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1. Introduction

(o]
The m— dissection of the power series P = Z a,q" is the representation of P

n=0

asp=po+P+..4+P,_1, where P, = Z A k™" Andrews [2] and Hirschhorn
n=0
[7] have given the 2 dissection and 5 dissection of the continued fraction C'(¢) and



86 South FEast Asian J. of Mathematics and Mathematical Sciences

C(q)~! which is the ratio of basic infinite products. Lewis et al [10] obtained
a conjecture of Hirschhorn on 4 dissection of Ramanujan’s Continued Fraction.
Denis et al [9] gave equivalent continued fraction representations for ratio’s of
infinite products.

S(g) = (%, 4% ¢%) o
(q) - 7. .8
(,47¢%)
_ 1+q+q2q_4q3+q5q_8q5+q10 g
1+ 1+ 1+ 1+ 1+ 1+..
_ 4t atd g+
l—g+1—-qg+1—q+..
¢ q* ¢

= l+q+
T P T v+ 1+d +

The Bailey chain is a well-known and frequently used technique in the theory of

partitions. It arose from W.N. Bailey’s realization [11] that the Rogers-Ramanujan

identities could be derived from the simple observation that if {ao,q,...} and

{d0, 91, ...} are sequences that satisfy.

k
5k = E OpUf—y Vtrr
r=0

and

0
Yk = E 5rurfkvr+k7
r=k

then . .
> =Y Bidi,
k=0 k=0

provided all infinite sums converge uniformly. L.J. Slater used his idea to produce
her list of 130 identities of the Rogers-Ramanujan type [5,6].

A pair of sequences (o, (a, q), Bn(a, q)) is called a Bailey pair with parameters (a, q)
if

n

a(a, q)
6na7q:§ ,  for n>0.
( ) r=—0 (Q;Q)nfr(aq;Q)nJrr

The unit Bailey pair [3,4]

1 — Q) 1— 2n -
fula, ) = { (1): iﬁ Z > 8 on(a, ) = <a(’q?)q)( 1 _a(i) >(_1)nq(n /2,
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In 2001 D. Bressoud established some interested theorem involving change of base
in Bailey pairs, which are

(a) Suppose that (ay,(a, q), Bn(a,q)) is a Bailey pair with parameters (a, q). Then,
(. (a,q), B (a,q)) is a Bailey pair with parameters (a, q)

2

OC;.(CL, q) = aTq'I‘ OZT(CL, Q)J

n

kgt
Bi(a,q) =Y ———0k(a,q). 1.1

e ;(q;q)n_k (@) ()
(b) Suppose that (a,(a, q), Bn(a, q)) is a Bailey pair with parameters (a, ¢q). Then,
(ol (a,q), B (a,q)) is a Bailey pair with parameters (a?, ¢*)

a(a,q) = a"a.(a?, ¢%),

(ag: Dk 0" *Be(d®, ¢). (1.2)

Brla,q) =
k=0 <q27 qQ)n—k:

(c) Suppose that (a,(a,q), Bn(a,q)) is a Bailey pair with parameters (a, ¢). Then,
(ol (a,q), B (a,q)) is a Bailey pair with parameters (a3, ¢®)

2

Oé;.(Cl, q) = aqu aT(aa Q)J

1 ~ (ag; q)3n—ra*q"
0.0) = i S ). (13)
) nk:O ) n—

(d) Suppose that («,(a,q), Bn(a,q)) is a Bailey pair with parameters (a, q). Then,
(ol (a,q), B (a,q)) is a Bailey pair with parameters (a, q)

ai(a,q) = a"q " an(a®, %),

o5 )

n - c 2 ! —-n
(ag®*h; ¢ N)an(a®@®; ¢*)am—iy (—1)"q a

ag; q)an <= (4% @®)

xﬁn,k(ag',q?'). (1.4)

Here an attempt has been made to obtain certain results involving the multi sum-
mation expressions and ratio of infinite products by using well known m-dissections
of the power series.

