South Fast Asian J. of Mathematics and Mathematical Sciences
Vol. 15, No. 1 (2019), pp. 43-62.

ISSN (Print): 0972-7752

ON HOMOGENEOUS EINSTEIN KROPINA SPACE

Roopa M.K and Narasimhamurthy S.K

Department of P.G. Studies and Research in Mathematics,
Kuvempu University, Shankaraghatta - 577451,
Shivamogga, Karnataka, INDIA.

E-mail: roopamk1002@gmail.com, nmurthysk@gmail.com
(Received: November 25, 2018)

Abstract: In this paper, we study homogeneous Einstein Kropina metric. First,
we characterize the sufficient and necessary condition for a homogeneous Kropina

metric to be Einstein and with vanishing S-curvature.Further, we study the con-
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formal deformation of the metric F'(a, f) = K(a, B) + e(x) 5, where K(«, ) = 7
and €(x) depends on the position only. Finally, we prove that the conformal defor-
mation of Kropina metric is single colored.
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1. Introduction

It is important to study the Einstein manifolds in Riemannian -Finsler geome-
try. A Finsler metric F'(z,y) on an n-dimensional manifold M is called an Einstein
metric [28], if there exists a scalar function A\(x) on M such that

Ric = \(z)F”.

Recentlty, some progress has been made on Einstein Finsler metrics of («, 3) type.
In [3], the authors D. Bao and C. Robles have shown that every Randers metric of
dimension (n > 3) is necessarily Ricci constant. A 3-dimensional Randers metric
is Einstein iff it is constant flag curvature, see more in ([2], [5], [7], [13], [21],
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[23]). The invariant Einstein Finsler metrics on homogeneous manifolds are very
interesting in Finsler geometry; see [10] for some results on homogeneous Einstein
Randers metrics. In 2012, the author S. Deng studied the homogeneous Finsler
spaces. The («, f)-metric form an important class of Finsler metrics, which is of
the form F' = a¢(5/a) is a positive definite with ||5]|, < by if and only if ¢ = ¢(s)
is a positive C*° function on (—by, by) satisfying the following condition [17]:

d(s) — s¢ (s) + (0* — s2)¢" >0, |s| <b< by (1.1)

Oé2

g
metric. The Kropina metric is just the special (a, §)-metric with ¢(s) = é There-
fore, ¢(s) satisfies (1.1). It was considered by V.K. Kropina firstly [14]. Since, then
many authors have been investigated the geometric properties of Kropina metric
([20], [26]).

The Ricci curvature plays an important role in Finsler geometry and is defined
as the trace of the Riemannian curvature on each tangent space. In [27], L. Zhou
first gave the formula of Riemannian curvature and Ricci curvature for («, 5)-
metrics. Later, X. Cheng, Z. Shen and Y. Tian found some error of those formulas
[7]. They also proved that if ¢(s) is a polynomial in s, then the («, )-metric is
Einstein if and only if it is Ricci flat and in [28], the authors, X. Zhang and Yi-Bing
Shen studied on Einstein Kropina metric.

The present paper is organized as following: Based on the formula of the Ricci
curvature for Kropina metric [28], we give a formula of Ricci curvature for homo-
geneous Kropina metric. Using this formula, we find a necessary condition related
¢ for I’ to be Einstein. Then, we show that if ¢ is normal. Moreover, on the
compactness, we obtain a sufficient and necessary condition for a homogeneous
Kropina metric to be Einstein with vanishing S-curvature. Further, we will study
the conformal deformation of this metric. Under this, we prove that the conformal
deformation of Kropina metric is single colored.

In this paper we consider the homogeneous (a, §)-metrics, i.e., F' = Kropina

2. Preliminaries
In this section, we present some fundamental definitions and facts of Finsler
geometry, see([1], [6], [7], [24]).

Definition 2.1. Let V' be an n-dimensional real vector space. A Minkowski norm
on'V is a real function F' on V' which is smooth on V\{0} and satisfies the following
conditions:

1. Fu) >0,Vu eV,
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2. F(Au) = AF(u), YA >0,

3. Given any basis uy,us,...,u, of V, write F(y) = F(y',vy% ....,y") fory =
ylur + y2ug + ... + y"u,. Then the Hessian matriz

1
= |=F
9 [2 :|yiyj

is positive definite at any point of V\{0}.

