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1. Notations and Definitions
Let q be a complex number such that 0 < |q| < 1, we define the q-shifted factorial
for all integers k by
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(a; q)∞ =
∞∏
i=0

(1− aqi) and (a; q)k =
(a; q)∞

(aqk; q)∞
. (1.1)

For brevity, we employ the condensed notation,

(a1, a2, a3, ..., ar; q)k = (a1; q)k(a2; q)k...(ar; q)k. (1.2)

Further, following [3; (1.2.22), p.4] we define the generalized basic hypergeometric
series as,

rΦs

[
a1, a2, ..., ar; q; z
b1, b2, ..., bs

]
=
∞∑
n=0

(a1, a2, ..., ar; q)nz
n

(q, b1, b2, ..., bs; q)n

{
(−1)nqn(n−1)/2

}1+s−r
, (1.3)

which is convergent for |z| <∞ if r ≤ s and for |z| < 1, if r = s+ 1.
Following [3; (5.1.1), p. 125] the generalized basic bilateral hypergeometric series
is defined as,

rΨs

[
a1, a2, ..., ar; q; z
b1, b2, ..., bs

]
=

∞∑
n=−∞

(a1, a2, ..., ar; q)nz
n

(b1, b2, ..., bs; q)n

{
(−1)nqn(n−1)/2

}s−r
, (1.4)

which is convergent for |z| <∞ if r ≤ s and for

∣∣∣∣ b1b2...bsa1a2...ar

∣∣∣∣ < |z| < 1 if r = s.

2. Introduction
Bailey [2] established a remarkable result which has become known as Bailey

transform. It states,
If

βn =
n∑
r=0

αrun−rvn+r (2.1)

and

γn =
∞∑
r=0

δr+nurvr+2n (2.2)

then
∞∑
n=0

αnγn =
∞∑
n=0

βnδn, (2.3)

subject to conditions on four sequences αn, βn, γn and δn which make all the infinite
series absolutely convergent.
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Andrews and Warnaar [1] generalized the Bailey transform as the following two
bilateral versions.
(a) Symmetric bilateral Bailey transform

If

βn =
n∑

r=−n

αrun−rvn+r (2.4)

and

γn =
∞∑

r=|n|

δrur−nvr+n (2.5)

then
∞∑

n=−∞

αnγn =
∞∑
n=0

βnδn, (2.6)

subject to conditions on four sequences αn, βn, γn and δn which make all infinite
series absolutely convergent.
(b) Asymmetric bilateral Bailey transform

Let m = max(n,−n− 1).
If

βn =
n∑

r=−n−1

αrun−rvn+r+1 (2.7)

and

γn =
∞∑
r=m

δrur−nvr+n+1 (2.8)

then
∞∑

n=−∞

αnγn =
∞∑
n=0

βnδn, (2.9)

subject to conditions on four sequences αn, βn, γn and δn which make all the infinite
series absolutely convergent.

We shall make use of following summations in our analysis.

1Ψ1

[
a; q; z
b

]
=

∞∑
n=−∞

(a; q)nz
n

(b; q)n
=

(
q,
b

a
, az,

q

az
; q

)
∞(

b,
q

a
, z,

b

az
; q

)
∞

(2.10)

[3; App. II (II.29), p.239]
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Taking a = q−n, b = q2+n and zqn for z in (2.10) we have,

n∑
r=−n−1

(q−n; q)r(zq
n)r

(q2+n; q)r
=

(q, q2; q)n

(
1− q

z

)(
z,
q2

z
; q

)
n

(q2; q)2n
. (2.11)

3Ψ3

 b, c, d; q;
q2

bcd
q2

b
,
q2

c
,
q2

d

 =

(
q,
q2

bc
,
q2

bd
,
q2

cd
; q

)
∞(

q2

b
,
q2

c
,
q2

d
,
q2

bcd
; q

)
∞

. (2.12)

[3; Ex. (5.18) (II), p.137]

Taking b = q−n in (2.12) we have,

n∑
r=−n−1

(q−n, c, d; q)r

(
q2+n

cd

)r
(
q2+n,

q2

c
,
q2

d
; q

)
r

=

(1− q)
(
q2,

q2

cd
; q

)
n(

q2

c
,
q2

d
; q

)
n

. (2.13)

We shall make use of (2.11) and (2.13) in order to establish certain transformation
formulas.

3. Main Results
In this section we shall establish certain transformation formulas.

(a) Choosing ur =
1

(q; q)r
, vr =

1

(q; q)r
and αr = (−1)rqr(r−1)/2zr in (2.7) we get,

βn =
1

(q; q)n(q; q)n+1

n∑
r=−n−1

(q−n; q)r(zq
n)r

(q2+n; q)r
, (3.1)

Now making use of (2.11) we have

βn =

(
1− q

z

)(
z,
q2

z
; q

)
n

(1− q)(q2; q)2n
. (3.2)

Again, choosing δr = (α, β; q)r

(
q2

αβ

)r
and m = n in equation (2.8) we have

γn =

(α, β; q)n

(
q2

αβ

)n
(q; q)2n+1

2Φ1

 αqn, βqn; q;
q2

αβ
q2+2n

 . (3.3)
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Summing 2Φ1 series in (3.3) by making use of [3; App. II (II.8), p. 236] we obtain,

γn =

(
q2

α
,
q2

β
; q

)
∞

(α, β; q)n

(
q2

αβ

)n
(
q,
q2

αβ
; q

)
∞

(
q2

α
,
q2

β
; q

)
n

. (3.4)

Putting these values in (2.9) we obtain the transformation,

(
q2

α
,
q2

β
; q

)
∞(

q,
q2

αβ
; q

)
∞

2Ψ3

 α, β; q;
zq2

αβ
q2

α
,
q2

β
, 0



=
(

1− q

z

)
4Φ3

 z,
q2

z
, α, β; q;

q2

αβ
−q, q3/2,−q3/2

 (3.5)

provided
∣∣∣ q2αβ ∣∣∣ < 1.

