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1. Introduction and Definitions

Let f and g be two transcendental entire functions. It is well known by a
result of Clunie [5] that lim T(r.fog) = oo and lim T(r fog)

r—00 T(r’ f) r—00 T(r7 g)

authors [3,4,5,6,8,9,10,12,13, 14, 18] have investigated the composition of entire
functions with finite order and obtained many interesting results. In 2009, Tu et.al
[16] investigated the growth of two composite entire functions of finite iterated
order and proved several results connecting T'(r, fog), T'(r, f), T(r,g).
After this in 2015, using the idea of generalised iteration of two entire functions
Banerjee and Mandal [1,2] extended the results of Jin tu et.al [16] for generalised
iterated entire functions with finite iterated order. In this paper, we investigate
the growth of composition of three entire functions to generalise the results of Xu
et.al [17]. Here we use some basic definitions and standard notations of Nevanlinna
theory [7]. First we introduce some basic definitions [11, 16, 17].

= 00. Many

Definition 1.1. Let f(z) be an entire function. Then the order and lower order
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of f(z) are respectively defined by

log® M
p(f) = limsup v MALT) (r.f)
r—00 logr
and
log?! M (r, f)

A = lim inf
(f) 1;1_1)1021 logr

Definition 1.2. The iterated i order p;(f) of an entire function f is defined by

pi(f) = limsup - rf) _ lim sup log"T(r, f)

00 ogr o0 lo

, (i €N).
Similarly, the iterated i lower order N\;(f) of an entire function f is defined by

Ai(f) = lim inf °9 (r.f) = lim inf og—(r,f)

=00 logr 7—00 logr

, (1 €N),

where
log"(r) = logr, logl™ (1) =log(log® (1)) (i € N), for all sufficiently large 7.
Remark 1.1. We define expll(r) = ¢, exp™U(r) = exp(explilr) (i € N),

explr = r = log” r and expl="r = logr, for all r € (0,00).
Remark 1.2. Clearly pi(f) = p(f) and M\ (f) = A(f).

Definition 1.3. If f(z) is a transcendental entire function, the [p,q|-order of f(z)
1s defined by

‘ lOg[P-H}]\/[(r, f) . log[p}T(T, f)
Plpa)(f) = limsup gy msup = e

Similarly, the lower [p, q]-order of f(z) is defined by

logPt M loalP\T
App)(f) = liminf -7 S _ fining 10970 S)

r—00 log[‘ﬂr r—00 log[Q]r

where p,q are positive integers satisfying p > q > 1.

Definition 1.4. A transcendental entire function f(z) is said to have index-pair
[P, ql, if 0 < ppg(f) < oo and pp_1,4-1(f) is not a nonzero finite number.
For an entire function

) =3 e
n=0
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the maximum term p(r, f) of f on |z| = r is defined by

w(r, f) = maz,>of|an|r"}.

Since for 0 < r < R we have

blr, ) < MG, ) < 57— p(R. ),

an equivalent form for pp, o(f) and A, q(f) are

im sup 1292 /)
p[p,q](f) = llir;i}p W
and »
log'P
Apat(f) = liming 129712 T)

r—00 log laly ’

where p, g are positive integers satisfying p > ¢ > 1.

Let f, g, h be three entire functions and having index-pair [p1, ¢1], [p2, @], [P3, ¢5]
respectively. Set

A= p[m,qﬂ(f)v A= /\[P17q1](f)7 B = p[Pz,qz](g)a B, = A[Pz,qz]<g)7 C= p[p3ﬂ3]<h) and Cj
= )‘[P3,q3](h)'
2. Lemmas

In this section we present some lemmas which will be needed in the sequel.
Lemma 2.1. [12] Let f and g be two entire functions. If M(r,g) > %]g(()ﬂ for
any € > 0, then

