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1. Notations and Definitions
We shall follow the following notations and definitions in this paper.

We define a generalized hypergeometric function, rFs as,

rFs

[
(ar); z
(bs)

]
=
∞∑
n=0

(a1)n(a2)n...(ar)nz
n

(1)n(b1)n(b2)n...(bs)n
(1.1)

where the symbol

(α)n =

{
α(α + 1)(α + 2)...(α + n− 1); n > 0
1; n = 0
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The series (1.1) is valid for|z| ≤ 1 when r = s + 1 ; for all values of |z| when
r ≤ s+ 1 and for z = 0 when r ≥ s+ 1.
Again for any α and q, (|q| < 1) real or complex, we shall write

(α; q)n ≡ (α)n =

{
(1− α)(1− αq)(1− αq2)...(1− αqn); n > 0
1; n = 0

and,

(α; q)−n ≡ (α)−n =
(−1)nqn(n+1)/2

(α)n( q
α

)n
(1.2)

Now, we define a basic hypergeometric function

rφs

[
(ar); q; z
(bs)

]
≡ rφs

[
a1, a2, ..., ar; q; z
b1, b2..., bs

]
=
∞∑
n=0

(a1)n(a2)n...(ar)nz
n

(q)n(b1)n(b2)n...(bs)n
, |z| < 1

(1.3)
We also define a basic bilateral hypergeometric function

rψr

[
(ar); q; z
(br)

]
≡ rψr

[
a1, a2, ..., ar; q; z
b1, b2..., br

]
=

∞∑
n=−∞

(a1)n(a2)n...(ar)nz
n

(q)n(b1)n(b2)n...(br)n
, (1.4)

valid for |b1b2...br/a1, a2, ...ar| < |z| < 1.
We define a poly-basic hypergeometric series,

φ

[
a1, a2, a3, ...; b1, b2, b3, ...; c1, c2, c3, ...; p1, p2, p3, ...; ...; z
d1, d2, d3, ...; e1, e2, e3, ...; f1, f2, f3, ...; ...;

]

=
∞∑
n=0

[a1, a2, a3, ...; p1]n[b1, b2, b3, ...; p2]n[c1, c2, c3, ...; p3]n...z
n

[p1]n[d1, d2, d3, ...; p1]n[e1, e2, e3, ...; p2]n[f1, f2, f3, ...; p3]n...
(1.5)

for|z|, |p1|, |p2|, ..., < 1.
We also introduce a bilateral poly-basic hypergeometric series,

ψ

[
a1, a2, a3, ...; b1, b2, b3, ...; c1, c2, c3, ...; p1, p2, p3, ...; ...; z
d1, d2, d3, ...; e1, e2, e3, ...; f1, f2, f3, ...; ...;

]

=
∞∑

n=−∞

[a1, a2, a3, ...; p1]n[b1, b2, b3, ...; p2]n[c1, c2, c3, ...; p3]n...z
n

[p1]n[d1, d2, d3, ...; p1]n[e1, e2, e3, ...; p2]n[f1, f2, f3, ...; p3]n...
(1.6)
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valid under suitable convergence conditions.

2. Introduction:
In 1858 Cayley [1] published without proof the following remarkable theorem:

If

(1− z)a+b−c 2F1

[
2a, 2b; z
2c

]
=
∞∑
n=0

anz
n (2.1)

then

2F1

[
a, b; z
c+ 1/2

]
2F1

[
c− a, c− b; z
1/2 + c

]
=
∞∑
n=0

[c]nanz
n

[c+ 1/2]n
(2.2)

It was not until forty years later that a proof of it was published by Orr [2] who
discussed the differential equation satisfied by the product of two hypergeometric
series and obtained some additional theorems of a similar nature. Other mathe-
maticians such as Edwardes [3], Watson [8], Burchnall and Chandy [4], Whipple
[9,10] also dealt with similar identities employing certain methods, not necessarily
used by Orr.

Denis [5] in 1969 established certain very interesting identities of Cayley-Orr type
involving basic bilateral hypergeometric series which are of number theoretic im-
portance. Due to lack of suitable transformations, this work could not go further.
Motivated by the above work of Denis and availability of a large number of trans-
formations of bilateral poly-basic hypergeometric series due to Denis, et.al [6,7]
we attempt to establish certain Cayley-Orr identities of special type, by using the
above mentioned known transformations of poly-basic hypergeometric functions.
However, our attempt will be to use only a few of these transformations as illus-
tration and the rest can be dealt with similarly.

