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Abstract: The Cordial labeling of a graph G is a function f : V(G) — {0,1}
such that each edge uv in G is assigned the label |f(u) — f(v)| with the property
[v£(0) —vp(1)| < 1 and |ep(0) — ep(1)] < 1, where vs(4) for i = 0,1 denote the
number of vertices with label i and ey, (i) for i = 0,1 denote the number of edges
with label 7. The graph which admits cordial labeling is called the Cordial graph. In
this paper, we prove that the path union of vertex switching of cycles in increasing
order is cordial.
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1. Introduction

Graph labeling methods trace their origin to the graceful labeling introduced
by Rosa [7] in 1967. For the past five decades variations in labeling methods have
evolved. One such labeling method is the cordial labeling introduced by Cahit [4]
in 1987. The Cordial labeling of a graph G is a function f : V(G) — {0, 1} such
that each edge uv in G is assigned the label |f(u) — f(v)| with the property that
[0p(0) —vp(1)| <1 and |ef(0) — ef.(1)] < 1, where vs(i) for i = 0,1 denote the
number of vertices with label i and ey, (i) for i = 0,1 denote the number of edges
with label 7. The graph which admits cordial labeling is called the Cordial graph.
Various graphs are shown to be cordial. Andar et al. [1,2,3] have proved that the
helms, closed helms, flowers, gears and sunflower graphs and multiple shells are
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cordial. Again in [1,2,3] the one point union of helms, flowers, gears, sunflower
graphs are shown to be cordial. Cahit [5] has proved that every tree is cordial. In
[5] Cahit has shown that all fans are cordial, the wheel W,, when n 2 3(mod 4) is
cordial, the complete graph K, is cordial if and only if n < 3, the bipartite graph
K, is cordial for all m and n, the friendship graph C’?Et) is cordial if and only if
t 2 2(mod 4). An extensive survey of cordial labeling methods is available in [6]
by Gallian.

In this paper, we prove that the path union of vertex switching of cycles in
increasing order is cordial.

2. Main Results

In this section we first recall the definition for cycle graph, vertex switching
of a graph, path union of graphs. Later we prove that the path union of vertex
switching of cycles in increasing order is cordial.

Definition 2.1. A sequence of vertices [vg, v1, Vg, ..., Uy, Vo] 1S a cycle of length n+1
ifvigvieE, 1=10,1,2,3,...,n and v,vgeE. A cycle of length n is denoted by C,,.

Definition 2.2. [8] A vertex switching G, of a graph G is the graph obtained by
taking a vertex v of G, removing all the edges incident to v and adding edges joining
v to every other vertex which are not adjacent to v in G.

Definition 2.3. The path union of a graph G is the graph obtained by adding an
edge from n copies G1,Gs, ...,Gp, (n > 2) of G from G; to Giyq fori=1,2,...,n—1.
We denote this graph by P(no G).

Theorem 2.4. The path union of vertex switching of cycles in increasing order is
cordial.

Proof. Let G be a cycle C,, with n vertices that are denoted as vy, vy, ..., v, in the
anticlockwise direction. Let H be the vertex switching graph of the graph G' with
v1€G as the switching vertex. The graphs G and H are shown in Figure 1.

Case 1: Even cycles (n; = 0(mod 2) and n; > 6).

Let Hy, H,, ..., H,, be the copies of H in an increasing order as shown in Figure
2. The first copy H; of H is described as follows. Denote the switching vertex of
H, as v{. Denote the remaining vertices in H; as v, vi,...,vi in the anticlockwise
direction. The second copy Hs of H is described as follows. Denote the switching
vertex of Hy as v}. Denote the remaining vertices in Hy as v3,v3,...,v3 in the
anticlockwise direction. Finally the last copy H,, of H is described by denoting the
switching vertex as v{". The remaining vertices of H,, are denoted as vy', vg", ..., v}

where k£ = n; for 1 < ¢ < m in the anticlockwise direction.
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Figure 1: The graphs G and H
Let H' be the graph obtained by adding an edge e; between the switching vertices
vt and v of the copies H; and H; iy ,1 <i < (m —1). The graph H so obtained
is called the path union of vertex switching of even cycles as shown in the Figure
2.

