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1. Notations and Definitions
Let ¢ be a complex number such that 0 < |g| < 1, we define the g-shifted factorial
for all integers k by
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o0

a;q)oo = 1—aq") and (a;q)y = ——F——. 1.1
(a;q) i|_0|( ) (a;q) (g™ 0~ (1.1)
For brevity, we employ the condensed notation,

(a1,az,as,...,ar; Q) = (a1; q)r(az; @)x-.-(ar; Q- (1.2)

Further, following [3; (1.2.22), p.4] we define the generalized basic hypergeometric
series as,

A1, A2, ..., Qp; Q3 2 > (a1,a2,---,ar§Q)n2n n n(n—1)/2 1ts=r
rq>s = —1 5 1.3
[ bl,bg,...,bs :| Z (q,bhbg,..-,bs;Q)n {< ) 1 } ( )

n=0
which is convergent for |z| < oo if < s and for |z| < 1, if r = s+ 1.
Following [3; (5.1.1), p. 125] the generalized basic bilateral hypergeometric series
is defined as,

a1, Ay, ..., Gy G 2 0 (ay, ag, ey Gy @) 2" R
r¥s = -1 (14
{ bi,ba, ..., b } Z (b, b3, v bs; Q) {( )"q } (1.4)

n=—oo

b1bs...bs

which is convergent for |z| < oo if r < s and for
a1as...ay

<zl <1lifr=s.

2. Introduction
Bailey [2] established a remarkable result which has become known as Bailey
transform. It states,

If .
Bn = Z Uy Ve (2.1)
r=0
and
o0
Yn = Z §r+nurvr+2n (22)
r=0
then

n=0 n=0

subject to conditions on four sequences «,, 5,, ¥, and 6§, which make all the infinite
series absolutely convergent.
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Andrews and Warnaar [1] generalized the Bailey transform as the following two
bilateral versions.
(a) Symmetric bilateral Bailey transform

If .
Bn = Z ApUp—rUptr (24)
and -
Tn = Z 6rur—nvr+n (25)
r=|n|
then - -
n=—00 n=0

subject to conditions on four sequences «,, ,,7, and 9, which make all infinite
series absolutely convergent.
(b) Asymmetric bilateral Bailey transform

Let m = max(n, —n — 1).

If .
ﬁn = Z O Up—rUn4r41 (27)
r=-n—1
and .
Tn = Z 57“ur7nvr+n+l (28)
then

n=0

n=-—o0o
subject to conditions on four sequences a,,, 5,,, 7, and d,, which make all the infinite

series absolutely convergent.
We shall make use of following summations in our analysis.

) ( ) n (qaaaaza_;Q>
a; q; z a; Q) az
L = E = oS 2.10
“{b } ~_ () <bq b.) (210
n > y 5%, 14
a az 0

[3; App. II (I1.29), p.239]
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24n

Taking a = ¢, b = ¢°™™ and zq"™ for z in (2.10) we have,

i (a5 a)e(2a")" _ | (211)
= (@), (4% @)2n
7 (q ¢ ¢ ¢ .
b707d7q7_ ,E’@’a’
v cd | = 0 2.12
S N 2
bic'd b e’ d bed ")

—

3; Ex. (5.18) (1I), p.137]

. ¢\’ . 2 ¢
n (q 767 d? q)r (1 q) q ) 7q
cd cd "
E R = 55 . (2.13)
i <qz+n ¢ ¢ ) (q_ ¢, )

Y c Y d 7q c Y d 7q
We shall make use of (2.11) and (2.13) in order to establish certain transformation

formulas.

