theoretic im-
portance. Due to lack of suitable transformations, this work could not go further.
Motivated by the above work of Denis and availability of a large number of trans-
formations of bilateral poly-basic hypergeometric series due to Denis, et.al [6,7]
we attempt to establish certain Cayley-Orr identities of special type, by using the
above mentioned known transformations of poly-basic hypergeometric functions.
However, our attempt will be to use only a few of these transformations as illus-
tration and the rest can be dealt with similarly.

3. Results to be used:
In this section we shall use the following known transformations of poly-basic
hypergeometric functions

W { agi™, Y™ " "B g1, ¢ ¢ }
o aygtt" g Ja, g B

_ o B dlmlar, ayar; aifmlagr, yq1; ilnlg, a8¢; 4lng™
9, aBq; dlmla, y; alm a1, ayar; qilnlag, Ba; qlugl”

(3.1)

aq™, Bg™ g ", a " ay; 4, i q ]
1+m

[q”m,aﬁq cq a0 "y
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[Denis, et.al[6;3.7]]

ag™, ™ " bpT" asqu, 4,03 q0 /b
444
g aBa™ ™ g b, pT" fa
_ o, aBai; 1]mlg; dlnlap/b; plnlapg; palm
v, B5 q1]map; pln b 4ln[a: PG)m[q; @)m

[a; plin[b; qlim|aqr, Bar; qu]nb™
[ap/b; p]m[Qla aBqr; %]n(bfh)m

apm gt s ap™ s bg™ gy, ¢ " /By pa, v, ¢, q1; 1/b

X 55 n n
[ ap™q™ rap' /b gt gy e, g B

] 32

[Denis et. al.[6;3.18]]

ap™ g™t ppm T Jgm L ap™ bp™ : cq™, ag™ /b
a(pq)™ : b(p/q)™ = ap™* [e,bep™ g™,

¢ "eq " fe "/ d 997" /dypa,p/ a4, a4, i q ]

10¢10 [

ag™tt b g d " e ai ™t fai " g

_ |0 palm[b; p/q)mla, aq/blmlap/c, bep; plmlar, dgr /e, dgy/ f, dg1 /g5 qr]n
lapg; palm b0/ q; P/ dlm|a, b; plm|c, a/be; qlmldar, equ, fai, 9q1; iln
% [d7 q1 \/aa —q1 \/E7 e, fa 9; Q1]m[ap7 bp7 p]n[cq7 GQ/bC7 q]nq'in
(1, Vd, —Vd,dqi /e, dq1] f,dq1/g; @1]m[a, aq/b; qlnlap/c, bep; plag™

— g, i7"V d, —q; 7" Vd, eQT,qu,gq{”iq”,] 33)
gt qrVd, —gVd, dgi e
bg~"/a:cp"/a,p"/besqi, g, 0 1
dg"'/ f.dg" g g fe,beg ™ a s pT fa,p ”/b]
[Denis et. al.[6;3.11]]
where d=efg.

4. Results to be established:
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In this section we shall establish the following identities:
If,
a,y; 2q aq, Bq; e n
212 [ ¢ aygt—m } 212 [ 1m0 B } = n;oo Anz
then,
@, B; zq aq,yq; z
22;02 |: 1+m Oéﬁq 21/}2 q1+m’ayq1—m
_lg/a,q/y,1/ay,1/a,1/B; qlm Z [aya: @Bg "5 qlnla™"/Blm_ 4w (41.0)
- [1/a, 1)y, 1/aB,q/a,q/B; 4] [aBq, ayqg*=™; qlula/ay; qlm
If,
ag™, yq"; 2q [ aq, Bg; 2 e n
2'¢2 |: q1+m’ayq1+m :| 2¢2 i 1+m Olﬂq :| = nz_oo AnZ
then,
a, B; 2q ] ag"™tm,yg s
212 A aBgt X ¢ aygm
1 1 “qlm 2m > 1-m.
_ oy, e 1/B:dlmg 3 [Oéﬂq Anla /OBl myn (41)
lg/c,q/B,aq,yq,1/aB; qlm “— [afBq; gl
If,
. 14+m 1+m. >
a,y; zq ag ™ BT e | n
2% |: q1+m’ayq1—m :| 2'¢2 l 1+m aﬂql—l-m :| - n:Z:OO AnZ
then,
aq, yg; z aq™, Bq™; 2
2¢2 |: q1+m ayql—m :| 2¢2 |: 1+m Oéﬁ(]prm :|
_ la/a, q/y,l/ay,aq Bq qJm Z ayq, qln A am (41.0)
[1/a,1/y,a, layg* =™ qlnlg™"/ay: qlm
If,
qv/a, —q\/a,aq”™, b; 2q™ /b aq, Bq; z e n
44 [ g+ Ja, —/a, aq/b 212 I = nz_oo Anz
then,

219 [

a, B: zbgt—™
1+ﬁm 1 -m :| 21/]2 |:

,afq! q'*t™, aq/b

bq,aq'™™; 2

|
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__[/va,=1/va1/a, 4/b;qlmla/a; glama®™ (=1)"q™
[1/b.q/a,q//a,—a/Va.q/a,q/B.1/aB, BqlmBmg*™

G [aBg" ™ alnlag" ™ alula " /B, g7 /@i
> [aBq; qln[Bg ™ qln

n(bg™2)" (4.2)

and if,
Y {Q\/_’ —qv/a,aq”"™, b, ¢, aq™ /be; 2 } v {dql‘m,eq,fq,gqlm;z }
O ¢t Va, —va,aq/b,agfe beg ™ | T g dgfe, dg/ f,dg ™ g

= i A, z"

then,
s { dg™™, qV'd, —qVd, e, f, gg™; zq ] y [ aq' ™™, bq, cq, ag' ™ /be; z ]
Vo | gt d,~Vd dafe.da/ f.dg /g | V] a7, aafbaafe,beg
_ [1/\/5? _1/\/57 Q/b, Q/C7 1/bC; Q]m
[a/a,q/v/a, —q/\/a; qlm
. la/be.gq, /e, 1/f q/d, q/Vd, —q/Vd; qlmla/a,1/d; qlom
[1/b,1/c,1/Vd,—1/Vd, q/e,q/f.g.9/d, aq/bc; qln[1/a. q/d; qlom
- [aql_m]n[bC‘Z]n[dQ]n[dql_m/g]n[gq_n/d]m[q_n/a]mAnzn
X 2 g beq g vl )
5. Proof:

In this section we shall discuss the outline of proof of our results. We start with
(4.1(a)). To do so we consider the transformation (3.1) with ¢; = ¢ and m = 0 and
then replace n,a,y,a and § by 2m +n,aq™™,yqg~™, aqg”™ and Bq~"™, respectively
in it to have,

2%” lag™™, yq ™, aqg ™, ¢ > " ¢ "/aBl,d  lagt ™ yg ™, o g

—~  gaygtrm g fagm B [aygttEm agtm, Bg M am s

2mAn —m -m —2m-n ,,—n r
< ag™™ Ba" a7 g " fayleg

X
« [q,aBq" 2", g fa, Tyl

r=
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Now replacing r by m + s in above, we get

[q/a,q/y, q"/aB,1/ayln[aq, Bqln x 41#4{ ifmq - n’ 7??/5@ ({1/5}

_ [Ya,1/ylmlaBg, ag, yalula/o, 4/ B, q*”/ay, 1/0f]m
[1/c, 1/ Blmlayqln

a,B,g7™ " g ay; g
X a¥s { B ™ g fa, gy (5.1)

Let us consider

a,y; 2q aq, Bg; 2 e "
21 [ g aygtm } 212 [ Lhm o Bl } = Z Az

n=—oo

It is obvious from the above that

(g, Byln { a,y, ¢ ™" g™ JaB g }
An = X ’ ';n —7m —n ’—n 5.2
(g™, aBgl-m], Wi | glem gugtom g Ja,q /B (52)
Also
a, 8 2q aq,yq; 2
212 [ ¢t gt } 212 [ g ay } nz_:ooB 2
implies that
lagq, yqln { o, B,q™ q*’”’”/ay'q 1
B, = oo A 5.3
[ +™, aygt—™], Wi | glem Oéﬁq "o a, gy (5:3)

Now the equations (5.1), (5.2) and (5.3) lead to the proof of (4.1(a)). Next we shall
prove (4.1(b)). Let us consider the transformation (3.1) with ¢y = g and m =0
with n, o and S replaced by 2m+n, aqg™ and Sq~™ respectively. The proof follows
exactly on the same steps as those of the proof of (4.1(a)).

Similarly to prove (4.1(c)), we replace n,a and y by 2m + n,aqg™™ and yq~—™,
respectively in (3.1) with ¢; = ¢ and m = 0. The proof, now, follows exactly on
the line of the above results.

Next we shall prove (4.2). To do so we use the transformation (3.2) with ¢ = p = ¢
and m = 0 and replace n,a,b,a and 8 by 2m + n,aq 2", bg~™, aqg”™ and B¢ ™,
respectively, we get,

2m+n —m -m ,—2m—-n —m—n m r —m —m —m
Z [Oéq ; Bq yq 2 ) bq /CL]T(ql+ /b) _ [a’ql /b7 Oéql ) /Bql ]Qm-‘rn
¢, aBg* =™, g~ /b, g7 /al, [ag' =™, bg" =™, aBq |2y in

r=0
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2m—+n

<(bg 3 [¢" ", —q¢" 7" a, aq " bg™, g P g o) (g™ /D)
—~  lg,a™Va,—q¢™Va,aqg b g g Bl

Now replacing r» by m + s in above relation, we get

[q/c,q/B,1/afB]m[bqln o, B,q7™ ", bg™" Ja; ¢ /b }
(g~ /a]mlag/b], ¢t aBe " g b, g™ a