(b) Choosing ur =
1

(q; q)r
, vr =

1

(q; q)r
and αr =

(−1)rqr(r+1)/2(c, d; q)r
(q2/c, q2/d; q)r

( q
cd

)r
in

(2.7) we have,

βn =
1

(q; q)n(q; q)n+1

n∑
r=−n−1

(q−n; q)r(c, d; q)r

(
q2+n

cd

)r
(
q2

c
,
q2

d
; q

)
r

(q2+n; q)r

. (3.6)

Now using (2.13) we have,

βn =

(
q2

cd
; q

)
n(

q,
q2

c
,
q2

d
; q

)
n

. (3.7)
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Again, taking m = n, δr = (α, β; q)r

(
q2

αβ

)r
in (2.8) we find,

γn =
∞∑
r=0

(α, β; q)r+n

(
q2

αβ

)r+n
(q; q)r(q; q)r+2n+1

=
(α, β; q)n

(
q2

αβ

)n
(q; q)2n+1

2Φ1

[
αqn, βqn; q; q

2

αβ

q2+2n

]
. (3.8)

Summing 2Φ1 series in (3.8) by using [3; App. II (II.8), p. 236] we get,

γn =

(
q2

α
,
q2

β
; q

)
∞

(α, β; q)n

(
q2

αβ

)n
(
q,
q2

αβ
; q

)
∞

(
q2

α
,
q2

β
; q

)
n

. (3.9)

Putting these values in (2.9) we have,(
q2

α
,
q2

β
; q

)
∞(

q,
q2

αβ
; q

)
∞

4Ψ5

 α, β, c, d; q;
q3

αβcd
q2

α
,
q2

β
,
q2

c
,
q2

d
, 0



= 3Φ2

 α, β,
q2

cd
; q;

q2

αβ
q2

c
,
q2

d

 (3.10)

provided
∣∣∣ q2αβ ∣∣∣ < 1.

4. Special Cases
In this section we shall discuss the special cases of (3.5) and (3.10).

(i) For α, β →∞, (3.5) yields

1

(q2; q)∞

∞∑
n=−∞

(−1)nq
3
2
n2

(zq1/2)n =
(

1− q

z

) ∞∑
n=0

(
z, q

2

z
; q
)
n
qn

2+n

(q2; q2)n(q3; q2)n
. (4.1)

Applying Jacobi’s triple product identity, viz.,

∞∑
k=−∞

qk
2

zk = (q2,−zq,−q/z; q2)∞ (4.2)
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[3; App. II (II. 28), p. 239]

on the left hand side of (4.1) we have

∞∑
n=0

(z, q2/z; q)nq
n2+n

(q; q)2n
=

(q3, zq2, q/z; q3)∞
(1− q/z)(q2; q)∞

. (4.3)

For z = −q, (4.3) gives,

∞∑
n=0

(−q; q)2nqn
2+n

(q; q)2n
=

(q6; q6)∞
(q3; q6)∞(q2; q)∞

.

Taking z = −1 in (4.3) we get,

∞∑
n=0

(−1,−q2; q)nqn
2+n

(q; q)2n
=

(−q,−q2; q3)∞
(q, q2; q3)∞

. (4.4)

Taking z = 1 in (3.5) we get,

2Ψ3

 α, β; q;
q2

αβ
q2

α
,
q2

β
, 0

 =

(
q,
q2

αβ
; q

)
∞(

q2

α
,
q2

β
; q

)
∞

. (4.5)

For α, β →∞, (4.5) yields

∞∑
n=−∞

(−)nq
3
2
n2+ 1

2
n = (q; q)∞, (4.6)

which is Euler’s identity.
Taking α, β →∞ in (3.10) we get,

∞∑
n=0

(
q2

cd
; q

)
n

qn
2+n(

q,
q2

c
,
q2

d
; q

)
n

=
1

(q; q)∞

∞∑
n=−∞

(c, d; q)n(−1)nq
3
2
n(n−1)(

q2

c
,
q2

d
; q

)
n

(
q3

cd

)n
. (4.7)

Taking c, d→∞ in (4.7) we get

∞∑
n=0

qn
2+n

(q; q)n
=

1

(q; q)∞

∞∑
n=−∞

(−1)nq
5
2
n2+ 1

2
n. (4.8)
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Applying (4.2) on the right hand side of (4.8) we get,

∞∑
n=0

qn
2+n

(q; q)n
=

1

(q, q4; q5)∞
, (4.9)

which is Rogers-Ramanujan second identity.
Taking c = d = −q in (4.7) we get,

∞∑
n=−∞

(−1)nq
3
2
n2+ 3

2
n = (q; q)∞, (4.10)

which is Euler’s identity.
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