For example, let <,> be an inner product on V. Define F(y) = /< y,y >.
Then F' is a Minkowski norm. In this case it is called Euclidean.

A Finsler metric on a smooth manifold M is a function F' : TM — [0, c0) which
is C* on the slit tangent bundle TM\{0} and whose restriction to any tangent
space T, M, x € M is a Minkowski norm.

Every Finsler metric F' induces a spray G on M defined by [22]

0 0

- 2GH(z, y) =
o~ 26 (%,y)

where

i L 9g;1 99k ok
G is globally defined vector field on T'M. The notion of Riemannian curvature
for Riemann metrics can be extended to Finsler metrics. For a non zero vector
y € T, M\{0} the Riemannian curvature R, : T,M — T, M is linear map defined
by

, 0 -0
N 5 k — ot
Ry(u) - Rk‘<y)u al’i7 Uu U 8l'i’
where oG! Gt Gl 0G 0G7
L) =2 — Y + 26T —— — — :
Ri(y) oxk axﬂayky 26 oyoyk Oy OyF

The trace of Riemann curvature R, is scalar function Ric on T'M defined by
Ric(y) = tr(R,),

which is called the Ricci curvature of (M, F).

Recall, the notion of S-curvature of a Finsler space. In [10], [24]), the author Z.
Shen introduced the notion of S-curvature of a Finsler spaces. It is a quantity
to measure the rate of change of the volume form of a Finsler space along the
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geodesics. S-curvature is a non-Riemannian quantity, i.e., any Riemannian mani-
fold has vanishing S-curvature. Let V' be an n-dimensional real vector space and
F be a Minkowski norm on V. For a basis {e;} of V, let

o Vol(B™)
"7 Vol{(y’) e R*: F(yie;) < 1}

where Vol means the volume of a subset in the standard Euclidean space R™ and
B™ is the open ball of radius 1. This quantity is generally dependent on the choice
of the basis {e;}. But it is easily seen that

det(gi;(y))

OF

T(y) = In , ¥ € VA{0}

is independent of the choice of the basis. 7 = 7(y) is called the distortion of (V, F').
Now, let (M, F') be a Finsler space and 7(z,y) be the distortion of the Minkowski
norm F, on T, M. For y € T,\{0}, let o(t) be the geodesics with ¢(0) = x and
d(0) = y. Then, the quantity

d

Sla,y) = 2 [r(o(t), o (t))]li—o,

is called the S-curvature of the Finsler space (M, F).

Now, we use the notations as in [7] to give a formula of the Ricci curvature of the

given metric, let
1 1
rij = 5 (b + bjsa), iy = 5(ij = bia),

where ‘;” denote the covariant derivative with respect to the Levi-Civita connection
of . Let

i i
J ' J /
T’j = bmrmj = bﬂ”}, Sj = bmSmj = bZ’S;,

r = T’ijbibj = bjTj,

r a""ry, S a"" S,

where (a) = (a;;)~" and b* = aYb;. Further, let ' = a“r;, s = a"s;. Denote
rio = iy, sio = sy and roo = 14;y"y?, so = s;y". Then, the author X. Zhang and
Yi-Bing Shen proved the following;
Proposition 2.1.(/28]), For the Kropina metric F = %2, the Ricci curvature of
F' s given by

Ric = Ric+T, (2.1)
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where
T = —%So br47’00+ 72 Bb So:k + be T00:k 40 - 2300 4 722;21ﬁr00;0
—l—big(ogw + To0)T) — %QSS;k — b—lzro;o _ WTOSO _ nb—_423(2)
_4(24_21)6T00T0 * %BTOOSO + % oo + igsom + bl4 2
%Slgm * an—_ﬂlo‘ZSlSSk %Sksk - %skrok — 4—;25{:3’“

