South East Asian J. of Math. & Math. Sci. ISSN : 0972-7752 (Print)
Vol. 14, No. 3 (2018), pp. 99-104

ODD GRACEFUL LABELING ON EXTENDED
SUNFLOWER GRAPH

J. Jeba Jesintha, R. Jaya Glory* and K. Farzana

PG Department of Mathematics
Women’s Christian College, Chennai, INDIA
E-mail: jjesintha_75@yahoo.com, farzanal2hussain@gmail.com

*Department of Mathematics,
Anna Adarsh College, Chennai, INDIA
E-mail: godblessglory@gmail.com

(Received: May 8, 2018)

Abstract: In 1991, Gnanajothi [3] introduced a labeling method called odd graceful
labeling. A graph G with ¢ edges is said to be odd graceful if there is an injection
f from V(G) — {0,1,2,...,(2¢ — 1)} such that, when each edge xy is assigned the
label |f(x)— f(y)]|, the resulting edge labels are 1, 3,5, ..., (2¢ — 1). In this paper,we
prove the odd gracefulness on extended sunflower graph.
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1. Introduction and Definition

The graph labeling is one of the important area in graph theory. Graph labeling
methods trace their origin to the graceful labeling introduced by Rosa [5] in 1967.
A graceful labeling of a graph G with ¢ edges and vertex set V' is an injection
[ V(G) — {0,1,2,...,q} with the property that the resulting edge labels are
also distinct, where an edge incident with vertices u and v is assigned the label
f(w) — f(0)],

In 1991, Gananajothi [3] introduced odd graceful labeling. A graph G with ¢
edges is said to be odd graceful if there is an injection f from V(G) — {0, 1,2, ..., (2¢—
1)} such that, when each edge xy is assigned the label |f(x) — f(y)], the resulting
edge labels are 1,3,5,...,(2¢ — 1). Gnanajothi [3] proved that every cycle graph
is odd graceful if and only if n is even.She also proved that the graph obtained
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from P, x P, by deleting an edge that joins to end points of the paths is odd
graceful. Govindarajan and Srividya [4] proved odd graceful labeling of every
odd cycle C,,,n > 7 with parallel P, chords for k = 2,4 after the removal of
two edges from the cycle C),. Badr [1] proved that the revised friendship graphs
F(kCs), F(kCh2), F'(kCi) and F(kCy) are odd graceful, where k is any positive
integer. Joseph Gallian [2] has given a broad and a dynamic survey on various
graph labeling methods.

Graph theory plays a vital role in many fields. Labeled graphs serves as useful
mathematical models for a broad range of applications such as the design of good
radar type codes, synch-set codes, missile guidance codes and radio astronomy
problems.

In this paper, we define a new graph called extended Sunflower graph and we
prove that the extended Sunflower graph is odd graceful.

Definition 1.1. The Dutch windmill graph is the graph obtained by taking n
copies of the cycle C, with a vertex in common. Dutch windmill graph is also called
as Friendship graph and is denoted by [D((ln)]

Figure 1 : The Dutch windmill graphs Df) and Df’)

Definition 1.2. The extended sunflower graph is the graph which is obtained
by attaching n isomorphic copies of Dutch Windmill Graphs (Dfln)) at each vertex
of a cycle.

Figure 2 : The Extended sunflower graph
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2. Main Result

In this section, we prove that extended sunflower graph which is obtained by
attaching n isomorphic copies of Dutch Windmill Graphs (Dfln)) at each vertex of
a cycle is odd graceful.

Theorem 2.1. The extended sunflower graph is odd graceful when m =0 (mod4).

Proof. Let G be the graph obtained by attaching m isomorphic copies of Dutch
windmill graph (Dfl")) at every vertex of cycle C,,, where m = 0 (mod4) . Let
[V(G)| = p and |E(G)| = q. We describe the graph G as follows. The vertices
in the cycle (), in G are denoted as wuq,us, us, ..., u,, in the clockwise direction.
The middle vertices of the first copy of Dutch Windmill graph attached at u; are
denoted by vi1, v12,v13, ..., v1; where 1 < j < 2n.The middle vertices of the second
copy of Dutch Windmill graph attached at uy are denoted by va1, vag, Va3, ..., V2;
where 1 < j < 2n.In general, The middle vertices of the i copy of Dutch windmill
graph attached at vertex w; will denoted by v;; where 1 < ¢ < mand 1 < j <
2n. The topmost vertices of first copy of Dutch Windmill graph are denoted by
wi, wi, wi, ..., wk.Similarly, The topmost vertices of second copy of Dutch Windmill
graph are denoted by w?, w3, w2, ...,w?.In general, The topmost vertices of the i
copy of Dutch windmill graph will denoted by wf wherel <i<nand 1<k <m.
The Graph G has p = (3n + 1)m vertices and g = (4n + 1)m edges.