Bu(a,q) = (
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2. Notations
Suppose that |¢| < 1, where q is non-zero complex number. We will use the
notations,

(210)00 = [ (1 = ag™), (2.1)
(2 qloo = (2 @) o0 (2714 @)oo, (for z # 0) and often we write (2.2)
[Zla 29y eeey Zns Q]oo = [21§ Q]oo[22; Q]oo'-'[zm Q]ooa (23>

The following fact can be easily verified;
F oo = =27 23 d)oo = [245 d)oes

(
(2,23 4o = (25 @loos (

[Z,—Z; Q]oo = [ZQ;QQ]OO (
27 4 qloo = [25 0o (
[_1;(]]oo[q; qz]oo = 2. (

We have the following general relations;

Suppose @y, ag, ..., an; by, ba, ..., b, € C{0} satisfy

(i) a; # q"a;j for i # j and n € z,

(li) A1,09, ..., Ay = b17 bQ, ceey bn-

Then _1
bm q)oo

Z H =0 (2.9)

j= 1]751[a aj; q ]

This theorem appears without proof as given by Slater [4] and with a proof as
given by Lewis [8]. Also, we have the following well known Rogers- Ramanujan
type multi sum identity.

35%+2s§(

q —0%4%)s (€035 _ (0,47, 60" (2.10)

o0 (0%6%)260 (6% %) 0150 (6% 6%)ss (€%,0%:0™%50") o0

[D. Bressoud, 4; p.452]

3. Main Results
In this section we prove our main results:

025 (— 0% 0%)s, (6% 0%)351— s
oo (@%6%)260(0% 09015207 €%) sy
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(0% 4)ee(d%,¢", "% ¢"%) (4,4, 4", *% *) (%%, ¢*%; ¢**) o
B (% %) (0%, 4% ) o (¢'2, ¢, 432, 432, ¢°°, ¢°2; ¢5%)
q<q3 q13 q19 q29. q32>oo<q30 q34. q64)oo
(q4’ q28; q32)oo(q14; q20’ q327 q32’ q447 q50; (164)00
q2(q4’ q5’ q7’ (]257 q27, q28; q32)oo(q167 61247 q40’ q48; q64)oo
(@%,0*2,¢%, 6% ¢3) (4%, ¢*2, ¢, ¢*2, ¢*2, ¢**, ¢°2, ¢°5; ¢*)
q2(q4’ q4’ q8’ qZ47 q287 q28; q32)oo(q187 q227 q427 q467 q60; q64)oo

o (q97 qll7 q21’ q23; q32)oo(q87 q127 q20’ q327 q32’ q44’ q52’ q567 q68; q64)oo <31)
(q3.q3) (q q17 q15 q31.q32) (q20 q26 q38 q44.q64)
(05 0) o (65,09, % ) s (0% 0% 0)oe (@, 4%, 0%, 472, 472, ", 7, ¢ ) o
N ( Lq",q", q29'q32) (@2 6%, ¢, % ™)
(¢* Q)(q g™, "%, 3,43, %, ¢°°, ¢°°; ¢%)
_q(, 0'.4%, ¢, 6% ) (¢'% ¢*', 4%, 4% 4™
(6%, 4%, ¢, ¢** ¢*?) o (q ', q'8, ¢, ¢%2, q46 7°°, ¢°% ¢%)
q(qq4qq N Q)(q q q Q)
(@, g, @Y, 4% %) oo (6B, 4, %2, 432, 40, ¢°5, ¢°8; ¢54) o
351+252 .
y Z q q 0°)s, (¢ ,q2)3s;_32' (3.2)
81, S2>0 231 q q )slfsz(q 7q )52

4. Proof of 3.1.

7 9. 16
Considering B(q) = (44%9°)

(4%, 410 ¢1%) oo
by using (2.2).