T(r,fog) < (1+eT(M(r,g), f)-
In particular if g(0) = 0, then

T(r,fog) <T(M(rg),f)

for all r > 0.
Lemma 2.2. [5] Let f and g be two entire functions with g(0) = 0. Let « satisfy
0<a<l1andlet c(la) = %. Then forr >0

M(M(r,g), ) = M(r, f og) = M(c(a)M(ar,g), f)-
Furthermore if a = %, for sufficiently large r

M(r, f 0 9) 2 M(M(57,9), /)
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Lemma 2.3. [15] Let f and g be two entire functions with g(0) = 0. Let « satisfy
0<a<1 andlet c(a) = 20 a) . Also let 0 < 0 < 1. Then

p(r, fog) > (1 —d)u(c(a)u(adr, g), f).

And if g is any entire function with o = 6 = %, for sufficiently large r

1 1 r

Sulgu(s

p(r, fog) > SH(ghly

:9)s f)-

Lemma 2.4. [13] Let f and g be two entire functions. Then for all large values
of r

1
“M(E

1
T(T,fog) Z glOgM(g 4

? g)7 f)'

3. Main Theorems

In this section we present the main results of the paper.

Theorem 3.1. Let f, g, h be three entire functions having index pair [p1,q],
(D2, @2], [p3, q3] respectively and 0 < Ay < A < oo, By > 0. We have

(Z) Zf (p2 +p3 + 2 — q1 — q2) > 0 then p[p1+p2+p3+2—q1—q2,q3}(f ©go h) = Cv

(ZZ) Zf (pz —|—p3 42— q1 — QQ) =0 then Al(] S p[p1+p2+p3+2—q1—q2,q;g]<f o0go h) S AC,
(ZZZ) Zf (pg +p3 + 2 — q1 — (]2) < O then Al S p[p1,Q1+q2+Q3—p2—p3—2}(f 0go h) S A
Proof. We have
logP! T logP2*1 A
A = lim sup o8 2\ (r, f) ,B = lim sup o8 (r.9) and
r—00 lOg[ql} T r—00 log[qQ] T
log®* U M (r, b
C = limsup °8 (r,h) (3.1)
r—00 log[%} T

For arbitrary € > 0 and sufficiently large r, we have

7(r, 1) < eap {(A+)log" )} M(rg) < ea I { (5 + ) log(r)}

and M(r, h) < expPst!] {(C + €) logl(r) }
(3.2)
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From (3.2) and using Lemma 2.1, we have for sufficiently large values of r

oh) < (1+0(1)T(M(r,h), fog)
T(M(M(r,h),g), f)
exp?!] {(A +€) log[qﬂ M(M(r,h), g)}

expP[(A + €) logle!) {emp[p2+1]((B + €) logle? M (r, h))}]

expP[(A + €) logl] {ewp[pﬁl] ((B + €) logl®! (emp[pﬁu ((C +¢€) log[q3](r)>>> }]
= (14 o(1)eap™[(A + yeap> =01 { (B 4 )eaplT1721(C + ) log®] (1) }]

< (14 o(1))expP[(A + e)explP2trsti—a—al {(o + 2¢) logl®! (r)}]. (3.3)

Now
(i) if (p2 +p3s +2 —¢1 — ¢2) > 0 then we have from (3.3)

log[P1+p2+p3+2—q1—q2] T(r,fogoh)

lim su <C,
T_)OOp log[%]r -
since we always have (p1 +ps +p3 +2 — q1 — q2) > ¢s.
i.e.,
p[P1+p2+P3+2—q1—q2,q3}(f ogoh)<C. (3.4)

(ii) If (p2 +p3s +2 —q1 — g2) = 0 then since p; > g3 we have from (3.3)

Pipras) (f 0 goh) < AC.