3. Results to be used:
In this section we shall use the following known transformations of poly-basic

hypergeometric functions

4ψ4

[
aq1

m, yq1
m : q−n, q−n/αβ; q1, q; q1

q1
1+m, ayq1

1+m : q−n/α, q−n/β

]

=
[α, β; q]m[q1, ayq1; q1]m[aq1, yq1; q1]n[q, αβq; q]nq

m

[q, αβq; q]m[a, y; q1]m[q1, ayq1; q1]n[αq, βq; q]nqm1

×4ψ4

[
αqm, βqm : q−n1 , q−n1 /ay; q, q1; q

q1+m, αβq1+m : q−n1 /a, q−n1 /y

]
(3.1)
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[Denis, et.al[6;3.7]]

4ψ4

[
αq1

m, βq1
m : q−n, bp−n/a; q1, q, p; q1/b

q1
1+m, αβq1

m+1 : q−n/b, p−n/a

]

=
[q1, αβq1; q1]m[q; q]n[ap/b; p]n[apq; pq]m
[α, β; q1]m[ap; p]n[bq; q]n[a; pq]m[q; q]m

× [a; p]m[b; q]m[αq1, βq1; q1]nb
n

[ap/b; p]m[q1, αβq1; q1]n(bq1)m

×5ψ5

[
ap1+mq1+m : apm : bqm : q−n1 , q−n1 /αβ; pq, p, q, q1; 1/b

apmqm : ap1+m/b : q1+m : q−n1 /α, q−n1 /β

]
(3.2)

[Denis et. al.[6;3.18]]

10ψ10

[
apm+1qm+1 : bpm+1/qm+1 : apm, bpm : cqm, aqm/bc :

a(pq)m : b(p/q)m : apm+1/c, bcpm+1 : qm+1,

q−n1 , eq−n1 , fq−n1 /d, gq−n1 /d; pq, p/q, p, q, q1; q

aqm+1/b : q−n1 /d, q−n1 /e, q−n1 /f, q−n1 /g

]

=
[a; pq]m[b; p/q]m[q, aq/b]m[ap/c, bcp; p]m[q1, dq1/e, dq1/f, dq1/g; q1]n

[apq; pq]m[bp/q; p/q]m[a, b; p]m[c, a/bc; q]m[dq1, eq1, fq1, gq1; q1]n

× [d, q1
√
d,−q1

√
d, e, f, g; q1]m[ap, bp; p]n[cq, aq/bc; q]nq

m
1

[q1,
√
d,−
√
d, dq1/e, dq1/f, dq1/g; q1]m[q, aq/b; q]n[ap/c, bcp; p]nqm

×10ψ10

[
dqm1 , q

1+m
1

√
d,−q1+m1

√
d, eqm1 , fq

m
1 , gq

m
1 : q−n,

qm+1
1 , qm1

√
d,−qm1

√
d, dqm+1

1 /e,

]
(3.3)

bq−n/a : cp−n/a, p−n/bc; q1, q, p; q1

dqm+1
1 /f, dqm+1

1 /g : q−n/c, bcq−n/a : p−n/a, p−n/b

]

[Denis et. al.[6;3.11]]

where d=efg.

4. Results to be established:
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In this section we shall establish the following identities:
If,

2ψ2

[
a, y; zq
q1+m, ayq1−m

]
2ψ2

[
αq, βq; z
q1+m, αβq1−m

]
=

∞∑
n=−∞

Anz
n

then,

2ψ2

[
α, β; zq
q1+m, αβq1−m

]
2ψ2

[
aq, yq; z
q1+m, ayq1−m

]
=

[q/a, q/y, 1/ay, 1/α, 1/β; q]m
[1/a, 1/y, 1/αβ, q/α, q/β; q]m

∞∑
n=−∞

[ayq, αβq1−m; q]n[q−n/αβ]m
[αβq, ayq1−m; q]n[q−n/ay; q]m

Anz
n (4.1.a)

If,

2ψ2

[
aqm, yqm; zq
q1+m, ayq1+m

]
2ψ2

[
αq, βq; z
q1+m, αβq1−m

]
=

∞∑
n=−∞

Anz
n

then,

2ψ2

[
α, β; zq
q1+m, αβq1−m

]
2ψ2

[
aq1+m, yq1+m; z
q1+m, ayq1+m

]
=

[a, y, 1/α, 1/β; q]mq
2m

[q/α, q/β, aq, yq, 1/αβ; q]m

∞∑
n=−∞

[αβq1−m; q]n[q−n/αβ]m
[αβq; q]n

An(qmz)n (4.1.b)