Recall that the group of isometries of a Finsler space (M, F) is a Lie transfor-
mation group of M [9]. A Finsler metric M is called Homogeneous, if its isometry
group acts transitivity on M. A homogeneous Finsler space can be expressed as
(G/H, F), where GG is a connected Lie group, H is a compact subgroup of G and
F is invariant under the action of G . Moreover, the action of G on G/H is almost
effective and the Lie algebra g of G has a reductive decomposition

g=nh+m,

where h is the Lie algebra of H and m is a subspace of ¢ satisfying ad(h)(m) C m,
Vh € H. We identify m with the tangent space T,(G/H) of G/H at the origin o

d
through the mapping X — E(exp(tX ))|t=0. Under this identification, G invariant

Finsler metric on G/H is in one-to-one correspondence with H invariant Minkowski
norm on m, see [9] for more information on invariant metrics. However, under these,
that the Kropina metric is Homogeneous. Also, according to [12], Riemannian
metric a and 1-form [ are invariant under action of G and induces a Minkowski
norm. In the following, we adopt some ideas from [11] to deal with invariant
Kropina metric.

Let uy, usg, ..., u, be an orthonormal basis of m with respect to (,). Then, there
exists a local co-ordinate system on a neighborhood of o = H which is defined by
the mapping

(exp(ztuy), exp(2®usy), ..., exp(a™u,) ) H — (z', 2%, ..., ™).

Let Ffj be the christiffel symbols under the co-ordinate system, i.e., V g % =
ox?

0
I'* . To compute the value of F at the origin o, we need the following notations.

Ua k"
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Let Cf; (1 <i,j,k < n) be the structure constants of g, i.e., Cf = ([us, uj]m, ur),
where [u;, u;]m, denotes the projection of [u;, u;] to m and f(k,7) be defined by

. 1, k<i;
f(k,l)—{()’ kZZ
Given v € g, let ¥ denote the fundamental Killing vector field generated by v, i.e.,

d
UgH = o —exp(tv)H|;—o, Vg € G. Then, we use the following quantities proved by
S. Deng and Z. Hu;

Fﬁj(o):f( )CZ+<V g, Ty >, )
T —T5 (Dt < Vala, @s >) + f(k, J)Cfy < Vi, la, @ >
f(ka) liz < Vﬂsﬁj?ﬁl > ‘Hlk < Vﬁiajvﬁl >, P> j,
<Vﬁiﬂj,ﬂl > | I(CZ +CZJZ+Ci)
iy, < Va iy, > |o = 5(CLCf + CLCh + C1,Co 4+ CCyy + CiCiy + CiCri). )
(2.2)

Here we have used simplified symbols, namely, when the upper index are repeated,
it automatically takes the summation of all the products in the range of the index,
CyChy = i1 C5Cy- In the following, we will still use these simplified

symbols
2

Let (M = G/H,F = %) be homogeneous Kropina space. According to [12],

Riemannian metric a and 1-form (8 are both invariant. Therefore, we suppose that
the invariant vector u generated by u = cu,, corresponds to the invariant 1-form g
(i.e., a(t, X) = B(X) for any vector field X on M). To find the quantities involved
in (2.1), we also need the following lemma, for further computations.

Lemma 2.1. [11] For u;, u;, ug, w€ m and the value at the origin, we have

bi = C(Sm', Sij = —Cn S = Cm

177 TL]’

i ngo

Tij = _g(cgn + Cjzj)? Sizj = CSniyj + C’lnFl
Sij = —CP(CL + Ck 4+ Cl)) + SCn(CL. + ¢k +Cj)+—Cl cn
ik — 4 G\~ ki il kl 4 W \MEkj 5l Kl o i kl»

i = —I3 (Vi i, ) — U5, (Va, b, ) + C,, (Va, by, 1) + @ (Va, G, ).
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3. Ricci Curvature of Homogeneous Kropina metric

In this section, we compute the Ricci curvature of Homogeneous Kropina met-
ric.
Using the quantities in (2.2) and lemma 2.1, we obtain the values of the quanti-
ties involved in (2.1) at the origin and direct computations, we get the following
notations;

2 2
Too = CC(()]TL’ S0 = %0307 To = _% ;07 r=0, T00;0 = _CC(())S(C'I(’)LS + CZO)’
C2
T = =CCrimns TomTG" = TomTmo = — (O + Crn)s
62
TOO;mbm - CbOO;'fl = _3( TSLO + O?LS)<_ fLO + Cgs + (T)Ls)7

c? 1
omab™ = eromo = 5 [CiCl% + 5 (Chy + Cao) (G + Cl + CB))

