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1. Introduction

The concept of graph labeling was introduced by Rosa in 1967. A graph label-
ing is an assignment of integers to the vertices or edges or both subject to certain
condition(s). If the domain of the mapping is the set of vertices (or edges), then
the labeling is called a vertex labeling (or an edge labeling). In the intervening
years various labeling of graphs have been investigated in over 2000 papers [1].
The concept of duplicate graph was introduced by Sampath kumar and he proved
many results on it [5]. Somasundaram and Ponraj introduced the concept of Mean
labeling of graphs and proved the existence of the same in some standard graphs
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[6]. Murugan and Subramanian introduced the concept of skolem difference mean
labeling and proved some standard results on skolem difference mean labeling [3].
Lau et.al., introduced the concept of skolem odd and skolem even difference mean
labeling and proved the existence of the same in some standard graphs [2]. Thiru-
sangu, Ulaganathan and Selvam, have proved that the duplicate graph of a path
graph P, is Cordial [9]. Thirusangu, Ulaganathan and Vijaya kumar have proved
that the duplicate graph of Ladder graph L,,, m > 2, is cordial , total cordial and
prime cordial [8]. Vijaya kumar, Ulaganathan and Thirusangu, proved the exis-
tence of 3- Equitable and 3 - Cordial Labeling in Duplicate Graph of Some Graphs

[9].
2. Skolem Difference Mean Labeling

Definition 2.1. A graph G(p,q) is said to have skolem difference mean labeling if
there ezists a function f:V — {1,2,3,,p+q} such that the edge labels are induced
by the function f*: E — {1,2,3,,q} defined by f*(uv) = [ML such that the
edge labels are distinct [3].

2.1. Algorithm - SDMLP

Ve {vy, v, ..., vmﬂ,vl,vz,. o Ut -

E« {{e1, €2, ..., ems1,€], €9, ..r€ ).

Case (i): when m is odd

Fix vy <= 3, vy < 1, v/1<—2, v;<—2m+1;
For 1 <k <™t

Vok—1 (—2/{4-3 ng+2(—2]€+2

For1 <k < mT

Uggers — 2m — 2k + 3;

For 1<k<mH

V4 4m — 2/<: + 5;

Case (ii): when m is even

Fix v < 3, v « 1, v/1<—2, v;<—2m+1:
For 1<k <%

Vaky1 < 2k 4 3, vy, < 4m — 2k + 5;

For1 <k< msz

Vogera = 2k + 2, vy, 5 2m — 2k + 2:

Theorem 2.2. The extended duplicate graph of the path graph EDG(P,,), m > 2
admits skolem difference mean labeling.

I ! i ! !
Proof. Let {vi,va, ..., Um41,01, Vg, .., Uy b and {€1, €2, ..., €mt1, €1, €9, ... e} be

o m
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the set of vertices and the edges of the EDG (P,,).
Case (i): when m is odd
Using the algorithm SDMLP, 2m + 2 vertices are labeled using 1, 2, 3,..., 4m+ 3(=
D+ q) Usmg the induced function f*(uv) = [Mﬂ the m edges namely e,
es, 64, es, 66, er,.. em 35 €m—2, em 1, em Treceive labels 2m, 2m —1, 2m — 2, 2m — 3,
2m—4, 2m d,.., m+4, m+3 m+2, m+1 respectively, the m — 1 edges namely,
es, 63, 4, 65, €g, 67, y €m—3, €9, Em—1, €, Teceive labels m, m —1, m — 2 m—3,
m—4, m—>5,..., 5, 4, 3, 2 respectively and the 2 edges namely e; and e1 receive
labels 2m and 1 respectively. Thus the 2m + 1(= ¢) edges are labeled with 1, 2,
3.0y 2m + 1(= q).
Case (ii): when m is even
Using the algorithm SDMLP, 2m + 2 vertices are labeled using 1, 2, 3,..., 4m + 3(
p+q). Usmg the 1ndueed function f* defined in case(i), the m edges namely e1, ey,
es, e;, es, 66, s €3, em 9y Em—1, e/ receive labels 2m, 2m — 1, 2m — 2, 2m — 3,
2m — 4, 2m 5,..., m + 4 m + 3, m + 2, m + 1 respectively, the m — 1 edges
namely e, 63, €4, 65, €6, 67, . em 35 €m—2, em 1, em Teceive labels m, m —1, m — 2
-3, m—4, m—>5,..,5, 4, 3, 2 respectively and the 2 edges namely e; and e1
receive labels 2m and 1 respectively. Thus the 2m + 1(= ¢) edges are labeled with
1, 2, 3,..., 2m + 1(= q). Hence, the extended duplicate graph of the path graph
EDG(P,,), m > 2 admits skolem difference mean labeling.