(iil) If (p2+ps+2—q1 —q2) <0 then (¢1 + g2 + g3 — p2 — p3 —2) > 1 and we have
from (3.3)

p[Pl,(I1+Q2+(I3—p2—P3—2](f cgo h) < A,

as p1 > (1 + g2+ g3 —p2 — p3 — 2).
Since C' > 0 then there exists a sequence {r,} — oo such that for any ¢ (0 < e < C)
and sufficiently large r,,, we have

M(ry, h) > explPs* {(C’ — €) logl®! (rn)} . (3.5)

Now by using Lemma 2.2 and Lemma 2.4 for sufficiently large r,, we have from
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(3.5)

1 Tn
IOgM(gM(ngo h)af)
1 1 T

logM(gM(gM( ) 7h)vg)af)

emp[pl] (A1 —¢€) log[ql](éM(éM(%, h),g))}

T(Tnafogoh)z

v Y

vV
Wl Wl W RRWl~

{
explPt] {(Al — 2¢) log[ql] expP2t1] {(Bl —€) log[qﬂ(éM(%, h))}}
(3.6)

{

(

> Zexple] {(Al — 2¢)explP2tPat2-n—e] {(c — 2¢)(logl®! (r,,) + 0(1))}} .
(3.7)

Now (i) if (p2 +ps +2 — q1 — g2) > 0 then from (3.7) we have

‘ loglP1P2tPet2=a=al (oo p)
lim sup

r—00 log[q‘?’} T

>C

ie.,
p[p1+p2+p3+2fq17q2,q3]<f ogoh)>C. (3.8)
From (3.4) and (3.8) we have

p[P1+P2+P3+2—Q1—!I2,tI3]<f ©cgo h) =C.

(ii) If (p2 + p3s +2 — g1 — g2) = 0 then from (3.7) we have

p[m,qs}(f ©6go h) > AC.

(i) If (po+p3s+2—q1—q2) < 0 then from (3.7) and since (1 +g2+q3—p2—ps—2) > 1,
we have

Plpr,as-+az+as—pe—pa—2) (f © g0 h) = Au.
This completes the proof of Theorem 3.1.

Theorem 3.2. Let f, g, h be three entire functions having index pair [p1, q],
(D2, @], [p3,qs] respectively and 0 < A < 00, 0 < By < 00, 0 < C; < C < o0. We
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have

(1) if (P2 + s +2— g1 — q2) > 0 then Cp < Py potps+2-qi-aasl (f 0 g0 h) < C5
(ii) Zf (pQ + ps + 2 — q1 — (]2) =0 then AOZ < p[p1,q3](f ogo h) < AC,
(i) if (p2 +p3+2—q — q2) <0 then

P[pl,q1+q2+q3—p2—p3—2}(f ©go h) = A.

Proof. Since A > 0 then there exists a sequence {R,} — oo such that for any
e (0 < e < A) and sufficiently large {R, }, we have

M(Ry, f) = exp? 1 { (A = &) log)(R,) }.
Since M (r,h) is an increasing continuous function, then there exists a sequence
{rn} — oo satisfying

1 r
=M= [ps+1] — laa] (I
R, 8M(4 h) > 3exp {(C’l €) log (4)}

From Lemma 2.2, for sufficiently large {r,}

M(ra,fogoh) 2 MEM(Sgoh) ,

> expPrtll {(A €) log®!! M 2. goh) }

log®) R, + O(1 )})}

[p2+1] [p3+1]

+0(1
G }
(A — €) loglal( el-p[im-‘rl]{ — )
(4- {(Bi-¢

€) logl® (eap logl®! exp

(C) — €)logl®l(r,) + O(1 )}})}
> exp” T {(A — e)expl>tial {(B - €)explPsti=al

(C) — €) log®! (r,,) + 0(1)}}}
(

(3.9)

Now,
(i) if (p2 +p3s+2—q¢1 — ¢2) > 0, then from (3.9) we have

p[P1+p2+p3+2*<11*Q2,Q3}(f ©go h) > Cl' (3'10)
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Again from Lemma 2.2, we have

M(r,fogoh) < M(M(r,goh), f)
< M(M(M(r,h),9)f)