2

mo__ _ n m 0
TomSg = TomSmo = _5 mO( n0 + Cnm)?
2 2
C C
_ n 0 m __ _ n \2
S0,0 = EC"SCOS’ SomSy = SomSmo = —Z( mO) )
3 3 3
C C C
m __ mn n m o __ mn 0 m m __ n mn
SmSy = Z nm&moy SmTy = _chm(cnm + nO)? TmSy = _Z nm~"m0>

63 03
S0mb™ = TOR(Clo + T+ C). smah™ = O (Cho +Cl, + €,
C C
B = St = 50O, & 0O+ T+ Gy
4 2
3™ = T (O Ssi = Simmi = = (O’

here the superscript 0 on the C’s means to take the inner product with y, e.g.,
C° . = {[tn, Um]m,y). Summarize the above computations, we have the following;

Theorem 3.1. Let G/H, a, 3, F = %’ m, u, u; are given. Then the Ricci scalar
of homogeneous Kropina metric is given by
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2.3

. ES X a~c n s n n n
RZC(y) = Ric+ W[COS(COTL + C’Os + Cgs) + Cnm((n - 1)Cm0 - 2)]

Be < oate . afc
- (n - 1)()2@2 C((])S<C((])s + CnO) - %Cs[)cms + Ecms
2

+ %[2{(020)2 — CniCo + (n = DORCo} — 2nCr (Cry + Cr)l

(Bn—4)*, ., 38¢% o m 3822, o s
+ 4—b4(0n[)) + (n - 1) bia2 COans + (n - 1)W(COTL)
C4 . a203 . 4.4
4_b4(Cn0)2 + W(C’nm +Cno) ~ 233
o 0 atc?

(Chs+Cit+Ci)

+

(Cri)”. (3.1)

Let m = mo+Ru,, be the orthogonal space decomposition with respect to the inner
product <, >, then wuy,us, ..., u,_; form an orthonormal basis of my with respect
to <, >. Obviously, Ad(h)(mg) C mo, Yh € H, since the inner product <,> on m
is Ad H-invariant. In the following, we will use the symbol C}., CI" to represent
([t, V], w) and ([w, V], uny) respectively, where u,v,w € m, 1 < m < n.
Definition 3.2. (/29]) We say that the smooth function ¢(s) is normal if it
satisfies the following condition

Z kipi(s) = const <= k; =0, Vi=1,2, ....
i=1

Note that, if ¢(s) satisfies (1.1), since by above definition, it is normal. It is easy
to check that ¢(s) is normal or not. However, without using this definition for a
function ¢, it is not easy to determine whether it is normal or not. As notice these
concepts, we prove the following;

Proposition 3.2. Let F' = QT; be a homogeneous Kropina metric. If F' is Einstein
then either ¢ is not normal or there exists u € R such that ([u,y]m,y) = 0 and
([ws Ylm,y) = 1 < y,y >, Yy € mg, where u is the AdH-invariant vector in m
corresponding to 3.

Proof. Since in [28] F' is Einstein. Let y = cosfw + sinfu,, where w € myg
and (w,w) = 1. Then, we have (y,y) = 1 and C¥, = cos*0C}, 4 cosfsin 0C;,

wn?

Cp, = cosfC},,. We compute the coefficients term of Ric(y) in (3.1). By direct
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computations, we get the following results;

The coefficient of ‘;‘2252 is given by

cos®> O(CI.C2 + (C1 )+ C¥.C" ) + cosfsin 6

ws T wn ns - ws

(Cn.C3, +3Cm.Cn + CM.C™) + (n— 1)

ns —wn ws —ns ns —ns

(cosOC™ CI +sinf(C" )?) —2C" .

mw — nm

The coefficient of —%-15¢ ig given by

b2a

cos® 0(Cu.Cs .+ cos0(CY,)% + 2sin 0C™,)

+ cos? @ sin O(sin 0(C: ) + C2 .CE).
The coefficient of _20“; € is given by
cos 0Cy, Ol +sin 0C, CTV..
The coefficient of _f; € is given by

Ch JcosO(Cr +C" +Co ) +sinf(Cr .+ C+ C ).

