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1. Introduction

After the introduction of fuzzy set theory by Zadeh [14] in 1965, fuzzy con-
cept evolved in almost all fields. Hiroshi Hasimoto [4] used implication operator
in fuzzy set and extended it to fuzzy Matrix. After the generalization of fuzzy
theory Atanassov [2] as Intuitionistic fuzzy Set theory Im et. al., [5] extended it
to Intuitionistic fuzzy Matrix. Meenakshi and Gandhimathi [7], Sriram and Mu-
rugadas [11, 12] developed this Intuitionistic fuzzy Matrix in finding the g-inverse,
Intuitionistic fuzzy linear transformation etc. Sriram and Murugadas [13] extend
the implicatin operator — to IFM and discussed several properties like sub-inverse,
semi-inverse and obtained necessary and sufficient condition for the existence of g-
inverse using the implication operator — . The authors in [6,7,8,9,10] introduced
right down or left down implication operators (s— or —) for IFS as well as [FM. I
study some properties of it.
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2. Preliminaries

We recollect some relevant basic definitions and results will be used later.
Definition 2.1. [2] An Intuitionistic Fuzzy Set(IFS) A in E (universal set) is
defined as an object of the following form A = {(z,pa(z),va(z))/x € E}, where
the functions: pa(x) : E — [0,1] and va(z) : E — [0,1] define the membership
and non-membership functions of the element x € E respectively and for every
re€FE:0< pa(x) +va(z) <1.
For simplicity we consider the pair (z,z’) as membership and non-membership
function of an IFS with = + 2’ < 1.

Definition 2.2. For (x,2),(y,y) € [FS, define

(x,2") V(y,y) = (max{x,y}, min{z’ y'}).

{1 2') A {oy/) = (min {z, g}, max {5/}

(x,2') and (y,y') are comparable, that is (z, 2’y > (y,y), if x > y and ' < y'.
(x,2")¢ = (2, x).

Definition 2.3. For any two comparable elements (z,x'), (y,y') € IFS, define

<(L"x/> — <y’y/>0r<y’ y/> — <x’x/> — {<07 1> Zf <m7 'T/> S <y7 y/>

(o, a) if o) > (1)

Definition 2.4. Let X = A{xy,2z9,..x} be a set of alternatives and
Y ={y1, 2, ...yn} be the attribute set of each element of X. An Intuitionistic Fuzzy
Matriz  (IFM) is defined by A = (((®i,95), pa(zi,y;), valzi,y;)))  for

i=1,2,--- mandj=1,2,--- ,n, where pa: X XY = [0,1] andvy: X XY —
0, 1] satisfy the condition O < pa(z;,y;) +va(zs,y;) < 1. For simplicity we denote
an intuitionistic fuzzy matriz (IFM) as matriz of pairs A = ({as, aj;)) of non neg-
ative real numbers satisfying a;; + a;; <1 for all 4, j.

For any two elements A = ({ay, aj;)), B = ({bij,b};)) € Fn and C € F,, define

1. A® B = ((max{ajj, b }, min{a;;, bi,})), (component wise addition).

2. A® B = ({min{ay, bi; }, max{aj;, b;})) (component wise multiplication) for
alll<i<mand1<j<n.

3. J = ((1,0)) the Universal matriz (matriz in which all entries are (1,0)).

: , (1,0) ifi=j
Identity Matriz) where (6;;,0..) = _ .
)) (Identity Matriz) where (6;; ]> 0.1 ifidti

The Zero matriz O is the matriz in which all the entries are (0, 1).

4o 1= ((55.9,

ij
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5. A> Bifa;; > b;; and agj < b;j for alli,j and A > B if a;; > b;; or agj < b;j
for all i, j in which case A and B are comparable.

6. A° = ({aj;, ai;)) (complement of A).

7. AC = ({max}_, min{aj, cx; }, ming_; max{aj, ci;}))

= ((Xkmr @incrsy [Temr (dip + ).

Here ajxcr; = min{a, ¢k} and ajy, + ¢; = max{aj, ¢, }. Some times we can use
Nizy for [Ty and iy for 325, .