< eap 1 {(A+ €)log! M(M(r, 1), 9)}

< expPr 1l { (A+e) log[‘“ 6xp[szrI] {(B +€) 1Og[q2] M(r, h)})}

< explPrt1] { A + €) logl®] {exp[p2+1] {(B + €) logl®2! (egpPatl]

{(c te) log[q3](r)})}}}

< expPr 1] {(A+ €)(explP2ti-al {(B+ €)explsti-el

{(C+e108@)(r) } )}
< expP1*l] {(A + €)explrrtrati-a—al {(C’ + 2¢) log[q?’](r)}} :
(3.11)
So for (pa +ps +2 — q¢1 — q2) > 0, we have from (3.11)
Plpr+papat2—qi—aas](f © g0 h) < C. (3.12)

So (i) follows from the (3.10) and (3.12).
(i) If (p2 + p3 +2 — 1 — ¢2) = 0, then from (3.9), we have

Pipr.as) (f © g o h) > ACy;

and from (3.11) we get
p[P1,q3}(f090h> < AC.

So, we have
ACy < pipra)(f 0 g0 ) < AC.

This completes the proof of (ii).
(ili) Now if (p2 + p3s +2 — ¢1 — ¢2) < 0, then from (3.9) we have

p[pl,tthQQHIS*pz*PS*Q](f ©go h) > A

and from (3.11) we have

P[p1,q1+q2+q37pzfp372]<f ogoh) <A
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So,
P[p1,q1+q2+q3*pzfp372}(f ogoh)=A.

This completes the proof of (iii).
Thus the proof of the Theorem 3.2 is completed.

Theorem 3.3 Let f, g, h be three entire functions having index pair [p1, q1], [p2, Go],
(D3, q3] respectively.

(1) If (p2 +p3+2—q1 —q2) >0
and (i) ¢ > q3 and C; > 0, then we have

. log[P1+p2+p3+3—q1—q2] M(T‘, fogo h) B
im =0
r—oo 1Og[p1+1] M(T’, f)

(i) 1 = q3 and 0 < A, A;, C;,C < oo, then we have

?

[p1+p2+p3+3—q1—qz]
gghmlog M(T,fogoh)gg;
T—00 log[mH] M(r, f) A
(111) ¢1 < q3 and A; > 0, then we have
log[P1+p2+p3+3—q1—q2] M(r,fogoh)
lim ’ =0
r—00 log[plﬂ] M(r, f)
(2) If (p2+p3+2—q —q) =0
and (i) ¢ > q3 and A;,C; > 0, then we have
g M M(r, fogoh)
lim . = 00;
00 1Og[p1+ ] M(T, f)
(i) 1 = g3 and 0 < A, A;, C;,C < oo, then we have
[p1+1]
OlAlSlim log M(r,fogoh)SAC;
A Trmee gt M (r, f) A

(11i) ¢1 < q3 and 0 < A, A;, C;, C < 0o, then we have
og" M M(r, fogoh)
lim : =0
rooo JoglPitll M(r, f)

(8) If (pa+p3+2—q1—q2) <0 and 0 < A, A; < 0o, then we have

_log" U M(r, fogoh)
i el -
r=eo Jog M(r, f)
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Proof. From Lemma 2.2 and for € > 0 there exists a positive number ry such that
for all » > ry we have

Mr.fogoh) = MM g0h), f)

> M(%M(éM(Z,h),g),f)

1 1 r
> cap ) {4 o™ (a0 (510,00 |

> et { (o = tog (a1 { (- ) togt® (g () ) + 001

> egxplPr 1l {(Al —€) log[m](emp[p2+1] {(Bl —€) log[qQ](exp[p?’Jrl]

{©=og™r )]} +0)

> explPr 1l {(Al — e)exp[p2+P3+2_Q1_Q2] {(Cl — 2¢) log[%](r)}} +0(1) (3.13)
and

M(r,fogoh) < M(M(r,goh),f)
SM(M( (7“ h), )f)

< exp [p1+1]