2.2. Algorithm - SDMLC

Vi {vy, v, ..., Ugm,’Ul,U2,.. v2m}

E< {e1, €2, ..., €am, €], €9y s 0r 1}

Case (i): when m is odd

Fix v; + 1, v} < 8m — 1;

For 1 <k <mH

Vp_g < 4k — 1, vy o < 4m — 4k + 3;

For1 <k <™t

Vg1 < Ak 41, vgp < 4k, vy < 4k 25 vy Am—4k 41, vy, <+ Sm—4k+1,
Uy 8 — 4k — 1;

Case (ii): when m is even

Fix v; + 1, v} < 8m — 1;

For1 <k <%

V4k—o < 4k — 1, Vak—1 < 4k + 1, Vg < 4/{3,

For1 <k < mT_l

Vp_g  4m — 4k + 3, vy, | « 4m — 4k + 1, vy, + 8m — 4k + 1;
For1 <k < mT_2
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Vg1 4 4k +2, vy < 8m — 4k — 1;

Theorem 2.3. The extended duplicate graph of the comb graph EDG (CB,,) ,
m > 2 admits skolem difference mean labeling.

Proof. Let {v1, vy, ..., Vom, Uy, Uy, ..., Uy, } and {ey, €g, ..., €am, €], €y, ..., €51 } be the
set of vertices and the edges of EDG (CB,,).

Case (i): when m is odd

Using the algorithm SDMLC, 4m vertices are labeled using 1, 2, 3,..., 4m — 1(=
p+¢q). Using the induced function f* deﬁned in theorem 2 2, the edge €om recelve
label 4m — 1, the 2m — 1 edges namely el, 62, €3, €y, 65, 66, €7, €s,.. 62m 5 e2m &
€2m—315 €2m—2, €2m ; receive labels 4m —2, 4m —3, 4m —4, 4m — 5, 4m 6, 4m —7,
dm — 8, 4m — 9,..., 2m + 4, 2m + 3, 2m + 2 2m + 1, 2m respectlvely and the
2m — 1 edges namely €1, €, 63, €y, €5, €6, 67, 68, vy €2m—5s €2m—d, €2m 3, €2m 2
eam_1 receive labels 2m — 1, 2m — 2, 2m — 3, 2m — 4, 2m — 5, 2m — 6, 2m — 7,
2m —8,..., 5, 4, 3, 2, 1 respectively. Thus the 4m — 1 edges are labeled with 1, 2,
3,..., dm — 1.

Case (ii): when m is even

Using the algorithm SDMLC, 4m vertices are labeled using 1, 2, 3,..., 4m — 1(=
p+ ¢q). Using the induced function f* deﬁned in theorem 2 2, the edge eom Teceive
label 4m — 1, the 2m — 1 edges namely el, 62, €3, €y, 65, 66, €7, €8,yevvy €2m_5, E2m_4,
€35 Com_2, Cam_1 Teceive labels 4m — 2, 4m — 3, 4m — 4, 4m — 5, 4m 6, 4m — 7,
dm — 8, 4m — 9,..., 2m + 4, 2m —l— 3, 2m + 2 2m + 1 2m respectlvely and the
2m — 1 edges namely €1, €a, e3, 64, es, €, 67, 68, . €2m 55 e2m 45 €2m—31, €2m—2,
€2m_1 receive labels 2m — 1, 2m — 2, 2m — 3, 2m — 4, 2m — 5, 2m — 6, 2m — 7,
2m —8,..., 5, 4, 3, 2, 1 respectively. Thus the 4m — 1 edges are labeled with 1, 2,
3,..., 4m — 1. Hence the extended duplicate graph of the comb graph EDG (CB,,),
m > 2 admits skolem difference mean labeling.

2.3. Algorithm - SDMLT

Ve {vy, v, ..., ’U3m+2,U1,U2,.. v3m+2}

E< {e1,€2, ., €3m12, €1, €gy ooy €31 }

Case (i): when m is odd

Fix vy < 12m +4, vy < 1, v < 6bm + 3, vgy < 6m + 5, v5 < 6m + 7, v/l — 2,
vy < 12m + 7.

For 1 <k < mT“

Vgrs < 12m — 6k + 11, vg,_y < 12m — 6k + 9, vg,_; « 12m — 6k + T;

For1 <k< mTfl

Vg — 6k + 4, vgoy < 6k + 6, vg o < 6k + 8, ver + 6k — 3, vgp1 « 6k — 1,
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V6k+2 < 6]€—|—1, Vek+3 < 6m—6k:—|—12, V6k+4 < 6m — 6k + 10, V6k+5 < 6m—6k+8,
Case (ii): when m is even

Fix v; <= 12m 44, vy < 1, v3 < 6m + 3, vy < 6m + 5, v5 < 6m + 7, v} « 2,
vy < 12m + 7.