If,

2ψ2

[
a, y; zq
q1+m, ayq1−m

]
2ψ2

[
αq1+m, βq1+m; z
q1+m, αβq1+m

]
=

∞∑
n=−∞

Anz
n

then,

2ψ2

[
aq, yq; z
q1+m, ayq1−m

]
2ψ2

[
αqm, βqm; zq
q1+m, αβq1+m

]
=

[q/a, q/y, 1/ay, αq, βq; q]m
[1/a, 1/y, α, β; q]m

∞∑
n=−∞

[ayq; q]n
[ayq1−m; q]n[q−n/ay; q]m

Anz
n (4.1.c)

If,

4ψ4

[
q
√
a,−q

√
a, aq−m, b; zqm/b

q1+m,
√
a,−
√
a, aq/b

]
2ψ2

[
αq, βq; z
q1+m, αβq1−m

]
=

∞∑
n=−∞

Anz
n

then,

2ψ2

[
α, β; zbq1−m

q1+m, αβq1−m

]
2ψ2

[
bq, aq1−m; z
q1+m, aq/b

]
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=
[1/
√
a,−1/

√
a, 1/α, q/b; q]m[q/a; q]2ma

2m(−1)mqm

[1/b, q/a, q/
√
a,−q/

√
a, q/α, q/β, 1/αβ, βq]mβmq2m

2

×
∞∑

n=−∞

[αβq1−m; q]n[aq1−m; q]n[q−n/αβ, q−n/a; q]m
[αβq; q]n[βq1+m; q]n

An(bqmz)n (4.2)

and if,

6ψ6

[
q
√
a,−q

√
a, aq−m, b, c, aqm/bc; zq

q1+m,
√
a,−
√
a, aq/b, aq/c, bcq1−m

]
4ψ4

[
dq1−m, eq, fq, gq1+m; z
q1+m, dq/e, dq/f, dq1−m/g

]

=
∞∑

n=−∞

Anz
n

then,

6ψ6

[
dq−m, q

√
d,−q

√
d, e, f, gqm; zq

q1+m,
√
d,−
√
d, dq/e, dq/f, dq1−m/g

]
4ψ4

[
aq1−m, bq, cq, aq1+m/bc; z
q1+m, aq/b, aq/c, bcq1−m

]

=
[1/
√
a,−1/

√
a, q/b, q/c, 1/bc; q]m

[q/a, q/
√
a,−q/

√
a; q]m

× [a/bc, gq, 1/e, 1/f, q/d, q/
√
d,−q/

√
d; q]m[q/a, 1/d; q]2m

[1/b, 1/c, 1/
√
d,−1/

√
d, q/e, q/f, g, g/d, aq/bc; q]m[1/a, q/d; q]2m

×
∞∑

n=−∞

[aq1−m]n[bcq]n[dq]n[dq1−m/g]n[gq−n/d]m[q−n/a]mAnz
n

[aq]n[bcq1−m]n[dq1−m]n[dq1−m/g]n[q−n/bc]m[q−n/d]m
(4.3)

5. Proof:
In this section we shall discuss the outline of proof of our results. We start with

(4.1(a)). To do so we consider the transformation (3.1) with q1 = q and m = 0 and
then replace n, a, y, α and β by 2m + n, aq−m, yq−m, αq−m and βq−m, respectively
in it to have,

2m+n∑
r=0

[aq−m, yq−m, αq−m, q−2m−n, q−n/αβ]rq
r

[q, ayq1−2m, q−m−n/α, q−m−n/β]r
=

[aq1−m, yq1−m, α1−2m]2m+n

[ayq1−2m, αq1−m, βq1−m]2m+n

×
2m+n∑
r=0

[αq−m, βq−m, q−2m−n, q−n/ay]rq
r

[q, αβq1−2m, q−m−n/a, q−m−n/y]r
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Now replacing r by m+ s in above, we get

[q/a, q/y, q−n/αβ, 1/ay]n[αq, βq]n × 4ψ4

[
a, y, q−m−n, q−n+m/αβ; q
q1+m, ayq1−m, q−n/α, q−n/β

]
=

[1/a, 1/y]m[αβq, aq, yq]n[q/α, q/β, q−n/ay, 1/αβ]m
[1/α, 1/β]m[ayq]n

× 4ψ4

[
α, β, q−m−n, q−n+m/ay; q
q1+m, αβq1−m, q−n/a, q−n/y

]
(5.1)