) logl®] e:cp[p2+l] {(B + €)logl®) M (r, h)})}
) logl®!] {ea:p[mH] {(B + €) logl®) (explPs+1] {(C’ +€) log[qS](r)})}}}
(A + €)(explPzti-al {(B + €)explPsti—a] {(C + €) logl®! (T)}})}
)

explP2tPst2-an—a] {(C+26) log[‘“](r)}}. (3.14)

< exp [p1+1]

< exp [p1+1]

< explPrtl { (A+e
Again
erp UL (4 = )logh)r} < M(r, f) < eap” U {(A+ ) loghl 1} (3.15)

Now we consider the following three cases.
Case I. (po +p3s +2—q1 — g2) > 0. Then from (3.13) and (3.15), we have

(C + 2¢) log[q3] (r)
(A —¢) log[‘“] r

log[P1+p2+P3+3—q1—q2] M(T, f ogo h)
log [p1+1] M(’r, f)
S (G —2¢) 10g[q3 (r)+0(1)
(A + €)loglt) 7 ‘

>

(3.16)
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(i) When ¢; > g¢3. Since C; > 0, from (3.16) we have

logP1tPatps+3—ai—az] s h
i 108 : (r.fogoh) _
00 log? 1 M (r, £)

(ii) When ¢; = ¢3. Since 0 < A, A;, C}, C < oo, from (3.16) we have

loglPrtretrst—a—al prp fogoh)  C

l

r—00 log[pl +1] M(r, f)

(iii) When ¢; < g3. Since A; > 0, from (3.16) we have

) 1Og[P1+p2+p3+3—q1—qz] M(T, f ogo h)
lim NSy =0
rreo log”* ™ M(r, f)

Case II. (p2 + ps +2 — ¢ — ¢2) = 0. Then from (3.13) and (3.15), we have

(A + €)(C + 2¢) log!®! (1) S loglPr tPetpstd=—a—al Nrp fogoh)
(A — ) logltly - log” 1 M (r, f)
S (A — €)(C) — 2¢)logl®)(r) + 0(1)
N (A + ) logl®l '
(i) When ¢; > ¢3. Since A;, C; > 0, from (3.17) we have

(3.17)

_ log" ™ M(r, fogoh)
lim . = o0
r=eo log™ M (r, f)

(ii)) When ¢; = g3. Since 0 < A, A}, C}, C < o0, from (3.17) we have

[p1+1]
ClAlglim log A/[l(r,fogoh)SAC‘
r=0o log™ N M(r, f) A

(iii) When ¢; < g3. Since 0 < A, A;, C}, C < oo, from (3.17) we have

g M(r, fogoh)
lim : =0
rooe JogP I M (1, f)

Case IIL. (py +p3+2—q1 — q2) < 0. Since p3 > g3 > 1, we have from (3.13) and
(3.15) and 0 < A, A; < oo, we have

(A — e) 1Og[q1+q2+q3—p2—p3—2] (r)

- logP ™ M(r, fogoh)
lim
(A+e) log[qﬂ r

>
300 log[lerl} M(T, f)

—o00.  (3.18)
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This completes the proof of the Theorem 3.3.
Remark 3.1. In Theorem 3.3 the conditions ¢; > ¢35 and C; > 0 are necessary.
For this we consider the following example.
Example 3.1. We consider the functions f(z) = expll(2), g(z) = exp?(2) and
h(z) = exp(z).
Then (f o go h)(z) = expl¥l(2) and so M(r, f o go h) = explfl(r).
Choose py =q1 =2, p2o =2, =1, p3 =2,q3 = 1,sothat ¢ =2 > 1 = ¢3 and
Ppt+p3st+2—q—q@p=3>0
Now .