The coefficient of % is given by

cos?0(C2,)* — sin?0(C™,)* — cos? 0C“.C™

ns —ws

—sinfcos0(Cy,Cr + Cr.Chy).

ns —ns ns —ws

(n—1)c?
2b2

The coefficient of is given by

C™ (cos® 0C™, + cos O sin OC ).

The coefficient of *2;;32 is given by

cos®> OC" (O™ + C¥ ) + cos @ sin9[C" C"

mw nm
+CO (Cy + O] sin® 0C7, O
The coefficient of (3"423)04 is given by
cos? 0(C™ )2

The coefficient of % is given by

C™ (cos® 0CY, + cos Osin C% ).
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The coefficient of % is given by
cos* 0(C¥ )? + cos? Osin? (C" ) + 2 cos® O sin 0C“ C", .
The coefficient of % is given by

cos? (O™ )?.

The coefficient of f;TC; is given by

Cn —cos?0CY  — cosfsin O™ .

The coefficient of Z‘;gz is given by

cos® OC (C + C¥ ) + cos O sin 0[C]L, O

mw T nm

+CI (O 4+ O ] + sin® 0(C )2
Replacing y by § = — cos Qw + sin fu,, in (3.1), we get

Ric(y) + Ric(y) = Ric(y) + Rie(y) + 2cos" 0((Cy1,)* + (C1,)%)
+ cos? ¢ (csin ) + 2 cos® OO, o (csin 6)
+ cos O¢ps(csinb) + 2C) . + ¢(6), (3.2)

where () is a function of § and s = ¢sin 6.
From the result of [5], the Ricci curvature of the homogeneos Riemannian manifold
(G/H,«) is given by

n n

“Ricly) = —5 > whn [y k) + 7 3 (ks s 1)
— 5K .) = (2,5, (33)

where Z is the unique vector in m defined by (Z, X) = tr(adX), VX € m and K
is the Killing form of g. Therefore, it follows that

Ricly) + Rie(g) = cos? 01 (C3,)? + 5(C)
— K(w,w) = 2([Z, w]m, w) + 1(0), (3.4)
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where 1(0) is function of 6.
Since F' is Einstein, i.e., Ric(X) = AF?*(X), VX € m, for some real number \ € R.
Then, we have

Ric(y) = Ric(j) = A\¢*(csin). (3.5)

Substitute (3.4) and (3.5) in (3.1), we obtain

26 (csin ) — p(8) — (6) = cos” 6[—(C3 ) + 5(C, V]
— K(w,w) — 2{[Z, W], w) + cos® 0¢, (csin 0)
+2cos? OC"  p2(csin @) + cos O¢s(csin 6). (3.6)

Since equation (3.6) valid for any unit vector w in mg, we choose another vector
w' in (3.6). Then, we have

T(w) = T(w') + (Cr)® = (Cru))d2(s) =0, (3.7)

where T'(w) = —(C%,)* + 1/2(C¥%,)* — cos 0K (w, w) — 2{[Z, W], w).
Suppose ¢ is normal. Then, mention above different vectors w, w’ in the unit ball
mg, we have

(CrTTLLw)2 - (C:?Lrw/)2 =0.

Which implies that C,,, = 0 for any w € m. Hence, there is a number A € R such
that (C™ )? = A% Since C, is a continuous function on mg. Then, there exists
a real number p € R such that C', = p. According to properties of topology
such p does not exists, then the result has reverse and so p must be exists and real

number. This completes the proof.

4. Einstein Kropina metric with S-curvature
In this section, we find the formula of Ricci scalar of homogeneous Kropina
metric with vanishing S-curvatute and we will give a sufficient and necessary con-
dition on ¢ such that F' is Einstein.
Note that, the authors Bao and Roble have proved in that a connected compact
Einstein Randers space with negative Ricci scalar must be Riemannaian [9].
Here, we study the compact case: Suppose M = G/H is compact and con-
nected. Then G is compact. In particular, G is Unimodular, i.e.tr(Adz) = 0,
Va € g, g = Lie(G), on this we have the following

Proposition 4.3. Let F = 0‘7; 1s an tnvariant Kropina metric on the com-

pact connected coset space G/H. Then, F has vanishing S-curvature if and only if
([u, ], z) =0, Vo = 0.
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Further, if F is Einstein, then either ¢ s not normal or F has vanishing S-
curvature.