For1 <k <%

Vgp_g  12m—6k+11, vg_o + 12m—6k+9, vg,_; < 12m —6k+7, vg, <+ 6k+4,
Vg1 < 6k + 6, g,y < 6k + 8, vy, — 6k — 3, vgpr1 6k — 1, vgpio + 6k + 1;
For1 <k < mT_2

Vek+3 < 6m — 6k + 12, Vek4+4 < 6m — 6k + 10, Vek+5 < 6m — 6k + 8;

Theorem 2.4. The extended duplicate graph of the twig graph EDG (T,,) , m > 2
admits skolem difference mean labeling.

Proof. Let {vy, vy, ..., Usmi2, Uy, Uy, ...,vémH} and {ey, €q, ..., €3mi2, €1, Co ...\ e;mﬂ}
be the set of vertices and the edges of EDG (T},).

Case (i): when m is odd

Using the algorithm SDMLT, the 12m + 7 vertices are labeled using 1, 2, 3,...,
12m +7(= P+ q). Using the induced function f* defined in theorem 2.2, the two
edges e, e1 recelve labels 2,1 respectlvely, the 3m edges namely es, e3, ey, 65, 66,
67, es, €9, €10, en, 612, 613, e3m 4 e3m 3, e3m 9y €3m—1, €3m, €3m+1 receive labels
6m + 2, 6m + 1, 6m, 6m—1, 6m — 2, 6m — 3, 6m — 4, 6m — 5, 6m — 6, 6m — 7,
6m — 8, 6m —9,.. 3m+8 3m+7 3m+6 3m+5 3m + 4, 3m + 3 respectively,
the 3m edges namely 62, 63, 64, €5, €6, €7, 68, eg, 6107 €11, €12, €135--5 E3m—4, €3m_3,
€3m-25 €315 Cams e3m+1 receive labels 3m 42, 3m+1, 3m, 3m—1, Sm 2, 3m—3,
3m—4,3m —5,3m —6,..., 8, 7,6, 5, 4, 3 respectively and the edge €3m2 Teceive
label 6m + 3. Thus the 6m + 3 edges are labeled with 1, 2, 3,..., 6m + 3.

Case (ii): when m is even

Using the algorithm SDMLT, the 12m + 7 vertices are labeled using 1, 2, 3.,...,
12m +7(= P+ q). Using the induced function f* defined in theorem 2.2, the two
edges e, 61 recelve labels 2, 1 respectively, the 3m edges namely €2, €3, €4, 65, 66,
67, es, €9, €10, en, 612, 613, s €3m—4, €3m—3, €3m_2, e3m 1 egm, e3m+1 receive labels
6m + 2, 6m + 1, 6m, 6m — 1 6m — 2, 6m—3, 6m —4, 6m —5, 6m —6, 6m — 7,
6m — 8, 6m —9,.. 3m+8 3m+7 3m+6 3m+5 3m+4, 3m+ 3 respectwely,
the 3m edges namely 62, 63, 64, es, €6, €7, 68, 69, 610, €11, €12, €13,.. 63m 40 e3m 35
e3m_2, €3m—1, €3m, €3mi1, receive labels 3m+2, 3m+1, 3m, 3m—1, Sm 2,3m—4,
3m—5,3m—6,3m—17,...,8, 7,6, 5, 4, 3 respectively and the edge e3,,12 receive
label 6m + 3. Thus the 6m + 3 edges are labeled with 1, 2, 3,..., 6m + 3. Hence
the extended duplicate graph of the twig graph EDG (T,,) , m > 2 admits skolem
difference mean labeling.
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Illustration:

3 v, e vi 2 ' 0 ve v 2
— 2 1 v, v343

1v, v vi23 21v, vidl
9 5 = 230, vi39

S v, Q vill a v, 25vg ved7
6 . 3 ve v410

v, ‘ ve21 S v, v332
7o 7 ve veld

7 vs ‘ v410 ° 24v, v53S
) 22y, V33
6 vs ve19 20v,, v],31

EDG(Ps) EDG(CBD
EDG(T,)

Figure 1. Skolem difference mean labeling in

3. Skolem Odd Difference Mean Labeling
Definition 3.1. A graph G(p,q) is skolem odd difference mean graph if there exists
an ingective function f 'V — {0,1,2,3,...,p 4+ 3¢ — 3} and an induced function
f*:E—{1,3,5,,2q — 1} such that each edge uv is labeled with [M1 2],
[4]
3.1. Algorithm - SODMLP
Ve {v1, vg, oo U1, Uy, Vg, ---77{m+1}
E+ {e1,€2, ..., €mi1,€1, €9, ..., €, }
Case (i): when m is odd
Fix vy < 8m, v3 < 8m — 4, vll — 8m — 2, v; — 8m + 2;

m+1
For1 <k <
Vo < 4k — 4;

—1

For 1 <hk<
Vggorq 4 8m — 4k — 2, vy o < 8m + 4k — 17;
Forl<hk< ™2
V943 < 8m — 4k — 23,
Case (ii): when m is even
Fix v1 < 8m, vll — 8m — 2, ’UIQ — 8m + 2;

m
For1 <k< 5}

Vo 4= 4k — 4, Vg < 8m — 4k — 2;



Skolem Difference Mean Labeling in Duplicate Graphs of Some Path... 69

—2
For1<k<
Vopt3 < 8m — 4k — 6, vy o < 8m + 4k — 17;

Theorem 3.2. The extended duplicate graph of the path graph EDG (P,,), m > 2
admits skolem odd difference mean labeling.