C; = liminf M

r—00 log r

=0

and

o ogP M (r, fogoh)

lim inf =

r—00 1Og[3] M(T’, f)

Remark 3.2. The conditions ¢; = g3 and 0 < A, A;,C,C; > 0 are necessary. For
this we consider the following example.
Example 3.2. We take the following functions f(z) = exp(z),g(z) = exp?(z)
and h(z) = exp(z).
Then (f o go h)(z) = exp!(2) and so M(r, f o go h) = expl¥l(r).
Choose p1 = ¢4 = 1; po = 1,9 = 1; p3 = 2,93 = 1 so that ¢y = 1 = ¢3 and
Pptp3t+2—q—q@p=3>0
Now C; = C =0 and

logh! M
lim inf 08 Q(T’ngOh) =1
=0 log® M(r, f)

Remark 3.3. The conditions ¢; < ¢3 and A; > 0 are necessary. For this we
consider the following example.
Example 3.3. We take the following functions f(z) = exp(z), g(z) = expl?(z)
and h(z) = expll(2).
Then (f o go h)(z) = expl () and so M(r, f o go h) = expl(r).
Choose p1 = 2,1 = 1; p2 = 2,0 = 2; p3 = 2,q3 = 2 so that ¢t = 1 = ¢3 and
p2tps+2—q—qp=3>0.
Now A; = 0 and

. log M(r, fogoh)

lim inf = 00

r—00 IOgB] M(T, f)

In terms of u(r, f) instead of M(r, f) Theorem 3.3 can be stated as follows:

Theorem 3.4. Let f g, h be three entire functions having index pair [p1,q],
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(D2, @], [p3,q3] respectively. Then
(1) If (po+p3s+2—q1 —q2) >0
and (i) q1 > q3 and C; > 0, then we have
lim log[P1+p2+P3+37q1—q2] ,U( f ogo h) _

r—00 1 [p1+1] (T‘ f)

(i) ¢ = q3 and 0 < A, C} < oo, then we have
- log[p1+P2+p3+3*Q1*Q2] ,u(r, fogo h) -
r—00 log? 1 yu(r, f)

(2) If (p2+p3+2—q1 —q2) =0
and (i) ¢ > q3 and A;,C; > 0, then we have

dog" W p(r, fogoh)
lim = 00;
N wu(r, f)
(i) 1 = q3 and 0 < A, A;, C;,C < oo, then we have
log" U (e fogoh) _ AC
fim ] S
r=eo log®H p(r, f)

(8) If (pa+p3+2—q1—q2) <0 and 0 < A;, A < 00, then we have

_log™ M p(r, fogoh)
lim = 00
r—>00 log [p1+1] ( f)

G
=

Proof. From Lemma 2.3 for sufficiently large r we have

p(r,fogoh)> u(éu(g,g oh), f).

Then from the assumptions of Theorem 3.3, for any € > 0 there exists a positive
number rq and for all » > ry we have

plr. fogon) > (Su(5.90h). f)
> n(gn(gu(5..9). 1)
> egplPrtl] {(Al —€) 1og[‘“](é,u(é,u(£7 ),g))}
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and
explPtl {(Az — ¢) logl! r} < ul(r, f) < exp? 1 {(A + ¢) logl®! r} _

Using the same arguments as in Theorem (3.3), we can get the conclusions of the
Theorem 3.4.

Theorem 3.5. Let f, g, h be three entire functions and g, h have index pair
(D2, @2], [p3, q3] Tespectively satisfying By, Cy > 0. If (f o goh) have index-pair [p1, ¢1]
and 0 < A, q)(fogoh)=x < oo, then Ap, q,1(f 09) =0 and A, 4,(f) = 0.
Proof. By definition and Lemma 2.4 there exists a sequence {r,} tending to
infinity such that for sufficiently large r,,, we have

1 1 n

3 log M(§M(%,h),fog) < T(rn,fogoh)< expP! {(X + €) logl®!] rn} . (3.19)
Since Apy,q,(h) = C; > 0 so for given € (0 < € < () and sufficiently large r,, we
have