3. Main Results
In this section we slhall establish certain transformation formulas.

and o, = (—=1)"¢""=D/227 in (2.7) we get,

(a) Choosing u, = , Uy =

(a;9)r (¢ 9)r

n

_ 1 (¢ a)r(2q")"
o (@5 D)n(@; Dnt1 2 (¢*™q), (3.1

=—n—1
Now making use of (2.11) we have
2
(1 - g) (z q—;q)
2 2 )

N e VT (32)

Again, choosing ¢, = («a, 3;q). <;7—Z,> and m = n in equation (2.8) we have

2 n
q
(@, B;@)n (—) ¢
0% © e
’7n — ' B 2(1)1 Oéq 7Bq 7Qa O[B . (33)
(q, Q)2n+1 242n

q
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Summing ,®; series in (3.3) by making use of [3; App. II (I.8),

¢ ¢ \"
B (E’F’q)m““ﬁ‘-’) (aﬁ)

81

p. 236] we obtain,

" ¢ ¢ ¢ (34)
(q, @QQ)OO <E’ E;Q)n
Putting these values in (2.9) we obtain the transformation,
(5, .
a’ 6 ) - 7Ba q; — B
—— <2 V3
q . @ ¢ 0
q, Otﬁ’ q o a’ B ’
2 2
q o4
:(1_3) 4(1)3 2, 27@757617 Oéﬁ (35)
—4,4°, —¢*"
provided q—ﬁ < 1.
- 1 1 (=1)7q" "R (e, diq)r g\
b) Choosing u, = , Uy = and «, = — ] in
(b) o " @ e, ed)
(2.7) we have,
24n\ T
q
1 v (a0 (e dia), ( )
Bn = 3.6
(@3 D (@ D1 r;_l ¢ ¢ e (36)
?7 Ea q Q)T
Now using (2.13) we have,
(&
— 4
cd )
B, = i (3.7)
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Again, taking m =n, §, = (a, 5;q), (g—;)r in (2.8) we find,

2\ rtn
o (aaﬁ;Q)r-l—n <Z_I3>
— (40 (@ Drr2041

_ (@, 85 @)n <§_2>n P, [ aq", 84" q4; 15 ] (3.8)

(¢ @)2nt1 gt

Yn =

Summing o®; series in (3.8) by using [3; App. II (I1.8), p. 236] we get,

2 2 2 n
() ern(2)

Tn = : 3.9
) (F2 >
7aﬁ7 - a’ /87 N
Putting these values in (2.9) we have,
(‘1_2 ‘l_z.q> I
B/ NG a;B’QC Qq’ QBd
2
(qﬂq_.q) ¢ ¢ e
aB’ ) a B c’d
2 2
q q
aaﬁaa;(L O[ﬁ
= 3D, 2 ¢ (3.10)
< d

provided ‘%‘ < 1.

4. Special Cases

In this section we shall discuss the special cases of (3.5) and (3.10).
(i) For a, f — 00, (3.5) yields

q . n%+n
1 = 5 - ( v ) q
e > (=) (2" (1 — —) (4.1)
(4% @)oo nz_:oo HZ% 20%)n(4% ¢*)n
Applying Jacobi’s triple product identity, viz.,
Y " = —2q.—q/7 V) (4.2)

k=—o0
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[3; App. II (II. 28),

on the left hand side of (4.1) we have

i (2 /2 0)nd" " (6% 2¢% 4/7 ¢*)
- (¢; @)2n  (1=a/2)(¢% 0w
For z = —q, (4.3) gives,
i R Ve
~ (G (0% ¢%) oo (0% @)oo

Taking z = —1 in (4.3) we get,

(-1 =5 0)ad" " (-4, —% ¢
ot (¢ @)2n (4,42 ¢%)s0

Taking z = 1 in (3.5) we get,

¢ ( ¢
o, B;¢; q, aﬁQQ
% R 7t

For a, B — o0, (4.5) yields

which is Euler’s identity.
Taking «, 5 — oo in (3.10) we get,

2
L.g) gt .
qq ¢ » T (@) CI_CI_2 '
7 7d7 . C d

Taking ¢, d — oo in (4.7) we get

Y

i an +n 1 0

() (00w

83

p. 239]

(4.3)

(4.6)

(4.8)



84 South FEast Asian J. of Mathematics and Mathematical Sciences

Applying (4.2) on the right hand side of (4.8) we get,

o n2+n 1

S

(g0 (0946

which is Rogers-Ramanujan second identity.
Taking ¢ = d = —q in (4.7) we get,

o0

3,24 3,
> (1" = (g50)e0s

which is Euler’s identity.
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