Definition 2.5. For IFMs A = ({aij,a;;)) € Fpmn, B = (b, b};)) € Frun and
C = ({cij, ¢i;)) € Fnp, define

AV B = ((aij, ai;) V (bij, b)), (which is equivalent to A® B).

g Yig

AN B = ((aij, ai;) A (bij, b)), (which is equivalent to A® B).

Ao C = (A\,(ai, aly,) \j <CZJ, Cki))), (min-mazx product).
3. Results Using — Operator

The boundary and regularities of right down or left down implication oper-
ators are trivial from the definition of («— or —). Throughout this section all the
elements in an IFS and IFM are comparable by means of <, < and > .

Theorem 3.1. IFRDIO — satisfies boundaries

1.(0,1) — (0,1) = (0,1) . 2.(0,1) — (1,0) = (1,0).

3.(1,0) — (0,1) = (0,1).  4.(1,0) — (1,0) = (0,1) .

The following theorem shows that neutrality property and dominance of falsity of
antecedent fails.

Theorem 3.2. Suppose (a,a’) # (1,0) € A is an arbitrary IFS then the IFRDIO
— has the following regularities

1.{a,a")y — (1,0) = (1,0). 2.(1,0) — (a,a’) = (0,1) .

3.(0,1) — (a,a’) = (a,d’).

Lemma 3.3. If (a,d’), (b, V'), (c,cYin IFS, then
1. If {a,d’) < bV then ((b,V) — (c,c)) < {a,a’) — (¢, ) (First Place Antitonic-
ity).
2. If (b,b) < (c,c), then ({(a,d’) — (b)V)) < (a,d’) — (¢, ) (Second Place Iso-
tonicity).
Proof. 1. Case 1.(a,d’) < (b,V) < ¢, ),

0,1) if (a,d) > (¢,

{a,d") — (¢, ) = {< |

e, ) if {(a,d) < (e, )



34 South FEast Asian J. of Mathematics and Mathematical Sciences

0,1) if (b,') > (e, )
(c,d) if (b,b) < (¢, ().

(b, V'Y — (¢, ) = {

In this case (a,a’) — (¢, ) = (b, V') — (¢, )
Case 2. (a,ad’) < {(c,d) < (b, V)

(a,d') — (e,¢) =

Case 3. (c,d) < (a >

Here (a a) (c =

b’) then ((b, by — {(c,c))

VAN
—~
~

\I o

—~

o
QL
~

(0,1) and (a,d’) — (¢, ') =(0,1)
Case 2. (b, b’)
Here (a,a’) — (b,b') = (0,1) and (a,d’) — (¢, ) = {<O’ L) %f (a,a) = {c, )

Case 3. If (a,a’) < (b, V) < {c,)

In this case {(07 1) if {a,a’) > (b,b')
9 b/ 1

Thus if (b,0') < (¢, '), then ({(a,a’) — (b,

b, b
Lemma 3.4. If (a,d’), (b,V), (c,d) € IFS, then the IFRDIO — satisfies
[{a,a") v (b,0")] — {c,¢) = ((a,a') = (¢, ) A ((b, V) — (e, ).
Proof. Case 1. Assume (a,a’) < (b, ¥’
sub case (i). (a,a’) < (b, V) < (¢, ()

((a.a) v B,1)) = () = (.8) = (er) = {2 ;

sub case (ii). If (a,d’) < {(c,d) < (b,V'),
({a,d’) vV (b, V) — (e, &) = (b, V) — (¢, ¢) = (0, 1)
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Clearly (a,a’) — (c,d) A ((b,V/) — {c,c)) = (0, 1).

sub case (iii). If (¢, ') < {(a,a’) < (b, V).

({a,a’)y vV (b,b)) — (c,d)y = (b)V) — (¢,c') = (0,1) and (a,d’) — (c,c’) = (0, 1).
Thus the Lemma holds in all the cases. Similarly we can prove the Lemma when
(a,a")y > (b,V').