1 T € T
v oy > [p3+11{ _ [qsl_”}
5 (4 ,h) > exp (C 2) g™ -

> egplPstl] {(Cl —€) logle! rn} )

lgs] 1
r, < exp ( o e)

loglPs+1] Rn} . (3.20)

Then from (3.19) and (3.20), we get

1
log M(R,, fog) < 3exp!] {(X + €) logll (eapl®! { C 9 loglP>* 1] Rn})} :

Since (p3 +1 — ¢g3) > 0, we have

log”*1 M(R,,, fog) . (x + €)explez—a] {@ log!Pa Tl Rn}

< — 0.
log[‘”] R, log[‘h] R,

Thus
)\[Pl,CIﬂ(f © g) = 0.
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Again for sufficiently large r,,, we get

1 1
Slog M(zM( ). f) < T(ra, fog) < eap! {elogIr, | (3.21)

Since Apy,g1(9) = By > 0 so for given € (0 < € < B;) and sufficiently large r,, we
have

1 r € T
M= g) > [P2+1]{ B — -1 [qz]_"}

> egplP2t!] {(Bl — ¢) logl®! rn} :

Set R, = sM (=, g). Then

logP2*! R,'n} : (3.22)
1 —¢€)

Then from (3.21) and (3.22), we get

/ 1 /
log M(R,, f) < 3expP] {elog[qﬂ(exp[qﬂ {(B ] loglP2 1] Rn})} .
| — €

Since (p2 + 1 — ¢2) > 0 we have

log®” U M (R, f) _ (e.explaz—al {(Bll_e) log!P2 ! R;L}

S — 0.
logl! R, log®! R/

Thus,
A[le](f) = 0.

This completes the proof.

Theorem 3.6. Let f, g, h be three entire functions and p, q be two positive integers
satisfyingp > q > 1. If A\pg(fogoh) =7 < Apg(h) = 0 < 0o then Ay g(fog) =0
and )\[p,q]<f) =0.

Proof. By definition and Lemma 2.4 there exists a sequence {r,} tending to
infinity such that for sufficiently large r,, we have

1 1
—logM(—M(Tn

n < < exp?! a, L (3
Slog M(GM(,h), fog) ST(r, fogoh) < eaph {(r+e)logr, }. (3.23)
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Now for given € (0 < € < 0 — 7) and sufficiently large r,,, we have

1 T € T
v o > [p+11{ _ [q]_n}

logl? r, < logP*tU R, (3.24)

b
(0 —¢)
Then from (3.23) and (3.24), we get

log M (R, fog) < 3expl { e e Rn} .

Since p > ¢ > 1, so we have

log[p—‘rl} M(Rn,ng) _ T_ﬂlog[}?+1] R,

< = — 0.
log[‘ﬂ R, log[q] R,
Thus
Ap.g(f o g) =0.
Again for sufficiently large r,,, we get
1 Loy v 0
glogM(gM(Z,g),f) < T(ry, fog) < exp? {elogq } ) (3.25)

Since Apq(9) = By > 0, then for given € (0 < € < B;) and sufficiently large r,, we
have

1 T € T
M2 ) > [p+1]{ B — )1 [Q]_'”}
oM 9) 2 exp (Bi = 5)log™

> exp?tll {(Bl — €)logl? frn} :

Set R, = sM (%, g). Then

logP™ R } . (3.26)
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Then from (3.25) and (3.26), we get

/ 1 !
log M(R,, f) < 3expl {elog[q](ea:p[q} {(B ) loglP+1l Rn})}
| — €

< 3exp? {e logP*1! R;} .

1
(B —€)

So
€ +1
og? M(w,. p) _ o {m g R
log R, log'! R,
Thus
>‘[p q}(f) =0

This completes the proof.
4. Conclusion and Future Scope

The main aim of this paper is to extend the notion of growth of two composite
entire functions of finite iterated order to growth of three composite entire func-
tions. But still there are some problems to be extended for composition of n entire
functions of finite iterated order. These type of studies can be regarded as open
problem for further workers in this branch.
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