Proof. Let Vi {v1,vs, ..., Upi1, Uy, Uy, ...,v;nﬂ} and {e1, €2, ..., Emi1, €1, Eqy orCy }
be the set of vertices and the edges of the EDG (P,,).
Case (i): when m is odd
Using the algorithm SODMLP, the 2m + 2 vertices are labeled using 0, 1, 2, 3,...,
F0=10))
edges namely, 6/1, €s, eé, €4, e;), es, €l7,..., €m—3, e;n_Q, Em—1, e;n receive labels 4m —1,
dm —3,dm —5,dm — 7, 4m — 9, dm — 11,.... 2m + 7, 2m + 5, 2m + 3, 2m + 1
respectively and the edge es,,11 receives the label 4m + 1. Thus the 2m + 1 edges
are labeled with 1, 3, 5,..., 4m + 1(= 2q — 1).
Case (ii): when m is even
Using the algorithm SODMLP, the 2m + 2 vertices are labeled using 0, 1, 2, 3,...,
8m + 2(= p+ 3¢ — 3). Usmg the induced functlon f* deﬁned in case (i), the m
edges namely e, 62, es, 64, es, 66, , Cm—3, em 95 €m—1, e receive labels 1, 3, 5, 7
9, 11 2m 7, 2m 5 2m — 3, 2m — 1 respectively and the m edges namely e,
es, 63, 64, 65, eg, 67, v €3y Em—2, em 1, em Teceive labels 4m — 1, 4m — 3, 4m — 5,
dm—T7,4m —9,4m —11,...,2m+7,2m+ 5, 2m+ 3, 2m + 1 respectlvely and the
edge eyn11 Teceives the label 4m + 1. Thus the 2m + 1 edges are labeled with 1,
3, 5,..., 4m + 1(= 2q — 1). Hence the extended duplicate graph of the path graph
EDG ( ), m > 2 admits skolem odd difference mean labeling.

3.2. Algorithm - SODMLC
Ve {v1, v, ... Ugm,vl,UQ, . va}
E« {e1,€9,....€am, €1, €, ..y 1}
Case (i): when m is odd
Fix v; < 0, v, < 8m — 2

1
For1§k§m+

8m + 2(= p+ 3q — 3). Using the induced function f* (uv) = [

Vyp_g < 16m — 8k + 2, vgp_y < 16m — 8k;
—1
For 1 < k < 2

Ugpq < 16m — 8k — 2, vy, + 8m + 8k — 6, vy, < Sm + 8k — 2;
Case (ii): when m is even
Fix v; < 0, v'1<—8m—2

Vap—1 <+ 16bm — 8k — 4, Vak < 8k — 4, Vdk+1 < 8/{3,
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Forlﬁk:ﬁ%

Vg < 16m — 8k, vgp_1 < 16m — 8k — 4, vy, + 4k — 4, vy _, < 16m — 8k + 2,
Vy_q — 16m — 8k — 2, vy, + 8m + 8k — 6;

—2
For1< k<2
Va1 4 8k, vy q < 8m + 8k — 2;

Theorem 3.3. The extended duplicate graph of the comb graph EDG (CB,,),
m > 2 admits skolem odd difference mean labeling.

Proof. Let {v1, vy, ..., Vam, Uy, Uy, ..., Uy, } and {e1, €a, ..., €am, €], €y, ..., €5, 1 } be the
set of vertices and the edges of the EDG (CB,,).

Case (i): when m is odd

Using the algorithm SODMLC, the 4m vertices are labeled using 0, 1, 2,..., 16m —
6(=p+3q—3). Using the mduced functlon f* defined in theorem 3. 2 the 2m — 2
edges namely e1, ey, €5, €, €5, €6, €, Cgyry Com—5, Com—is Cop 3, Con o TECEIVE
labels 8m — 3, 8m — 5, 8m — 7, 8m — 9, 8 — 11, 8m — 13, 8 — 15, 8m — 17,..
dm + 9, 4m + 7, 4m + 5, 4m + 3 respectively, the edges C2m—1; €am receive labels
4m—|— 1,4m —1 and the 2m — 1 edges namely 61, 62, €3, €4, 65, €l6, er, €s,.. 62m 5»
egm_4, €2m—3, €2m—_2, 62m_1 receive labels 4m — 3, 4m —5, 4m —7, 4m — 9, 4m 11,
dm —13, 4m —15,4m —17,..., 9, 7, 5, 3, 1 respectively. Thus the 4m — 1 edges are
labeled with 1, 3, 5, 7,..., 8m — 5, 8m — 3(= 2¢ — 1).