Remark 3.5. The above Lemma can be generalized as

(V@) = @) = A tlaa) — e,

i=1 =
The following Lemma shows that the IFRDIO — is left distributive over A.
Lemma 3.6. If (a,d'), (b,V), (c,c) € IFS, then the IFRDIO — salisfies the
distributive property (a,a’) — [(b,b')\{(c, )] = ({a,a’) — (b,0'))A\({a,a’) — (c,)).
Proof. Case 1. If (b,b') < (¢, ), then ((b,b') A (c,c,) = (b, V).
sub case (i) If (b,¥') < (c,) < {a,d’).
Clearly (a,a’) — ((b,0'Y N (c,)) = (0,1) and ((a,a’) — (b,0'))A({a,a’) — (c,c)) =
0,1).
sub case (ii) If (b,0') < (a,d’) < (¢, ), then
(a,a'y — ((b,0'y N {c,c)) = (a,a’y — (b,b) = (0,1) and it clearly indicate the right
hand side value of the given equation is also (0, 1), as ((b,0') A (¢, c’)) is one of the
term in the right hand side.
sub case (iii) If (a,a’) < (b,V') < (¢, (), then (a,a’) — ((b,V') A (c,)) = (b, V)
((a,a’y — (b,0)) A ({a,a’y — (c,d)) = (b,V') A {c,c) = (b V).
Hence the Lemma holds in all the cases and one can easily check the result for
(b,b') > (c, ).
Remark 3.7. The above Lemma can be generalized as
@)~ (A ot) = Aty ~ @iy,

i=1 i=1

In the following remark, we prove that the IFRDIO — is not right distributive over
A.

bv b,>) 7 <C= Cl> 7£ (<6L, CL/> 7 <Cv Cl)) N (<b= bl) 7 <C7 C,>)'
({0, @Y A{b, 1Y) — (e, ) = {a, ) = (e, ) = {e, ), but ((a, @) — (e, DA, H) —
= (0,1). Hence the remark.

Lemma 3.9. If (a,a’), (b,0), {(c,c) € IFS, then the IFRDIO — satisfies
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[<a7 CL/> N <b7 b/>] 7 <Cv C,> = (<a7 CL’> 7 <C7 cl>) v (<b7 bl) 7 <C’ C/>>.

Proof. Case 1. Assume (a,a’) < (b, V')

sub case (i). If (a,d’) < (b,b') < {c, () < . | |
Now, ((a,a)/\(b,b})ﬁ<c,c):<a,a)—/<c,c>:{< N ) y

(0,1) if (b, b)) = (¢, )
(e, d) if (b,b) < (¢, )

and (b,0') — (¢, ) = {

Clearly <<a,a'>ﬁ<c,c'>>v<<b,b'>ﬁ<c"/">>:{2 ) i) < o0

Therefore the Lemma holds.
sub case (ii). If (a,ad’) < {(c,d) < {(c, ().

Now, ((a,a’y A (b,V)) — (¢, ) = {(a,d’) — (c,d) = {Z \
(b,0') — (c,c’y = (0,1). In this case also,
({a,a) — (e, ) Vv ((b, V) — (c,c)) = {< \

sub case (iii). If (¢, ) < (a,a’y < (b, V'), then

({a,a") N(b,V')) — (¢, ) = (a,d’) — (c¢,d) = (0,1) and (b,0') — (¢, ') = (0, 1) and
({a, ") = (¢, ) v ((b, V) — {¢,¢)) = (0,1).

Therefore the Lemma holds in this case also.

Similarly we can prove when (a,a’) > (b, /).

Lemma 3.10. The above Lemma can be generalized as

(/\ (az‘7a§>) — (e.d) =V ({ai, a5) — (¢, )
i=1 i=1
The following Lemma shows that the IFRDIO — is left distributive over V.