[1/\/57 _1/\/57 1/@7 1/5, Q/b, qin/aﬁ]m[q/abm[aq’ 5q]nq*m(n*1)bn
[1/b,q/a,q/v/a,—q//a]n[l/a]amlag, aBql,

ava,—q\/a,aq” ™, b, g ™" g™ " aB; ™ /b
X 6t [ ¢ a,—/a, aq/b,q " o, B 1 (5.4)

4y {

Now let us consider

av/a, —qv/a, aq™, b; 2™ /b aq, Bq; 2 R n
W { ¢ ™, a, —/a, aq/b e 2 A

It is obvious that

n=—oo

" gt aBetm,
6¢6 |: q\/a, _q\/a’ &q_m, b7 q—m—n’ qm—n/aB, qm/b :| (55)
¢ Va, —a,aq/b,g " a7 B
Similarly
b | [ e S
- o = B,z"
2¢2 [ ql-i-’m7 aﬁql 2¢2 q1+ ,CLQ/b n:Z_oo

leads to

b 1-m —m—n -n /.. 1+m
B . [Qaaq ]n % 4¢4|:a767q 7bq /a7q /b :| (56)

g, aq /b, ¢t aBq " g7 b, q" " a
Now,(5.4), (5.5), and (5.6) lead to the proof of (4.2).

Next, in order to prove (4.3) we use the transformation (3.3) withp = ¢ =¢,m =0
and n,a,b,c,d,e and f replaced by 2m + n,aq ?™,bg~™, cqg” ™, dg"*™", eq~™ and
fq™™, respectively, to have

2m+n [qlfm\/_’ _qlfm a, aqum7 bq7m7 Cq,m]r
r=0 [(:Z7 q_m\/ay —C]—m a, aql_m/C’ bcql—Qm]r
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la/be,q*" " eq ™" /d, fq ™" /d, gq7"/d),q"
lag* =™ /b,q"/d, g~ " [e,qm ") f.q7*™ "/ gl
_bgTeq T dgt T e dg ™ f agt P, dg' ™ g, aq /belamn
legt =™, fgr=™, aqt=m /b, ag =™ [c, dgt =™, beqt =™ gq)amn

O dg P, ¢V, —q N eq ™, fg™,

—~ g, ™Vd, —qVd, dg=m Je,dg* ="/ £,

lg,q72" ", bg" " fa,cq " a,q7" [bcl.q"
[dg'=m/g,q=™~"/c,beq=?™" Ja,q~" [a, ¢ /1],
Now, replacing r by m + s in the above relation, we get, after some simplification

[1/v/a,—1/v/a,q/b,q/c,1/bc, g™/ d, gq)m|a/alamlga" ™™ eq, faln y
la/va, —a/\/a,q/a,q " /d]m[dq/e, dg/ fln
y ava, —qy/a,aq",b,c,aq™ [be, " eq " /d, fqT/d, g™ " di g
WD gt a, —/a,aq/e,beg =™ aq /b, ¢ d, g e, £, dm T g
[1/b,1/ca, q/be,1/Vd,—1/v/d, q/e.q/f.g,9/d,q"/bc)m,
[1/67 1/f7 Q/d’ Q/\/E; _Q/\/Ea q_n/a]m

[1/@, Q/d]2m [G(L dq/Q? cq, bQ7 aq1+m/bc]n
[1/d]2m [dQ> bcga GQ/ba GQ/C]n

dg—™, qv/d, —q/d, e, f, 9q™,

X 10%10 [ g™ \Vd, —/d, dg/e,dq/ f,
" bg " a,eqT fa, g [bes g
dg' =" /g,q7" /e, beq """ fa, g7 fa, 7" /b

X

] (5.7)
Now, let us consider,

W {q\/_’ —av/a,aq”™, b, ¢;aq™ /be; zq } Y {dql"”,eq,fq,gq”m;Z }
L dtm Va, —vaag/b.ag/e beg' =™ | gt dg/e,dg) f.dg T /g

= f: A, zZ"

n=—oo

and

dg~™, qVd, —qVd, e, f, 9q™; 2q } y {aql‘m,bq,cq,aqu/bC;Z}
444

o¥s [ ¢ Vd, —Vd,dq/e,dq/ f,dq* "™ /g ¢, aq/b,aq/c,begt ™
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= i B,z"

n=—oo

Now, comparing the coefficient of 2™ in the above two relations and making use of
(5.7) we get (4.3).

The other transformations of Denis et.al. [9,10] will also lead to interesting Cayley-
Orr type of identities.

Taking m = 0 in (4.3), we get,

If

s [ q/a, —qv/a,a,b, c,a/be; zq } sbs [ d,eq, fq,9;z } — f:A o
Va,—/a,aq/b,aq/c, beq dq/e,dq/f,dq/g = !

Then,
da Q\/a, —Q\/g, €, fa g; 2q ¢ aq, bq7 cq, CLQ/bC, z
Vd,—Vd,dqfe.dq/f,dg/g | | aq/b,aq/ec,beg

o0

605 {

laqln[beq]nldqlndg/ g)nAnz"
0 [ag]n[beqlnldqlnlda/ g]n

(5.8)

n—=
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