Proof. Since, F' = a¢(f/a) has vanishing S-curvature if and only if r;; = 0 and
s; = 0 in the local co-ordinate system.

Using the formula of S-curvature from theorem (2.1) in [10]. By direct computa-
tion, we obtain the S-curvature of homogeneous Kropina metric at the origin is
given by

(n—1)c

W{Qumy]m,y) — X{[un, yl,9)}, y € m. (4.1)

5(0,y) =

Letting = 0 and y = w in (4.1), we get ¢(o) = 0. Hence, S(0,y) =0, Vy € m.
Now, lemma 2.1, since ¢(0) = 0, which implies that r;; and s; = 0. Therefore,
which asserts that F' has vanishing S-curvature iff ([u, z},,, x) = 0,Yx € m.

Further, suppose F'is Einstein and ¢ is normal, then proposition 3.5 shows that
the invariant vector u satisfies ([u, Y|m,y) = 0, ([, Y|m,y) = p < y,y >, Vy € m for
some p € R. Since G is unimodular tr(Adu) = 0. Thus, C?,, = 0. From section-3,
we know that C' = p = 0, it implies t = 0. Therefore, ad,,u is skew-symmetric
with respect to <, >, that is ([u,x]n,x) = 0, Yo € m. Hence, F' has vanishing
S-curvature.
The main result of this section is the following:

Assume that F' has vanishing S-curvature, ([u, z|,,,z) = 0, V& € m. Then, the
formula of the Ricci scalar of homogeneous Kropina metric (3.1) can be simplied
as the following

Theorem 4.2. Let G/H, o, 5, F = %2, m, u, u; are given. Assume that F has
vanishing S-curvature. Then the Ricci scalar of the homogeneous Kropina metric
18 given by

“Ricly) = _% D 1yl [y ) + i > (s o, 9)* — %K(y, Y) = {[Z, Ylm, )
+ %{Qum, Un s ) ({[ s s ) + ([t U]y )}, (4.2)

where Z is the unique vector in m defined by < Z, X >=tr(adX), VX € m, K is
the Killing vector field of g and y # 0 € m, where m is subspace of group g

Proof. Assume that F' has vanishing S-curvature, by lemma 3.2 we have, C; = 0,

I+ Ch; =0, Vi <i,j < n. From these conditions, the coefficients of (3.1) all
C;’s are zeros. Then, the result follows from theorem 3.1 and the formula of Ricci
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curvature of homogeneous Riemannian manifold (G/H, «) [5].

5. Fundamental Applications:Ricci quadratic homogeneous Kropina met-
ric

In this section, we characterize the Ricci quadratic homogeneous Kropina met-
ric. We glance that a Finsler space is called R-quadratic if the Riemannian curva-
ture R, is quadratic in y. It is obvious that a Riemannian manifold or a Berwald
space must be R-quadratic. However, there exist many examples of non-Berwaldian
spaces which are R-quadratic. A Finsler space is called Ricci quadratic if its Ricci
scalar is quadratic in y.

In 2009, the authors Li and Z. Shen were studied Ricci-quadratic Randers space
and they got a characterization of such spaces, using local co-ordinate system. In
([9], [12]), the authors S.Deng and Z. Hu proved that a homogeneous Randers space
is Ricci-quadratic if and only if it is Berwald space. In the following above and by
using the formula of Ricci scalar of homogeneous Kropina metric (3.1), we prove
main result

Theorem 5.3. A homogeneous Kropina metric is Ricci-quadratic if and only if it
15 Berwaldian.
We prove this theorem, first we prove the following lemma:

Lemma 5.2. Fiz x € M and «, B, F as function of y € T,M. If f*, g* and h*
are polynomial of y such that Lz + % + Fh* is a polynomial, then (a*/B%)/f*.

Proof. The polynomial Fh* can be written as,

a2 _ BQ)h*

Fh* = ( 3 + Bh*.