Case (ii): when m is even

Using the algorithm SODMLC, the 4m vertices are labeled using 0, 1, 2,..., 16m —
6(=p+3q—3). Usmg the 1nduced functlon f* deﬁned in theorem 3.2, the 2m — 2
edges namely ey, €y, €5, €y, €5, €6, €7y €gyrerry Cor 5y Cor 4y Com—3, Cam—a Teceive labels
8m—3,8m—5,8m—7,8m—9, 8nm — 11, 8m —13,8m — 15, 8m —17,..., 4m + 9,
4m+7, 4m+5, 4m+ 3 respectively, the two edges ey, 1, €2m receive labels 4m—|—1
4m — 1 respectively and the 2m — 1 edges namely namely 617 62, €3, €4, 65, eﬁ, er,
€8,--rs €2m—5, Com—_4, 62m 35 62m 9, €2m—1 receive labels 4m — 3, 4m — 5, 4m — 7,
dm —9,4m —11,4m — 13, 4m — 15, 4m —17,..., 9, 7, 5, 3, 1 respectively. Thus the
4m — 1 edges are labeled with 1, 3, 5, 7,..., 8m —5,8m — 3(=2q — 1). Hence, the
extended duplicate graph of the comb graph EDG (CB,,), m > 2 admits skolem
odd difference mean labeling.

3.3. Algorithm - SODMLT

Vi {v1, V2, ..., Uz, Uy, Vg, ... v3m+2}

E< {e1, €2, ., €3m12, €1, €y ey €301 }

Case (i): when m is odd

Fix v) < 0, v} < 14, vy + 24m + 9, v, < 24m + 10;
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|
For1<k< ™"

Ver_3 4 36k — 16, vgp_o < 36k — 12, vg_y ¢ 36m — 8, Vg 5 — 12k — 9,
Vgp_o 12k — 5, vy, + 12k — 1
—1

For1 <k < m2
Vek <— 24m — 36k + 13, Vek+1 < 24m — 36k + 9, Vek+2 < 24m — 36k + 5,
Vg 4 24m — 12k + 18, vy, < 24m — 12k + 14, vy, .o + 24m — 12k + 10;
Case (ii): when m is even
Fix v; <= 0, v} < 14, vy < 24m + 9, vy < 24m + 10;

m
For1 <k < )
Vek—3 < 36k — 1, Vek—o < 36k — 12, Vek—1 < 36k — 8, Ver — 24m — 36k + 13,
Veks1 < 24m — 36k +9, Vepro < 24m — 36k +5; vg, 5 <+ 12k —9, v, 12k —5,
Vg1 ¢ 12k — 1, vg,  24m — 12k + 18, vgpy + 24m — 12k + 14, vy,
24m — 12k + 10;

Theorem 3.4. The extended duplicate graph of the twig graph EDG (T,,), m > 2
admits skolem odd difference mean labeling.

Proof. Let {vy, vy, ..., Usmi2, Uy, Uy, "'7/Uém+2} and {ey, €a, ..., €3m12, €1, Co ...y e;mﬂ}
be the set of vertices and the edges of the EDG (T,,).

Case (i): when m is odd

Using the algorithm SODMLT, the 6m + 4 vertices are labeled using 0, 1, 2, 3,..
24m+10(= p+3q — 3). Usmg the mduced function f* defined in theorem 3.2, the
8 edges namely ey, es, e3, ey, 61, 62, 63, e4 receive labels 12m+5, 12m+3, 12m+1,
12m — 1, 12m — 3 12m — 5, I2m — 7, 12m — 9 respectively, the 6m — 6 edges
namely €5, €, €7, 65, 667 67, €g, €9, €10, 687 69, 610, y €3m—1, €3ms €3m-+1, €3m 19 63m7
e3m+1 receive labels 12m — 11, 12m — 13, 12m — 15, 12m —17,12m —19, 12m — 21,
12m — 23, 12m — 25, 12m — 27, 12m — 29, 12m — 31, 12m — 33,..., 13, 11, 9, 7, 5,
3, respectively and the edge es,, 12 receives the label 1. Thus the 6m + 3 edges are
labeled with 1, 3, 5,..., 12m + 5(= 2¢ — 1).