7 9. 16

and B(q) = % can be written as

s (4% 4" ¢"%) e

Blq) = (¢ 4% 0%
(€% 4% ¢*?) e

NOW, Settlng (a’17 Az, a3, G4, b17 b27 b37 b4> = (17 _17 q67 qlo; q77 q237 _q_77 q_7> and tak-

ing ¢3? for ¢ in (2.9),

R B s N =4, =4, —q¢7, ¢ 4%
(1,45 ¢'% ¢3%] [—1, =% —q'% ¢*]
[q7 q177 _q_137 q—13; q32]oo [q_?)a q137 _q_177 q_17; q32]oo -0 (4 1)
[qu’ _qfﬁ’ q4; (]:32]OO [qflo’ _qfw, q4; (]:32]OO o :

By using (2.6) and (2.8) in (4.1)
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_ 2 [_ ™ e P U e i S Ui q64]oo]

(@™, ¢*%; %o (—q~ ) (0% 3?0712 4% (7% 3] 0[q7%; %]

By applying (2.4),

- 9
+ = =
16°,¢"% % [ =" ¢ [0, 3% ¢%Yoo(—q7 1Y)

17. 32 26. 64 3 ,13. ,32 34. 64
4,49 59 ool 39 Joo, — 4,959 |old 59 Joo,
X{_[ el " 1a) _ | el )]

(0% 3% (01?5 4% o 4% 3% [4?°;

q%]
B Bl — 2(q,¢""; ¢*) o [q26;q64]oo 2q[¢®, 4" ¢*) o [0**; 4%
@+ Bl = (45 [0, 41, %% 1 10 oold 62, % ¢1ns
or(q) = 2B+ B(q)] = [4,4'7; 4% [ 1000 ale®, 4" *)scla®; ¢*]
2 (4" *)oad'? ™, 3% %o (0% %%, 0, 6325 %Y

4.3)
Again Setting <a17 A9, A3, A4; b17 b27 b37 b4) = (1’ _1’ q307 _q34; q257 q237 _q6a _q710> and
taking ¢* for ¢ in (2.9),

(4.2)

3

2,02, %, 0% ¢ [-0®, —¢®, ¢ ¢'% ¢*
[—1,¢%°, —¢%; ¢%] * [—1,—¢%, ¢*%; ¢%]

N > - ¢ [ - a7 0P 0
(730, —¢7%%, —¢*; ¢%] g3, —q¢~3, —q7% ¢¥]
By using (2.4) and (2.7) in the above

q2

7 23 6 10, 321 [ T _ 23 6 10, 32
[_17q27_q2;q32]00[[q,q = =450 oo — [0 =0 a5 47

I U T A e P AT AL G G i
(6%, —¢%°, —¢*; 3% [, =, =% 3%

By using (2.6), we get

I 7 23 6 _ 10, 32] ~[- 7 23 6 10, 32] = 2[(]4;(]64]00
q7q bl Q7 q 7q oo q7 q 7q7q 7q ool T 2 32‘ 64

*[¢*%; ¢%] oo

y ld* @, 4" *oold™, " oo N 7", %% ¢*)old™, 25 4%
17?4, ¢%°; %% [4®, ¢°°; 4% o (0%, 4™ ¢*?]o0[q®, 4%8; %] o
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Dividing by [—¢° ¢%,¢'%, —¢'°; ¢**]« and using (2.6),

4", ¢ ¢ [—4",—¢*;¢¥)w

(45, 4" 6%  [—4¢% —¢'°; ¢¥?]

_ 2¢%¢" % d" 07 wlat 0 a0 20t 6 6% 0P)xldt 6", 6P 6]
I e N O e N e A N VA N AL
B(q) — B'(a)

