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Abstract: In this paper we developed the analyzed and the globally exponentially
stability of Neutral Time Delay-differential systems. Based on a novel Lyapunov
kravoski’s functional method (LKF) and linear matrix inequality (LMI) a new delay
dependent stability criterion is derived. The stability conditions which are in the
form of LMI and it can be solved by the help of some standard numerical MATLAB
algorithms.
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1. Introduction
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Stability is a very basic issue in control theory and has been extensively applied
to biological and engineering systems. For the effective work of any systems, sta-
bility is required. Suppose the system is in instability we will not able to expect
the accurate results. There are many types of systems particularly fuzzy, neural,
stochastic for each system we can provide the stability conditions in the form of
LMI.

Research on the stability of time-delay systems began in the 1950s, first using
frequency-domain methods and later also using time-domain methods. Frequency-
domain methods determine the stability of a system from the distribution of the
roots of its characteristic equation or from the solutions of a complex Lyapunov
matrix function equation. They are suitable only for systems with constant de-
lays. The main time-domain methods are the Lyapunov-Krasovskii functional and
Razumikhin function methods.

Dynamical systems with time delays have been of effective interest from the
past few decades. In particular, the interest in stability analysis of various neutral
differential systems has been growing rapidly due to their successful applications
in practical fields such as circuit theory, bio engineering, population dynamics, au-
tomatic control and so on. Current results on the stability of time delay system
is divided into two categories, delay dependent and delay independent stability of
time delay systems. A number of delay independent sufficient conditions for the
asymptotic stability of neutral delay differential systems have been presented by
various researchers (for example [1, 2]).
Now a days stability of neutral system have more attention on two categories
namely stability with nonlinear uncertainties [3-8], and robust stability [9, 10]. A
Lyapunov kravoski’s functional method (LKF) and linear matrix inequality (LMI)
a new delay dependent stability criteria is derived. By using descriptor model trans-
formation and decomposition technique, some delay-dependent stability criteria are
obtained in [9]. Many of the researchers prove the delay dependent stability criteria
of neutral time delay system by the help of weighted matrices. Also most of the
researchers show the asymptotical stability of neutral time delay systems but this
paper also shows the same and exponential stability of neutral time delay systems
without any conditions.

Notation

Throughout this paper, the notation ∗ represents the elements below the main
diagonal of a symmetric matrix. AT means the transpose of A. We say X > Y
if X − Y is positive definite, where X and Y are symmetric matrices of same
dimensions. ‖ · ‖ refers to the Euclidean norm for vectors. τM and τm denote the
maximal and minimal eigenvalue of a matrix A respectively.
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2. Problem formulation and Preliminaries
Consider a neutral delay differential system of the form:{

ẋ(t) = Ax(t) +Bx(t− h(t)) + Cẋ(t− h(t)),
x(s) = Φ(s), ẋ(s) = ϕ(s), s ∈ [−h, 0]

(1)

x(t) ∈ Rn is the state Φ(·) and ϕ(·) are continuous vector valued initial functions,
A, B and C are real constant matrices and h(t) denotes time varying delay and it
is assumed to satisfy 0 ≤ h(t) ≤ hM and 0 ≤ ḣ(t) ≤ d ≤ 1, where hM and d are
positive constants.

Lemma 2.1.(Schur complement [1]) Let M , P , Q be given matrices such that
Q > 0, then  P MT

M −Q

 < 0↔ P +MTQ−1M < 0.

Lemma 2.2. For any vectors a, b ∈ Rn and scalar ε > 0, we have 2aT b ≤
εaTa+ ε−1bT b.

Lemma 2.3. [5] For any constant matrix M ∈ Rn×n > 0, M = MT > 0 scalar
τ > 0, vector function w : [0, τ ]→ Rn such that the integrations concerned are well
defined, then (∫ τ

0

w(s)ds
)
M
(∫ τ

0

w(s)ds
)T
≤ τ

∫ τ

0

wT (s)Mw(s)ds.

Definition 2.4. System (1) is said to be globally exponentially stable with conver-
gence rate α if there are two positive constants α and ρ such that ‖x(t)‖ ≤ ρe−αt,
t ≥ 0.