Figure 3 : m— isomorphic copies of Dutch Windmill Graphs attached
at each vertex of cycle (),



102 South FEast Asian J. of Mathematics and Mathematical Sciences

The vertices of extended sunflower graph Graph is labeled by first labeling the
vertices of a cycle ), and then labeling the other vertices of Dutch Windmill
Graph.

The vertex labels for the cycle (), given below.

f(ugi—1) = (20 —2)(2n + 1) for 1<i< %
fugi—1) = (20 —2)2n+1) 42 for T+1<i<% (2.1)
f(ug;)) = (2¢—1—4n) — (i —1)(4n+2) for 1<i<m
The vertex labels for the Dutch windmill graph is as follows:
foaicy) =2¢—1) = (4n+2)(i —1) = (2j - 2)
for 1<i< (%), 1<j<2n
flvaig)  =2+@An+2)(i—-1)+ (2 —2) (2.2)
for 1<i<(%), 1<j<2n '
flog;) =4+@n+2)(i—1)+ (2 —2)
for Z+1<i< (%), 1<j<2n
(2k—1)
Fw,™ Yy = (2¢—4) — (k—1)(12n +2) — 8(1 — 1)
for 1<1<n, 1<k (%)
F®)y = (n+5)+ (k—1)(12n+2) +8(1 — 1) 23
for 1<1<n, 1<k (%) '

Sy = (@n+7)+ (k—1)(12n+2) +8(1 — 1)

for 1<1<n, (F+1)<k<(

NE

)

From the equations (2.1) to (2.3) we see that the vertex labels for Extended Sun-
flower Graph are distinct.

Now we compute the edge labels for the Extended Sunflower Graph by first
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computing the edge labels for cycle C,, for m =0 (mod4) as follows:

|f(ugica) = fui)| = |4 +4n(2i = 1) =2¢ = 3|, for 1 <i< ()
|f(uiz1) = fluz)| = [4i +4n(2i — 1) =2¢ = 1], for(F +1) <i < (%)
|f(ugir) — fluzi)| = [2q — 4i(2n + 1) 41, for1<i<(m—1)

| f(uir) — fu2)| = [2g — 4i(2n + 1) — 1], for(m) <i<(m-1)
|f(ur) = flum)| = [2p —m+1],

(2.4)
The edge labels for the remaining edges of the Dutch Windmill Graph is computed
as follows

|f(ugi1) = f(v2i-1)| = 4i +8n(i — 1) +2j — (2¢ + 5),
for 1<i< (), 1<j<2n

| f(ugi—1) = f(vaimry)| = 404+ 8n(i — 1) + 25 — (2¢ + 3),
Jor (F+1)<i<(%F), 1<j<2n
(2.5)
| f(uai) — flvaij)] = (2¢ + 3) + 4n — 25 — 4i(2n + 1),
for 1<i< (), 1<j<2n

| f(u2i) — fveij)| = (2¢+ 1) +4n — 25 — 4i(2n + 1),
Jor (F+1)<i<(%), 1<j<2n

[ (aim1y) = Fw D) = an(3k — i = 2) + 2(k —i — j) + (81 — 3)
for 1<i<(F), 1<j<2m,1<k<(%),1<1<n

Foaig) = F®)| = dn(i— 3k + 1)+ 20+ — k) — (8 3),
for 1<i< (), 1<j<2m,1<k<(%),1<1I<n
(2.6)
From the above computed edge labels we see that the edge labels for the Extended
Sunflower Graph are the distinct odd numbers from the set 1,3,5, ..., (2¢ — 1).
Hence the Extended Sunflower Graph is odd graceful.

Corollary 2.2. The revised sunflower graph which is obtained by attaching Dutch
Windmill graphs [Df)] at every vertex of the cycle C,, where m =4l, 1 =1,2,... is
odd graceful.
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Proof. From the above theorem, when n = 2, we get the odd graceful labeling for
Revised Sunflower Graph.

We illustrate the above theorem as follows
3. IMlustration When m =4,n =4,p = 52,q = 68

w2' (124) wa'(116)

wi'! (132)

wat (97)

V47 (34)
w3 (89)
w22 (29)

w2 (81)

wi? (37)

Va3 (26)

U3 (20) V27 (14)

Vm\l,'z:g) oy { Va1 (17) Vg (18
wit (73) e (45)
36 (107) )vea 9 3
il " "

we (66) w23 (74)

Figure 4 : 4— isomorphic copies of Dutch Windmill Graphs attached at
each vertex of cycle ()
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