2¢°(q",¢*, 4" ") la 4", 4" 4] 2[¢", 4™, ¢* 4P le", 4%, 4% 4%

T, 25 3l 0% 0, 2, 9 ¢ e 0% 0 o, 412, 020, 42, 455 5] o

(4.4)
B1(q) = [B(q) — B'(—q)]
Pld* @, 475 a*olds 7, %5 %Y e 17", %% ¢*)ld, 4'%, 4% ¢°Y e
- 20 24. 32 8 12 20 32 60. 64 B 2[~9 11. 432 8 12 20 32 68. 64
142, 6% ¢*?) o [d®, 412, 4%, %2, ¢%%; %) 4?6, ¢V ¢*?] o ld®, 412, 40, ¢%%, ¢ ,q(4]o§
5
By adding (4.3) and (4.5), in the above
B(q) = ai1(q) + Bi(q)
Blg) = [0, 4"7; ¢**]oc[0®%; ¢°*) o N alg®, 4"%; ¢%)la*; 4*)oo
V= [0 oo ld'2, ¢, %% %o (0% 63 oe[d™, 6%, 3% 4%
Pl d a7 6" ¢ 7" i, 6% ¢)ld, 4'%, 4% ¢*Y e
T2, 25 3ld® 02,62, 632, 0% %Yo 200, M P00, 012, 620, 632, 5% %Y
(4.6)
By applying (2.2) in (4.6),
Blg) = (0,4, 4"°,¢°"; 4%) 0o (6*°, %% ¢*)
V= (0%, 4% ) oo (a2, ¢, 432, 432, ¢°°, ¢°2; ¢54)
q(q3 q13 q19 q29.q32) (q30 q34.q64)
(q47 q28; q32>oo(q147 qQO7 q 27 q32’ q447 q50; q64)oo
q2(q4 q5 q7 q25 q27 q28.q32)oo(q16 q24 q40 q48.q64)oo
(4%, 4'%, 6%, %% ¢%?) o (6%, 4'2, 4%, ¢*%, 32, ¢*, ¢°2, ¢°%; %)
2.4 4 .8 24 28 _28. 32 18 22 42 46 60. .64
@ a7 )6 06 0 6 0 ) (4.7)

<q97 qll, q217 q23; q32>oo(q87 q127 q207 q32’ q327 q447 q52’ q567 q68; q64>oo
By taking known identity (2.10),
(=% 0%, (6% 073150 _ (0"%,47 %4
oo (050926 (0% )5 (% P)se (62,0754
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35%+25% (

q —0*1 ) (@ 0%)3s1-s5 _ (@°,07)(d® 07, ¢%, 0, 0% 0"%)x
o0 (€%0%)260 (€% 6%) 5150 (0% %) (4% 6*) (4% 4"% 4"%) o
q3s%+253(_q3; 095, (0% G%)38,—s, _ (4%, ¢'2) o (4%, ¢°, ¢*°; q16>°°B(q) (48)
50 (€%0%)260 (6% 6%) 5150 (0% %), (4% ¢%)oc
(¢",4% 4"
where Blg) = (¢%,4"; ¢"%)oo
Now, by putting the value of B(q) from (4.7) in (4.8),
25 (=% %) 0, (0% %) 301
51,5020 (qﬁ; q6)281 (q6; q6)81—82 (qQ; q2)82
(6% ")(d® ¢, 4" 4" (24", 0", ¢*: )0 (6*, 6% ™) oo
B (4% 6%)oo (%, 4% 4%) oo ("%, ¢, 6%, ¢%%, %, 6725 ¢%*) oo

q(q?)’ q13’ q197 q29; q32)oo<q307 q34; q64)oo
(q4’ q28; q32)oo(q14a QQO, q327 q32’ q44’ q50; q64)oo
q2<q47 q57 q77 q257 q277 q28; q32)oo(q16; q247 q4[)’ . q
(q8’ q127 q207 q24; qu)oo(q87 q12’ q207 q327 q327 q44’ q527 q56; q64)oo
B q2(q47 q47 q8’ q24’ q28’ q28; q32)oo(q18’ q22’ q427 q46’ (]60; q64)oo (4 9)
(q97 qll’ q217 q23; q32)oo(q87 q12’ q20’ q?)27 q32’ q447 q527 (]567 q68; q64)oo ’ ’

q48 64 )

o0

This proves (3.1).