Here, we see that if % + % + F'h* is a polynomial of y, then there is a polynomial
g7 of y such that

is a polynomial of y, which implies that,

2 ()é2

p

()% — 17 = g1

3 )

Since g7 is polynomial of y and « is the square root of the positive definite quadratic
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form, both sides of above equation must be vanishing, we have
2
L Q
91 (F) =0,

012

(E)Zhi - fr=0.

Thus, f* = (%)?hi(y). Hence, (a*/5%)/f*.

Proof the theorem 5.3: Since a Berwald metric is Ricci quadratic. We need
only prove the ‘only if * part.

By equation (3.1), we deduce from above lemma that, if the Ricci scalar is quadratic,

then
(@?/B)?/(roo)?.

Since o?/3 is an irreducible polynomial of ¥, there exists a constant ¢’ such that
roofS = o’
Then, from lemma 2.1 and proposition 4.3. Equivalently,
Cl +Cii=0. (5.1)

In particular, considering the value at y = u and taking into account the fact that
<u,u>=1, we get
Cr = 0. (5:2)

Equation (5.1) and (5.2), we have for any i, j
(lws wlm, 1) + ([w, wslm, wi) = 0,
([wis tj)m,u) = 0.
By the conditions in [9], we conclude that F' is a Berwald metric. This complete
the proof of the theorem.

6. Conformal Deformation of the Kropina metric K(«, f3)

Consider the Kropina metric K (o, 5) = %2 Now, first we will study the Per-
turbation theory of this metric:
The Perturbation of Kropina metric is given by,

Fla, B) = K(a, B) + £(x) P,

where € : M — R* is differentiable function, we remark that the particular case
e(z) = +1 was studied by R. Miron, H. Shimada and V.s. Sabau in [19].
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First we checked that F' to be positive on TM\{0}, through the following propo-
sition;

Proposition 6.4. If F' is positive on TM\{0} if and only if it satisfies ||b|| < ﬁ
and 3 > 0.

Proof. Let F' is positive on TM\{0}, which implies that,

K(a,8) +e(@)8>0, Vy#0.

It follows that,

a? +ep?
T 0, Ao,
p
Suppose positivity holds. Substitute y* = —b" = —ab; in above inequality, we

obtain the relation ||b|| < ﬁ and as > 0.

le
Conversely, suppose that the conditions holds and using the Cauchy-Buniakowski
Schwarza inequality, we have

|aijbibj | < VapbPbiv/a,symy®.

Thus, we obtain the positivity of F.
Now, using the formula for the fundamental tensor in [19], we have the fundamental
tensor g;; of the Kropina metric (M, F) is given by

2

(8% (0% (6%
95 = 2@%*4(— =

5 43

+ (52 + 3(%)4> bibj,

)2 (bl + byl,)

where [; = éaijyj.
The contravariant tensor g is expressed in the following form,

2
%aij — 0 [a'b'V — 22*B(bT + V1Y)
(0]

—202(b*(a? — %) — 28°)1'V]

g7 =

where 0? = ab;b; and © = b*(A + B), where A = 2(a® + £a3?)(3a* + £24*) and
B =2(a* — ea?p?).
The covariant and contravariant metric tensor of Conformal Kropina metric F' are
given as;

Gis = @ g, and g = e"@gil



58 South FEast Asian J. of Mathematics and Mathematical Sciences

Therefore, the covariant g;; and contravariant g metric tensor of F' = ¢?@F are
given by,

_ ol 062 (e (0]

+ (52 + 3(%)4> bibj} ,

and
g7 = e @ 6—2aij — O[a*'Y —2a°B(b' 1 +H1Y).
202
=207 (P (0 — eB%) — 2B8)1'V]} .
Now, taking into accounts the invariants [19] related to F are,
a

E
2 4
pprwm%xﬁQZJ%p

) +2¢), po=—"(3(2)" +&),

p=e’ (2 3

By direct computation we get,

Proposition 6.5. If k;; is the fundamental tensor of the Kropina Space (M, K),
then the fundamental tensor field g;; of the conformal deformation space (M, F) is
expressed by
gij = ffij + 286_11']‘ + 82@@'.

7. Single Colored Kropina metric

In this section, we characterize the single colored Kropina metric.