Lemma 3.11. If (a,d), (bV), {(c,c) € IFS, then the IFIO — satisfies
(0,a') — (6,6} V {e,¢)] = ({0, ) — (6,8)) V ({a, @) — (e,))

Proof. Case 1. Assume (b,0') < (c,c),

then (b,b) V (c,c) = (¢, ).

sub case (i) If (a,d’) < (b,b') < (¢, ), then

(a,d’) = [(b,0) V (¢, d)] = {a,d') = (c.¢) = {2 ,>>

Now,
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0,1) if "= (b ¥
oty oy = {00 i (o) = 0
(b, ') if (a,ad’) < (b,V)
Clearly by this result the Lemma holds in this case.
sub case (ii). If (b,b') < (a,d’) < (¢, (), then

(a,d’) = [(b, V) V (¢, d)] = {a,d') = (c,¢) = {2 ,>>

(a,d') — (b,¥') = (0,1). Now, | o
({a,@) = (BN V ({a,a) = {0, )) = {EO Do e

Thus the Lemma holds in this case too.
sub case (iii). If (b, V) < (c,) < (a,d’), then
(a,a'y — [(b,0) V (c,c)] = (a,d") — (¢, ) = (0,1), and (a,a’) — (b,V') = (0,1).

Therefore the Lemma is true in whole.

Remark 3.12. From the above Lemma we have (a,a’) — [(b,b) V (¢,c)] =
({a,a’) = (b,0) V ({a,d") = (¢, ) = ({a,a) = (b,0)) A ((a,a) — (¢, ).
Remark 3.13. The above Lemma can be generalized as

@) (V1)) = Vllora) — (0,

The following Lemma shows that the IFRDIO — is not right distributive over A.

Lemma 3.14. If (a,d’), (bV), (c,c) € IFS, then the IFRDIO — satisfies
({a,a’) — (c,d)) A ((b,0) — (¢, ) # [({a,a') A (b,0)) — (¢, c)].
Proof. Consider (a,d’) < {(c,d) < (b, V).

({0, @) — (&, ) A ((b,H) = {e,¢)) = (b, H) — {e,) = (0,1), but
({a,a’) = (c,d)) V ((b,0) — {c,¢)) = {c,¢) V(0,1) = (¢, ).

Therefore the IFRDIO — is not right distributive over A.

Lemma 3.15. If (a,d’), (b,b') € IFS, then the IFRDIO — satisfies (b,0') >
((a,a’) — (b,')).

Proof. The Proof is evident from the definition of the IFRDIO —.

Lemma 3.16. If (a,a’)y, (b, ), {(c,d) € IFS, then the IFRDIO — satisfies
((a,a’) A (b, V) = (a,a’) A ((a,a’) — (b,1')).

Proof. If {(a,d’) < (b vy, (a,d’) > (a,ad') N (b,V), (a,d) = {(a,d).

If {a,a’) > (b,b), (b,b/) > (a,a’) N(0,1), (b,b") > (0,1).

If {a,a’) = (b,V), (a,a) > (a a’) A0, 1), (a,a’) >(0,1).

Lemma 3.17. If (a,a’), (b,b), (c,d) € IFS, then the IFRDIO — satisfies,
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If (a,a’) < (b,V') and (c,c) < (d,d'), then (d,d') — {(a,a’) < {(¢,c) — (b,V).
Proof. For (¢,d) < (d,d), (d,d") — (a,d’) < {(¢,d) — (a,d’) for any (a,d’) €
IFS, using first place anti-tonicity for —, by Lemma 3.3(i). Again (a,a’) < (b, V'),
then (¢, ) — (a,a’y < {c¢,d') — (b,'), by Lemma 3.3(ii).

Therefore (d,d') — (a,a’) < {¢,c') — (b,V).

Lemma 3.18. As (a,d’) — (b,b') = (b,V') ~— (a,d’), we can easily see that < is
right distributive over V and N, but not left distributive over V and A.

Theorem 3.19. For I[FMs A, B and C of compatible order the following results
hold

(i) [AVB] - C=(A—=C)AN(B—C)

(ii) A— [BANC]=(A— B)AN(A— C)

(iii) [ANB] = C=(A—C)V (B —C)

(v) A—[BVC]|=(A— B)V(A—C)
(v)(A—C)N(B—C)<(AANB)—=C

(vi) (A— B)AN(A—C) < (A— (BV())

(vii) If A< B and C < D, then D — A< C — B

Proof. . .