Figure 2: The graph H which is the path union of the vertex switching
of even cycles in increasing order
Note that in H' the switching vertices are v} for 1 < ¢ < m and the remaining
vertices are ’U;- for (1 < i <m),(2 < j < mny). If pdenotes number of vertices
in H then p = >, n; and if ¢ denotes the number of edges in H' then ¢ =
S g +m?+ (m—1).
The vertices of H' are labeled as follows
For (1 <i <m) where i =0, 1(mod 4)

fay= {0 1i<n j =0,1(mod 4)
YT L 1<i<n j=2,3(mod 4)
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For (1 <1i <m) where i = 2,3(mod 4)

P10, 1<i<n; j=23(mod 4)
Case i: m is odd
vp(0) = 5§, vy(1) = § and ef*( )
— Juy(0) vy (V)| = 8 — 2] =

]

(S0

— 4], en(1) = |
0
— [epu(0) — epn()] = 74T — (4] =1
Case ii: m is even

v(0) =5, vp(1) = § and €4, (0) = [2] e (1) = [{]

= [vs(0) —vp()[ =[5 - [ =0

= lep(0) —ep(D| =[[£] - T[]l =1

From the above definition it is clear that |vf(0)—v;(1)] < 1 and |ef (0)—ef (1)] < 1
Therefore the graph H' is cordial. We illustrate the above case in Figure 3.
Illustration:

m=>5,p=>50,q= 79 (0) =25,vs(1) =25

e7.(0) = 40,e1.(1) =

L ort0) g0 = 25— 5] <1

— Jes.(0) = eo(1)] = 40— 39] < 1

0 1 1 0 0
1 0 10 01 0 1 1
1 0 0 1 1 4 0
1 1 1 10 0

p 0
1 1 0 0 0 o 1
1 0 4 1

0

1 0
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Figure 3: Path union of the vertex switching of even cycles in
increasing order is cordial when m=5

Case 2: Odd cycles (n; = 1(mod 2) and n; > 5)
Let Hq, Hs, ..., H,, be the copies of H in an increasing order as shown in Figure

4. The first copy H; of H is described as follows. Denote the switching vertex of
H, as v}. Denote the remaining vertices in H; as vy, vs, ..., v: in the anticlockwise
direction. The second copy Hsy of H is described as follows. Denote the switching

vertex of Hy as v?. Denote the remaining vertices in Hy as v3,v3,...,v2 in the
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anticlockwise direction. Finally the last copy H,, of H is described by denoting the
switching vertex as v{". The remaining vertices of H,, are denoted as v3*, vy", ..., v
where k£ = n; for 1 < ¢ < m in the anticlockwise direction.

Let H' be the graph obtained by adding an edge e; between the switching
vertices v and vi™ of the copies H; and H; 1, 1 <i < (m — 1). The graph H' so
obtained is called the path union of vertex switching of odd cycles as shown in the
Figure 4.

HJ
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v; UI
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1 1
v 5 1,2 .
v?, V2.
2
v
1 1 vV
v; Uj
2 2
vy L

Figure 4: The graph H which is the path union of the vertex switching
of odd cycles in increasing order

Note that in H the switching vertices are Ui for 1 < ¢ < m and the remaining
vertices are v;'- for (1 < i <m),(2 <j < mny). If pdenotes number of vertices

in H then p = S, n; and if ¢ denotes the number of edges in H' then ¢ =
iy nitm?—1.
The vertices of H are labeled as follows

F) = 0, 1<i<m i=0,1(mod 4)
T L 1<i<m i=2,3(mod 4)
For (1 <1i < m) where ¢ = 1(mod 2)
F(v) = 1, 2<j<n; j=2,3(mod4)
YPTV0, 2<i<n; j=0,1(mod 4)

For (1 <1i < m) where ¢ = 0(mod 2)

Fo) = 0, 2<j<n; j=2,3(mod4)
vi) = 1, 2<j<mn; j=0,1(mod 4)

fH)={1 j=n; j=23(mod4)



116 South FEast Asian J. of Mathematics and Mathematical Sciences

Case i: m is odd

0s(0) = (2. (1) = [2] and e,.(0) = [4]. er.(1) = 4]

— Jos(0) = oy (1)] = 18] - 2] =1

= Je(0) — e (V)] = 78]~ (2] = 1

Case ii: m is even

07(0) = B, vy(1) = & and e5u(0) = [4] er(1) = [4]

— Jop(0) — vy (1) = |8 — 2] =0

— Jer.(0) — ep (V)] = |14] - 2] = 1

From the above definition it is clear that |vs(0)—v;(1)| < 1 and |es, (0)—es (1)] < 1
Therefore the graph H' is cordial. We illustrate the above case in Figure 5.
INlustration:

m = 6,p = 60, ¢q 95 (0) =30, vs(1) = 30,

e7.(0) = 48,e5.(1) =

L ert0) s = 130 —30] < 1

= les(0) —ep(D)] = [48 = 47| <11

0 0
0 0
1 1
1 1 1 |
0 0 0 0
0 1 0 1
0 1 0
[ & &
1 1
1 0 1 0 1 0
1 1 0 1 0
o0 0 1
0 1 0 1
1 0
1 0

Figure 5: Path union of the vertex switching of odd cycles in
increasing order is cordial when m=6
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3. Conclusion

In this paper we proved that the path union of vertex switching of odd and even
cycles in increasing order is cordial. Further we intend to prove the path union of
some other cycle graphs is cordial.
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