The Finslerian L. Berwald studied [4] a class of Finsler metrics F' = F(x,y) on
a manifold M, whose geodesics are determined by second order ODEs similar to
the Riemannian case. More precisely the geodesics in local co-ordinates satisfy

d?at
dt?

. dr
2G" (x,—) =0
+ ('CC? dt) Y

where G'(z,y) = 3T, (2)y’y* are called quadratic in y = y'2%|, € T,M. Finsler
metric with this property are called Berwald metrics. It can be shown that Berwald
manifolds are modeled on a single norm space, i.e., all the tangent spaces T, M with

induced norm F, are linearly isometric to each other. Intuitively speaking, if one
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assigns a single color to each tangent norm space (T,M, F,) depending on the
geometric shape of the unit tangent sphere S, M then the Berwald manifolds has
uniform color.

Definition 7.3. (29) On the manifold M, a Finsler metric F is called single
colored, if for every point x, there is a neihborhood U and a local frame field {e;}
defined on U such that F(y'e;) = F(y',y?, ....,y™) is a function of y'’s.

Remark: As we know, Finsler metric is single colored if and only if the tangent
spaces are linearly isometric to each other (as Minkowski spaces). The author,
Z. Shen has said, in many occasions, that a Finsler manifold is usually colorful,
because if we assign a color to each kind of Minkowski space, then a Finsler manifold
can admit many colors and also author M. Matsumoto [18] suggested to consider
1-form metrics, whose definition is similar to our single colored ones, but with
additional requirement that the underlying manifold being parallelizable, that is
exactly in [15], Libing Huang has proved the following lemma;

Lemma 7.3. If F' is a single colored Finsler metric on M, then any conformal
deformation e”™® F is also single colored. Combining theorem 5.3 , proposition 6.5
and lemma 7.3, we state

Theorem 7.4. Let F = 0‘7; be single colored Kropina metric on M, then the

conformal deformation F is also single colored.

Proof. Since « is Riemannian metric and (§ is 1-form, which has a non zero
constant [4] and proposition 5.3, F' be single colored. Then by proposition 6.5,
implies that the conformal deformation of F'. Hence, from lemma 7.4, we conclude
that F is single colored.

Example: Suppose that F' = “7; be homogeneous Kropina metric, which is single
colored. Now, consider the orthogonal invariance of this metric, which is of the

form
2
_ P y {L’
Fla.y) = |a (—’ [z )
<,y >

where |, | and <, > denote the usual norm and inner product on a Euclidean space
respectively. By elementary properties of linear algebra in particularly, Grams-
Schmidt orthogonalization process, which would conclude that F'is the conformal
deformation of the single colored Kropina metric with a = |y| and § =< z,y > /|y|.

5. Conclusion
The Kropina metric is an («, 3)- metric, which was considered by V. K. Kropina.
This metric is of physical interest in the sense that it describes the general dynam-
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ical system represented by a Lagrangian function. On Einstein Kropina metric has
been investigated by X. Zhang and Yi-Bing Shen.

The theory of homogeneous/symmetric Riemannian manifolds has become the
basis of many branches of mathematics, including group, geometry analysis and
representation theory. That, theory was called Lie theory to study the Finsler
geometry, which has developed by the theory of homogeneous/symmetric Finsler
spaces.

There are several interesting curvatures in Finsler geometry, among them the
Ricci curvature and flag curvature are most important. The flag curvature is the
natural generalization of sectional curvature. The notion of S-curvature of Finsler
spaces, comes under the Riemannian-Finsler geometry.

As we know, Finsler manifold is usually colorful because if we assign a color to
each kind of Minkowski space then the Finsler manifold can admit many colors. It
is an very interesting to study those Finsler manifolds with a single color.

In this paper, we consider the homogeneous Kropina metric, first we found the
formula of Ricci curvature for homogeneous Kropina metric. Using this formula,
we proved a necessary condition related ¢ for F' to be Einstein. Then, we shown
that if ¢ is normal. Moreover, on the compactness, we obtained the sufficient and
necessary condition for a homogeneous Kropina metric to be Einstein with van-
ishing S-curvature. Further, we studied the conformal deformation of this metric.
Under this, we proved that the conformal deformation of Kropina metric is single
colored.
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