Proof of (3.2).
Considering (4.2),

200,4" *)oold®1 0™ 200, 4% *)ola™ ¢M]
[q4’ q32]oo[ql2; q14’ q32; q64]oo [q47 q32]oo[q147 q20’ q32; q64]oo

B(q) + B'(q) =

[4"%,¢%; 4%

2q,4""; 4% ld™, 4% ¢*']
4% ¢%] g™, 4", %2, 4% ¢ o
2q[q3, q13; q32]oo[q127 q34; q64]oo
[q4’ q32]oo[q14; q14’ q32’ q46; q64]oo

Blg) ' +B(q)~" =

(4.10)
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14,45 ¢*]0[0*°, ¢°%; ¢*Y) o
[ 4. 32] [q14 q14 q32 614656164]00

0ala) = 3[B@) "+ B(@)] =

q[q 7" ¢2)d', ¢** Yo (4.11)
(0% %o [a, ¢, %2, 4405 g5 '
2, ¢%; ¢

Again, multiplying (4.4) by , we get

m
2¢°[¢%, 4%, 47; ** 0™, ¢*%; 4%
0, 24 sl dB, 41, 632, 4% g5
B 2[q4’ (]247 q28; q32]oo[q47 q18, q22; q64]oo (4 12)
q2 [q9, qll; q32]oo[q87 ql47 q32’ qéL67 q68; q64]oo : '

q2 [q47 q5’ q7. q32] [q40 q48. q64]
(4%, ¢**; %] [q ", 3%, q"%; %)
I e S U Y e (4.13)
q2 [qu qll; q32]oo[q87 q14’ q32’ q46, q68; (]64]00 : :
By adding (4.11) and (4.13), we get
B(g)™" = as(q) + Ba(q)
Bt = 20507 Nld” 0 e | dlg’ 05 ¢ lg, 6 "]
4% ¥ oola™, 4", 4%, %% ¢ e (0% %] olg™, @™ 6%, 479 4% oo
I U A A U e
[4%°, ¢*%; ¥ ld®, a, %%, ¢*%; 4% oo
B [q47 q24’ q28; q32]oo[q47 q18’ q22; q64]oo (4 14)
q2 [q9’ qll; (]32]00[6187 q147 q327 q467 q68; q64]oo : '
By applying (2.2) in (4.14), we get
B(q)—l _ <q, q17’ q15, q31; q32)oo(q207 q26’ q387 q44; q64)oo
(q4 q28; q32) (q14 q14 q18 q32’ q327 q46’ q50’ q50; q64)oo
q(2®, 4", 4", ¢ 6%) o (0%, ¢, **, 675 ¢*)
(q q28 ) ( q14 q327 q327 q467 q50’ q50; q64)oo
O Y e ) I U Y L LA
<q , q12’ q20’ q24, q32)oo<q87 ql4’ q18’ q32’ q32, q46’ q50’ q56; q64)oo
q2(q4, q4, q8, (]247 q287 q28; qu)oo(q22; q42’ q60; q64)oo (4 15)
<q9’ qll7 q21, q23; q32)oo[q87 ql47 q32’ q32’ q50’ q567 q68; q64)oo ' ’
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Now, from (4.8), can be written as

Z ¢ q 0)s (0563511 _ (7% ¢° )
350 (€%0%)260 (€% 000 —50(0% %) (€% 07)o0(€%, 605 4% 41 oo
(4.16)

381+282

By using (4.15) in (4.16)

(% ¢°)so
<q67 q12)00(q6a q107 q16; (]16)00
B (0,4, 4", *5 4% (0, ¢*°, %, 4" ¢*Y) o
- (q4’ q28; q32)oo(q147 q14’ q187 q32’ q32’ q46, q50’ q50; q64)oo
q(q?) q13 q19 q29. q32)oo(q12 q30 q34 q52. q64)oo
(q4’ q28; q32>oo<q14) q14’ q32, q32 q46 q50 0. q64)
,q"
¢

B qQ(q4,q5,q7,q25,q27,q28'q3 ) (q 10" 6) oo
(% 4%, 4%, ¢*% ¢3?) o (¢®, q N 6,450, ¢5%; ¢%) o
qh,d". % @ %% ) (672,07, 6% %)
(q9’q11’q21,q23;q3 ) (q q14 q32 q32 q50 q56 q68 q64)
122 (6% ¢%)5, (0% 0351 -2
35 (€%0%)260 (€% 0%) 6150 (0% %)

q5
q
, g%

)

X (4.17)

This proves (3.2).
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