Let us consider

2ψ2

[
a, y; zq
q1+m, ayq1−m

]
2ψ2

[
αq, βq; z
q1+m, αβq1−m

]
=

∞∑
n=−∞

Anz
n

It is obvious from the above that

An =
[αq, βq]n

[q1+m, αβq1−m]n
× 4ψ4

[
a, y, q−m−n, q−n+m/αβ; q
q1+m, ayq1−m, q−n/α, q−n/β

]
(5.2)

Also

2ψ2

[
α, β; zq
q1+m, αβq1−m

]
2ψ2

[
aq, yq; z
q1+m, ayq1−m

]
=

∞∑
n=−∞

Bnz
n

implies that

Bn =
[aq, yq]n

[q1+m, ayq1−m]n
4ψ4

[
α, β, q−m−n, q−n+m/ay; q
q1+m, αβq1−m, q−n/a, q−n/y

]
(5.3)

Now the equations (5.1), (5.2) and (5.3) lead to the proof of (4.1(a)). Next we shall
prove (4.1(b)). Let us consider the transformation (3.1) with q1 = q and m = 0
with n, α and β replaced by 2m+n, αq−m and βq−m respectively. The proof follows
exactly on the same steps as those of the proof of (4.1(a)).

Similarly to prove (4.1(c)), we replace n, a and y by 2m + n, aq−m and yq−m,
respectively in (3.1) with q1 = q and m = 0. The proof, now, follows exactly on
the line of the above results.

Next we shall prove (4.2). To do so we use the transformation (3.2) with q1 = p = q
and m = 0 and replace n, a, b, α and β by 2m + n, aq−2m, bq−m, αq−m and βq−m,
respectively, we get,

2m+n∑
r=0

[αq−m, βq−m, q−2m−n, bq−m−n/a]r(q
1+m/b)r

[q, αβq1−2m, q−m−n/b, q−n/a]r
=

[aq1−m/b, αq1−m, βq1−m]2m+n

[aq1−m, bq1−m, αβq1−2m]2m+n
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×(bq−m)2m+n

2m+n∑
r=0

[q1−m
√
a,−q1−m

√
a, aq−2m, bq−m, q−2m−n, q−n/αβ]r(q

m/b)r

[q, q−m
√
a,−q−m

√
a, aq1−m/b, q−m−n/α, q−m−n/β]r

Now replacing r by m+ s in above relation, we get

[q/α, q/β, 1/αβ]m[bq]n
[q−n/a]m[aq/b]n

4ψ4

[
α, β, q−m−n, bq−n/a; q1+m/b
q1+m, αβq1−m, q−n/b, qm−n/a

]

=
[1/
√
a,−1/

√
a, 1/α, 1/β, q/b, q−n/αβ]m[q/a]2m[αq, βq]nq

−m(n−1)bn

[1/b, q/a, q/
√
a,−q/

√
a]m[1/a]2m[aq, αβq]n

× 6ψ6

[
q
√
a,−q

√
a, aq−m, b, q−m−n, qm−n/αβ; qm/b

q1+m,
√
a,−
√
a, aq/b, q−n/α, q−n/β

]
(5.4)

Now let us consider

4ψ4

[
q
√
a,−q

√
a, aqm, b; zqm/b

q1+m,
√
a,−
√
a, aq/b

]
2ψ2

[
αq, βq; z
q1+m, αβq1−m

]
=

∞∑
n=−∞

Anz
n

It is obvious that

An =
[αq, βq]n

[q1+m, αβq1−m]n
×

6ψ6

[
q
√
a,−q

√
a, aq−m, b, q−m−n, qm−n/αβ; qm/b

q1+m,
√
a,−
√
a, aq/b, q−n/α, q−n/β

]
(5.5)

Similarly

2ψ2

[
α, β; zbq1−m

q1+m, αβq1−m

]
2ψ2

[
bq, aq1−m; z
q1+m, aq/b

]
=

∞∑
n=−∞

Bnz
n

leads to

Bn =
[bq, aq1−m]n
[q1+m, aq/b]n

× 4ψ4

[
α, β, q−m−n, bq−n/a; q1+m/b
q1+m, αβq1−m, q−n/b, qm−n/a

]
(5.6)

Now,(5.4), (5.5), and (5.6) lead to the proof of (4.2).