3. Global stability results
In this section, we will perform stability analysis of uncertain neutral system

with time varying delay described by (1). We can rewrite system (1) to the following
descriptor system:{

ẋ(t) = y(t),

y(t) = Ax(t) +Bx(t− h(t)) + Cy(t− h(t)).
(2)

Theorem 3.1. System (1) is globally exponentially stable with convergence rate
α > 0 if there exist some positive definite matrices Pi > 0; i = 1, 2, 3, 4, 5, 6 and the
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real matrices Nj > 0; j = 1, 2, 3 such that the following LMI condition is satisfied

Ξ1 =



ϕ11 ϕ12 ϕ13 ϕ14 ε1 ε2 0 0
∗ ϕ12 ϕ23 ϕ24 0 0 ε3 0
∗ ∗ ϕ33 ϕ34 0 0 0 ε4
∗ ∗ ∗ ϕ44 ∆1 0 0 0
∗ ∗ ∗ ∗ ∗ 0 0 0
∗ ∗ ∗ ∗ ∗ ∆2 0 0
∗ ∗ ∗ ∗ ∗ ∗ ∆3 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∆4


< 0. (3)

Proof: This theorem can be prove by considering the Lyapunov functions are
V = V1 + V2 + V3 + V4 + V5 + V6 are as follows.

We define Lyapunov functions as follows:

V1(t) = e2αtxT (t)P1x(t), V2(t) =

∫ t

t−h
e2αsxT (s)P2x(s)ds, (4)

V3(t) =

∫ t

t−h
e2αsyT (s)P3y(s)ds, V4(t) = hM

∫ 0

−hM

∫ 0

t+β

e2αsẋT (s)P4ẋ(s)dsdβ, (5)

V5(t) =

∫
t−τ̄

e2αsẋT (s)P5ds, V6(t) = τ̄

∫ 0

τ̄

∫ 0

t+θ

e2αsxT (s)P6x(s)dsdθ. (6)

Let us define the derivative of the Lyapunov functions is as follows

V̇1 = e2αtxT (t){AP1 + ATP1 + 2αP1}x(t), (7)

V̇2 = e2αt[xT (t)P2x(t)− (1− ḣ)e−2hαxT (t− h)P2x(t− h)], (8)

V̇3 = e2αtyT (t)P3y(t)− (1− ḣ)e−2hαyT (t− h)P3y(t− h), (9)

V̇4 = h2
Mx

T (t)P4x(t)−HM

∫ t

t−hm
e2α(s−t)xT (s)P4x(s)ds, (10)

V̇5 = e2αt[xT (t)P5x(t)− (1− τ̄)e−2hαxT (t− h)P5x(t− h)], (11)

V̇6 = τ 2xT (t)P6x(t)− τ̄
∫ −t

t−τ
e2α(s−t)ẋT (s)P6ẋ(s)ds. (12)
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Here we using Lemma 2.2, we have

V̇ = e2αt
[
xT (t)(AP1 + ATP1 + 2αP1 + P2 + P5) + 2xTP1Bx(t− h)

+ 2xtP1Cy(t− h)− (1− h)e−2αhxT (t− h)P2x(t− h)

− (1− τ)e−2αhxT (t− h)P5x(t− h) + yT (t)By(t) + h2
My

T (t)P4y(t)

− (1− h)e−2αhyT (t− h)P3y(t− h)− xT e−2αhP4x(t) + 2xT e−2αhP4x(t− h)

− xT e−2αhP4x(t) + 2xT e−2αhP4x(t− h)− e−2αhxT (t− h)P4x(t− h)

+ τ̄ 2yT (t)P6y(t)− xT e−2αhP6x(t) + 2xT e−2αhP6x(t− h)

− e−2αhxT (t− h)P6x(t− h)
]
≤ e2αtξTΣξ, (13)

where ξT = [xT (t) xT (t− h) yT (t) yT (t− h)] and

Σ =


ϕ11 ϕ12 ϕ13 ϕ14

∗ ϕ22 ϕ23 ϕ24

∗ ∗ ϕ33 ϕ34

∗ ∗ ∗ ϕ44

 < 0.

By applying Lemma 2.1 in R with some effort, we get Ξ1 < 0. Therefore, by
Lyapunov-Krasovskii stability theorem, we have V̇ (t) ≤ 0. Hence we concluded
that the following result.Also we obtain that ‖x(t)‖ ≤ ρe−αt.This implies that the
system (1) is globally exponentially stable with converges rate α.

4. Conclusion We have presented a sufficient condition to guarantee the expo-
nential stability for neutral delay differential system with Constant delay. Based on
the Lyapunov-Krasovskii functional theory, the delay dependent criterion has been
derived to guarantee the exponential stability of neutral delay differential system
with Constant delay.
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