Case (ii): when m is even

Using the algorithm SODMLT, the 6m + 4 vertices are labeled using 0, 1, 2, 3,...,
24m +10(= p+ 3¢ — 3). Using the induced function f* defined in theorem 3.2, the
8 edges namely ey, es, e3, ey, e’l, 6,2, eé, e; receive labels 12m +5, 12m +3, 12m+1,
12m — 1, 12m — 3, 12m — 5, 12m — 7, 12m — 9 respectively, the 6m — 6 edges
nlamely €5, €, €7, 6/5, 6%, 6;, €g, €9, €10, 6/87 €l9, 6/10,..., €3m—15 €3ms €3m+1, Gém_l, e;)m,
€341 Teceive labels 12m — 11, 12m — 13, 12m — 15, 12m — 17, 12m — 19, 12m — 21,
12m — 23, 12m — 25, 12m — 27, 12m — 29, 12m — 31, 12m — 33,..., 13, 11,9, 7, 5,
3, respectively and the edge es,, 12 receives the label 1. Thus the 6m + 3 edges are
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labeled with 1, 3, 5,..., 12m + 5(= 2¢ — 1). Hence the extended duplicate graph of
the twig graph FDG (T,,,), m > 2 admits skolem odd difference mean labeling.
Ilustration:

° v vize Qv v{ 16
sev, v;se  8lv, V5,82
s2u, ;s 20V, vy3
. .. visa 24vy ve?
o v vsa  28Us vill
49v, V718
eocrd a8 ve Y5 asv, o
as e Y2 a1vg V470
12ve ve4Z  SEy, v515
fpacE.) 60v,, V1019
64v,, vi,23
EDG(T,)

Figure 2. Skolem odd difference mean labeling in
EDG (Ps), EDG (CBy) and EDG (T3)

4. Skolem Even Difference Mean Labeling

Definition 4.1. A graph G(p,q) is a skolem even difference mean graph if there
exists an injective function f :V — {0,1,2,3,...,p+3q¢—1} and an induced func-
tion f*: B — {2,4,6,...,2q} such that each edge wv is labeled with [M}
[2].

4.1. Algorithm - SEDMLP

V< {Ula V2, «eey Um-‘rll? U/17 Vg, e Um+1}

E{e, e, ..., emi1, €1, €9, ..., 6, }

Case (i): when m is odd

Fix vy < 4, v; < 8m + 4, vy < 0, vy < 8m;

1
For1<hk< ™t

m—1

vgk_l(—4k,v’2k<—8m—4k—1;For1§k:§

Voo = 4k — 1, vy y  4m — 4k — 1;
Case (ii): when m is even

Fix vy «+ 4, vll — 8m+4, vy + 0, 1/2 +— 8m;
For 1<k <o
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Vo1 4 4k + 4, vy q < 4m — 4k — 1;
For 1<k<—

Vopro — 4k — 1, vgy o < 8m — 4k

Theorem 4.2. The extended duplicate graph of the path graph EDG (P,,), m > 2
admits skolem even difference mean labeling.

Proof. Let {vy,vs, ..., Ums1, V], Uy, ...,v;nﬂ} and {e1, €2, ..., mi1, €1, 9, .. e, } be

the set of vertices and the edges of the EDG (F,,).

Case (i): when m is odd

Using the algorithm SEMLP, the 2m + 2 vertices are labeled using 0, 1, 2, 3,...,
OETOT

3 edges namely, €], Cmt1; €1 recelve labels dm + 2, 4m, 4m — 2 respectively, the

— 1 edges namely ez, es, 64, es, 66, €7yers e;n 35 Em—2, em 1, em receive labels
4m 4, 4m — 6, 4m — 8, 4m — 10, 4m — 12, 4m—14 2m+6 2m—l—4 2m+2
2m respectwely and the m — 1 edges namely e, 63, €4, 65, es, 67, vy Em—3, em 95
Em—1, em receive labels 2m — 2, 2m — 4, 2m — 6, 2m — 8, 2m — 10, 2m — 12,..., 8,
6, 4, 2 respectively. Thus the 2m + 1 edges are labeled with 2, 4, 6, 8,... [ 4m + 2.
Case (ii): when m is even
Using the algorithm SEMLP, the 2m + 2 vertices are labeled using 0, 1, 2, 3,...,
8m + 4(=p + 3q - 1). Using the induced function f* defined in case (i), the 3
edges namely el, €1, €1 recelve labels dm 42, 4m 4m — 2 respectively, the m — 1
edges namely 62, es, 64, es, 66, €7yerrs em 9y €m—1, e receive labels 4m — 4, 4m — 6,
4m — 8, 4m — 10, 4m — 12 dm — 14,..., 2m + 4, 2m + 2, 2m respectively and the

— 1 edges namely e, 63, €4, 65, €6, 67, vy Em—2, em 1, em Teceive labels 2m — 2,
2m 4, 2m —6, 2m — 8, 2m — 10, 2m — 12,..., 6, 4, 2 respectively. Thus the 2m + 1
edges are labeled with 2, 4, 6, 8,..., 4m + 2 Hence, the extended duplicate graph
of the path graph EDG ( ), M > 2 admits skolem even difference mean labeling.