Next, in order to prove (4.3) we use the transformation (3.3) with p = q1 = q,m = 0
and n, a, b, c, d, e and f replaced by 2m + n, aq−2m, bq−m, cq−m, dq−2m, eq−m and
fq−m, respectively, to have

2m+n∑
r=0

[q1−m
√
a,−q1−m

√
a, aq−2m, bq−m, cq−m]r

[q, q−m
√
a,−q−m

√
a, aq1−m/c, bcq1−2m]r
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× [a/bc, q−2m−n, eq−m−n/d, fq−m−n/d, gq−n/d]rq
r

[aq1−m/b, q−n/d, q−m−n/e, q−m−n/f, q−2m−n/g]r

=
[bq−m, cq1−m, dq1−m/e, dq1−m/f, aq1−2m, dq1−2m/g, aq/bc]2m+n

[eq1−m, fq1−m, aq1−m/b, aq1−m/c, dq1−2m, bcq1−2m, gq]2m+n

×
2m+n∑
r=0

[dq−2m, q1−m
√
d,−q1−m

√
d, eq−m, fq−m]r

[q, q−m
√
d,−q−m

√
d, dq1−m/e, dq1−m/f ]r

× [g, q−2m−n, bq−m−n/a, cq−m−n/a, q−n/bc]rq
r

[dq1−2m/g, q−m−n/c, bcq−2m−n/a, q−n/a, q−m−n/b]r

Now, replacing r by m+ s in the above relation, we get, after some simplification

[1/
√
a,−1/

√
a, q/b, q/c, 1/bc, gq−n/d, gq]m[q/a]2m[gq1+m, eq, fq]n

[q/
√
a,−q/

√
a, q/a, q−n/d]m[dq/e, dq/f ]n

×

10ψ10

[
q
√
a,−q

√
a, aq−n, b, c, aqm/bc, q−m−n, eq−n/d, fq−n/d, gqm−n/d; q

q1+m,
√
a,−
√
a, aq/c, bcq1−m, aq/b, qm−n/d, q−n/e, q−n/f, qm−n/g

]
=

[1/b, 1/ca, q/bc, 1/
√
d,−1/

√
d, q/e, q/f, g, g/d, q−n/bc]m

[1/e, 1/f, q/d, q/
√
d,−q/

√
d, q−n/a]m

× [1/a, q/d]2m[aq, dq/g, cq, bq, aq1+m/bc]n
[1/d]2m[dq, bcq, aq/b, aq/c]n

× 10ψ10

[
dq−m, q

√
d,−q

√
d, e, f, gqm,

q1+m,
√
d,−
√
d, dq/e, dq/f,

q−m−n, bq−n/a, cq−n/a, q−n+m/bc; q

dq1−m/g, q−n/c, bcq−n−m/a, q−n+m/a, q−n/b

]
(5.7)

Now, let us consider,

6ψ6

[
q
√
a,−q

√
a, aq−m, b, c, aqm/bc; zq

q1+m,
√
a,−
√
a, aq/b, aq/c, bcq1−m

]
4ψ4

[
dq1−m, eq, fq, gq1+m; z
q1+m, dq/e, dq/f, dq1−m/g

]

=
∞∑

n=−∞

Anz
n

and

6ψ6

[
dq−m, q

√
d,−q

√
d, e, f, gqm; zq

q1+m,
√
d,−
√
d, dq/e, dq/f, dq1−m/g

]
4ψ4

[
aq1−m, bq, cq, aq1+m/bc; z
q1+m, aq/b, aq/c, bcq1−m

]
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=
∞∑

n=−∞

Bnz
n

Now, comparing the coefficient of zn in the above two relations and making use of
(5.7) we get (4.3).

The other transformations of Denis et.al. [9,10] will also lead to interesting Cayley-
Orr type of identities.
Taking m = 0 in (4.3), we get,
If

6φ5

[
q
√
a,−q

√
a, a, b, c, a/bc; zq√

a,−
√
a, aq/b, aq/c, bcq

]
4φ3

[
d, eq, fq, g; z
dq/e, dq/f, dq/g

]
=
∞∑
n=0

Anz
n

Then,

6φ5

[
d, q
√
d,−q

√
d, e, f, g; zq√

d,−
√
d, dq/e, dq/f, dq/g

]
4φ3

[
aq, bq, cq, aq/bc; z
aq/b, aq/c, bcq

]

=
∞∑
n=0

[aq]n[bcq]n[dq]n[dq/g]nAnz
n

[aq]n[bcq]n[dq]n[dq/g]n
(5.8)
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