(i) (A= C)AN(B—C)= \Z((aikaaéﬁ — {Crjs i) AV ((bins big) — (e, )

k=1

({@ir; aig) — {crgs ) A ((oin, big,) — (crj, S45))

((@ir, ag) V (bir, ig.)) — (s, k), by Lemma 3.4.
Vv B] — C.
)= k\[1 [<a’ik7a’;k> - [<bkj7b2;j> A <ij,C;€j>”

((@ig, aly) — (bkj,b;jﬂ A ({a, aly) — <ckj,c;€j>), by Lemma 3.6

£<@i<3

s
]

©
>-—':r
Q

V(o) = {bigo b AV {aesay) — ()
(A— B)A(A—C).
() (A — O)V (B €)= V ({ase0h) — {eigocig)) V V(W) — {cigochy)
= Vi [ @) — {eigoch)) V (g bog) — (i)
= k\:/1(<aik, ip.) A (brjs i) — (Crj» ¢;)5 by Lemma 3.9
= (AAB) — C.

-V
-y
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n

(iv) A= (BVC) =V (aix, @in) = ({brjs by) V (ks )

= k\/l(aik, aiy.) — (brj, Uyj) V k\/l(aik, aiy.) — {Crj» Ch;), by Lemma 3.11
=(A—=B)V(A—=(O).
(v) Comes directly from (iii), since (A — C)V (B —C) > (A— C)N (B — C).
(vi) Comes directly from (iv), since (A — B)V (A —C) > (A — B)A (A — C).
(vii) A < B then (a;, Z]> (bij, by;) for all 4, j.
In particular (ai, aj) < (bj, by;), by Lemma 3.3(ii),
for any (dix, djy.), (dix, diy) — (anj, aj;) < (dir, dip,) — (brj, b;)-
Again by C < D, (cig, ¢iy) < (dig, d})) by Lemma 3.3(i), for any
(brss bl (s ) — (b, ) < i) — ()
Thus (i)~ {015, < )~ (b by

That is V(o) — (a45.04) < V (o) — (b b))
Therefore_, D—-A<(C — B. -

Remark 3.20. B < (A — B) (consequent boundary) is not true in the case of
IFM is illustrated through the following example.

~((5,.3) (2,.4) (2,.4) (3,3)\  [(5,.2) (4,.2)
A—B= (<0,1> (7, 0>) - ((.5,.2> <.4,.2>) = ((.2,.4> <.3,.3>)
(2,.4) (.3,.3) (.5,.2) (.4,.2)
(<.5,.2> <.4,.2>) S ((.2, 4) (3, .3>) B £ (A= B)
Remark 3.21. The following example shows that the inequality (AN B) > (A A
(A — B)) fails.

ans= (o 50) A= (00 2;)
antam = (G ENA(G G- (6 )
2
3,

1 )

(2,.4) (.2,.4) 5,.3) (.2,.4)

(ot () 2 (G 653)

Therefore (AN B) # (AN (A — B)).

Now we give some results about the IFRDIO " '

Remark 3.22. The ' ' fails to satisfy first place anti-tonicity and second place
isotonicity. Let (a,a’) < (b,b) and (c,c') be any element in IFS such that (a,a’) <
(e, )y < (b)), then (b,b) ~— (c,d) = (b,V'), and {(a,a’) ~— (c,c) = (0, 1).
Therefore, (b,b'y — (¢,c) £ (a,d") ~ (¢, ).

Again, (c,) — (a,d’) = {c, c’>, and (¢, ) ~— (b,b') = (0, 1).
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Therefore, (c,c) ~ (a,a’) £ {(c,d) ~— (b, V).

One can easily check that the following results for ' ' .

Theorem 3.23. For [FMs A, B and C' of compatible order the following results

hold

(1) [AVB]«— C=(A+—C)V (B~ C).
(ii) A~ [BANC]=(A~— B)V (A< C).
(11t) [ANB] — C=(A—C)AN (B C).
(iv) A~—[BVC]= (A~ B)A (A C).
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