4.2. Algorithm - SEDMLC
Vi {1, V2, ..., Vo, Uy, Vg, ooy Vg
E< {e1, €2, ., €am, €1, €9y s g 1}
Case(i): when m is odd

Fix v; < 0,0, ¢ 16m — 4

1
For1 <k < m
Uy ¢ 16m — 8k, vgp_o < 8m + 8k — 9;
Forlgkgm_l

8m + 4(= p+ 3¢ — 1). Using the induced function f*(uv) = |
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Vgp_1 4 8m + 8k — 5 vy, < 4k + 4 vgqy — 8k,vy , < 16m — 8k — 4,0y,
16m + 8k — 15, vy, < 16m + 8k — 19;
Case(ii): when m is even
Fix v; < 0,0, + 16m — 4
For1 <k< %
Vg < 16m — 8k 44, vy, | < 16m — 8k, vy, + 16m — 8k 4 3, vyy,_o < Sm + 8k —
9, V451 < 8m + 8k — b, vy, + 8k — 4;
—2
For1 <k< m
Vgpy1 8k, vy o + 16m — 8k — 1;

Theorem 4.3. The extended duplicate graph of the comb graph EDG (CB,,) ,m >
2 admits skolem even difference mean labeling.

Proof. Let {vy, vy, ..., Vam, Uy, Uy, ..., Uy, } and {ey, €g, ..., €am, €], €y, ..., €51 } be the
set of vertices and the edges of the EDG (CB,,).

Case(i): when m is odd

Using the algorithm SEDMLC, the 4m vertices are labeled using 0, 1, 2,..., 16m —
4(=p+3q—1). Using the induced function f* defined in theorem 4.2, the 2m — 2
edges namely 61,62,63,6;765766,6,7,6/8,...,€2m_5,62m_4,€,2m73,6/2m72 receive labels
8m — 4,8m — 6,8m — 8,8m — 10,8m — 12,8m — 14,8m — 16,8m — 18, ...,4m +
8,4m + 6,4m + 4, 4m + 2 respectively, the 2m — 2 edges namely €, €,, €3, €4, 6/5, e%,
er, €s, ...,elgm_S, e;m_4,62m,3,62m,2 receive labels 4m — 2,4m — 4,4m — 6,4m —
8,4m — 10,4m — 12,4m — 14,4m — 16, ..., 10,8, 6,4 respectively and the 3 edges
namely €gm_1, 5,1, €am receive labels 4m, 2, 8m — 2(= 2q) respectively. Thus the
4m — 1(= q) edges are labeled with 2, 4 .6, 8,..., 8m — 2.

Case(ii): when m is even

Using the algorithm SEDMLC, the 4m vertices are labeled using 0, 1, 2,..., 16m —
4(=p+3q—1). Using the induced function f* defined in theorem 4.2, the 2m — 2
edges namely 61,62,6/3,6;765,66,6,7,6,8,...,€/2m75,6/2m74,€2m_3,62m_2 receive labels
8m —4,8m — 6,8m — 8,8m — 10,8m — 12,8m — 14,8m — 16,8m — 18 4m—|—
8 dm + 6,4m + 4,4m + 2 respectlvely, the 2m — 2 edges namely 61, 62, €3, €4, 65,
66,67, €8y - ey €25, Com_ 4,6162m 3, 62m 5, receive labels 4m—2,4m—4,4m—6,4m—
8,4m — 10,4m — 12,4m — 14,4m — 16, ...,10,8,6,4 respectlvely and the 3 edges
namely eg,, 1, e’szl, eam receive labels 2, 4m, 8m — 2(= 2q) respectively. Thus the
4dm —1(= q) edges are labeled with 2, 4 |6, 8,..., 8m — 2. Hence, the extended dupli-
cate graph of the comb graph EDG (CB,,),m > 2 admits skolem even difference
mean labeling.

4.3. Algorithm - SEDMLT
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Vi {v1, 0, .., Usmsz, Uy, Uy, ... v3m+2}

E« {e1, €9, ..., €3ms2, €1, Co, ... e3m+1}

Case(i): when m is odd

Fix v < 0,0y ¢ 4,0] < 12m + 8, vy ¢+ 24m + 12;

1
For1<k< T

Vek—3 < 12k — 4, Vek—2 < 12]{3, Vek—1 < 12k + 4, ,U/6k—3 +— 12m — 12k + 157U25k’—2 —
12m — 12k + 11, vg,_, + 12m — 12k + T7;

1
For1<k<

Ver < 12k — 5, vgpp1 < 12k — 1, vgr40 < 12k + 3,0, < 24m — 12k + 20, vg, ., <
24m — 12k + 16, vgy o < 24m — 12k + 12;

Case(ii): whenm is even

Fix v = 0,0y ¢ 4, 0] < 12m + 8, v, + 24m + 12;

For1 <k < %

Vek—3 < 12k — 0, Vgh—a 12k — 1>U6I<:—1 +— 12k + 3,’Uﬁk +— 12k — 4, Vek+1 <
12k, Ve yo < 12k + 4,05 < 12m — 12k + 16, vg;,_o < 12m — 12k + 12, v,
12m—12k+8, vy < 24m—12k+19, v, | < 24m—12k+15, vg, o  24m—12k-+11;

Theorem 4.4. The extended duplicate graph of the twig graph EDG (T,,),m > 2
admits skolem even difference mean labeling.

Proof. Let {v1, Vg, ..., Usm12, V1, Vg, <oy Vg o+ a0 {€1, €, ..y €3m12, €1, €9, ovy €3mr |
be the set of vertices and the edges of the EDG (T5,).

Case(i): when m is odd

Using the Algorithm SEDMLT the 6m + 4 vertices are labeled using 0, 1, 2, 3,..
24m + 10(= p + 3q — 1). Using the mduced function f deﬁned in theorem 4. 2
the 3m edges namely ey, €3, €4, €5, €, €7, €8, €9, €10, €115 C1a> C13ser Cam 4> Car 3»
63m72, €3m—1, €3m, €3mr1 receive labels 6m,6m — 2,6m — 4,6m — 6,6m 8,6m —
10,6m — 12,6m — 46m—166m—186m—206m 22 ,12,10,8,6,4,2 re-
spectively, the 3m edges namely 62, 63, 64, es, €6, €7, 68, 69, 610, €11, €12, €13, +++s E3m—4,
€3m—35 €3m—2 C3m_1 Cam» Cam-1 Teceive labels 12m+2,12m, 12m —2, 12m — 4 12m —
6,12m — 8,12m — 10, 12m — 12,12m — 14, 12m — 16, 12m — 18, 12m — 20, ..., 6m +
14,6m + 12,6m + 10,6m + 8,6m + 6, 6m + 4 respectively and the 3 edges namely
e, e’l, e3mao receive labels 12m + 6, 6m + 2, 12m + 4 respectively. Thus the 2m + 1
edges are labeled with 2, 4, 6,..., 12m + 6(= 2q).

Case(ii): when m is even

Using the Algorithm SEDMLT the 6m + 4 vertices are labeled using 0, 1, 2, 3,...,
24m+10(= p+3q —1). Using the induced function f* defined in theorem 4.2, the
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3m edges namely 62,63,64,6/5, e%,e;, €s, €9, €10, 6/11,6/12, 6,13, ...,eém_4, 6%m—376;>m—27
€3m—1, €3m, €3m+1 receive labels 6m,6m — 2,6m —4,6m — 6,6m — 8,6m — 12, 6m —
14,6m —16,6m — 18, 6m — 20, 6m — 22, ..., 12,10, 8, 6, 4, 2 respectively, the 3m edges
namely 6m — 16, 6m — 18,6m — 20, 6m — 22, ..., 12,10, 8, 6, 4, 2 respectively, the 3m
edges namely 6/2, eé, e;, es, €g, €7, eé, e;), 6,107 €11, €12, €13-+y €3m—4, €3m—3, €3m—2,
e;mfl, eém, e;mﬂ receive labels 12m + 2,12m, 12m — 2,12m — 4,12m — 6, 12m —
8,12m — 10,12m — 12,12m — 14,12m — 16, 12m — 18, 12m — 20, ..., 6m + 14, 6m +
12, 6m+10, 6m+8, 6m +6, 6m + 4 respectively and the 3 edges namely ey, €], €342
receive labels 12m + 6,6m + 2, 12m + 4 respectively. Thus the 2m + 1 edges are
labeled with 2,4,6,..., 12m 4 6(= 2q). Hence, the extended duplicate graph of the
twig graph EDG (T,,) ,m > 2 admits skolem even difference mean labeling.
Illustration:

o v, vize 0ov, v, 44
22vs w7z 4, v;84
a3 vies 8v, v339
. : ”” 12v, V43S
o vien 16Vg vg31
sav, vi60 7 Ve Véao
12vn vies  11v, V576
16u. vise  15p, vg72
EDG(Ps) e T cny T VS 200, 6o )27
24v,, ev;,23
28v,, vy,19

EDG(T,)

Figure 3. Skolem even difference mean labeling in
EDG (Ps), EDG (CBy) andEDG (T3)

5. Conclusion We have proved that extended duplicate graph of path graph
EDG (P,,),m > 2, extended duplicate graph of comb graph EDG (CB,,),m >
2 and extended duplicate graph of twig graph EDG (T,,),m > 2 admit skolem
difference mean labeling, skolem odd difference mean labeling and skolem even
difference mean labeling.
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