
J. of Ramanujan Society of Math. and Math. Sc. ISSN : 2319-1023
Vol.2, No.1 (2013), pp. 11-16

Certain Transformation Formulae for Bilateral Basic
Hypergeometric Series

(Received April 03, 2013)

Renu Chugh, Prakriti Rai* and Smita Sharma**
Department of Mathematics, Maharishi Dayanand University Rohtak
email:chugh.r1@gmail.com
*Department of Mathematics, Amity University Noida
email:prai@amity.edu
**Department of Mathematics, KIIT Gurgaon, Gurgaon
email:smitasood10@gmail.com
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1. Introduction, Notation and Definition:
Throughout this paper we shall adopt the following notations and definitions; For

any numbers a and q real or complex and |q| < 1, let

(a)n :=
{

1, if n = 0
(1− a) (1− aq)

(
1− aq2

)
. . .
(
1− aqn−1

)
, if n ≥ 1

(1.1)

and

(a)∞ :=
∞∏

n=0

(1− aqn) (1.2)

The basic hypergeometric series r+1ϕr and the bilateral basic hypergeometric series rψr

are given by

r+1ϕr

[
a1, a2, . . . , ar+1 ; z
b1,b2, . . . , br

]
:=

∞∑
n=0

(a1)n(a2)n . . . (ar+1)n

(q)n(b1)n(b2)n . . . (br)n

zn (1.3)

and

r+1ψr

[
a1, a2, . . . , ar ; z
b1, b2, . . . , br

]
:=

∞∑
n=−∞

(a1)n(a2)n . . . (ar)n

(b1)n(b2)n . . . (br)n

zn (1.4)
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respectively. The advantage of writing down the bilateral series is to introduce one more
parameter and thus to obtain an entire infinite family.
2. Transformation formulae for Bilateral Basic Hypergeometric Series:

In this section we have proven the following result which is a bilateral extension of
Satya Prakash Singh and Amit Kumar Singh result1

12Ψ12

 αqM , qM+1√α,−qM+1√α, βqM , γqM , αqM

βγ

q1+M ,
√
αqM ,−

√
αqM , αq1+M

β , αq1+M

γ , βγq1+M , q1+M ,


(
, aqM , qM+1√a,−qM+1√a, cqM , aqN+2M

c , q−N ; q; q2
√
aqM ,−

√
aqM , aq1+M

c , cq−N+1, aqN+2M+1

)

=10 Ψ10

aqM , q1+M√a,−q1+M√a, cqM , aqN+2M

c , q−N , αq1+M , βq1+M , γq1+M , αq1+M

βγ ; q; q

q1+M ,
√
aqM ,−

√
aqM , aq1+M

c , cq−N+1, aqN+2M+1, q1+M , αq1+M

β , αq1+M

γ , βγq1+M



×
(αq; q)M (βq; q)M (γq; q)M

(
αq

βγ
; q
)

M

(
α; q2

)
M

(α; q)M

(
q2α; q2

)
M

(
α

βγ
; q
)

M

(β; q)M (γ; q)M qM

+10Ψ10

αqM , q1+M√α,−q1+M√α, βqM , aqN+2M+1

c , q−N+1, γqM , aq1+M , cq1+M , αqM

βγ ; q; q

q1+M ,
√
αqM ,−

√
αqM , αq1+M

β , cq−N+1, aqN+2M+1, aq1+M

c , q1+M , αq1+M

γ , βγq1+M



×
(cq; q)M (aq; q)M

(
a; q2

)
M

(
aqN+M+1

c ; q
)

M

(
q−(N+M)+1; q

)
M

(a; q)M (c; q)M (aq2; q2)M

(
aqN+M

c ; q
)

M

(
q−(N+M); q

)
M
qM

(2.1)

Proof:
Satya Prakash Singh and Amit Kumar Singh transformation1 is given by

12ϕ11

α, q√α,−q√α, β, γ, α
βγ , a, q

√
a,−q

√
a, c, aqN

c , q−N ; q; q2
√
α,−

√
α, αq

β ,
αq
γ , βγq, q,

√
a,−

√
a, aq

c , cq
−N+1, aqN+1


=10 ϕ9

a, q√a,−q√a, c, αq, βq, γq, αq
βγ ,

aqN

c , q−N ; q; q
√
a,−

√
a, αq

β ,
αq
γ , βγq,

aq
c , cq

−N+1, aqN+1, q


+10ϕ9

α, q√α,−q√a, β, γ, α
βγ , aq, cq,

aqN+1

c , q−N+1; q; q
√
α,−

√
α, αq

β ,
αq
γ , βγq,

aq
c , q, cq

−N+1, aqN+1

 (2.2)
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Consider the above transformation (where N has to be replaced by N +M)

12ϕ11

α, q√α,−q√α, β, γ, α
βγ , a, q

√
a,−q

√
a, c, aq(N+M)

c , q−(N+M); q; q2
√
α,−

√
α, αq

β ,
αq
γ , βγq, q,

√
a,−

√
a, aq

c , cq
−(N+M)+1, aq(N+M+1)



=10 ϕ9

a, q√a,−q√a, c, αq, βq, γq, αq
βγ ,

aq(N+M)

c , q−(N+M); q; q
√
a,−

√
a, αq

β ,
αq
γ , βγq,

aq
c , cq

−(N+M)+1, aq(N+M)+1, q


+10ϕ9

α, q√α,−q√a, β, γ, α
βγ , aq, cq,

aq(N+M)+1

c , q−(N+M)+1; q; q
√
α,−

√
α, αq

β ,
αq
γ , βγq,

aq
c , q, cq

−(N+M)+1, aq(N+M)+1

 (2.3)

Putting r = S+M in the above result, then on simplification we get the required result.

12Ψ12

 αqM , qM+1√α,−qM+1√α, βqM , γqM , αqM

βγ , aqM ,

q1+M ,
√
αqM ,−

√
αqM , αq1+M

β , αq1+M

γ , βγq1+M , q1+M ,


(
qM+1√a,−qM+1√a, cqM , aqN+2M

c , q−N ; q; q2
√
aqM ,−

√
aqM , aq1+M

c , cq−N+1, aqN+2M+1

)

=10 Ψ10

aqM , q1+M√a,−q1+M√a, cqM , aqN+2M

c , q−N , αq1+M , βq1+M , γq1+M , αq1+M

βγ ; q; q

q1+M ,
√
aqM ,−

√
aqM , aq1+M

c , cq−N+1, aqN+2M+1, q1+M , αq1+M

β , αq1+M

γ , βγq1+M


×

(αq; q)M (βq; q)M (γq; q)M

(
αq
βγ ; q

)
M

(
α; q2

)
M

(α; q)M (q2α; q2)M

(
α
βγ ; q

)
M

(β; q)M (γ; q)M qM

+10Ψ10

αqM , q1+M√α,−q1+M√α, βqM , aqN+2M+1

c , q−N+1, γqM , aq1+M , cq1+M , αqM

βγ ; q; q

q1+M ,
√
αqM ,−

√
αqM , αq1+M

β , cq−N+1, aqN+2M+1, aq1+M

c , q1+M , αq1+M

γ , βγq1+M


×

(cq; q)M (aq; q)M

(
a; q2

)
M

(
aqN+M+1

c ; q
)

M

(
q−(N+M)+1; q

)
M

(a; q)M (c; q)M (aq2; q2)M

(
aqN+M

c ; q
)

M

(
q−(N+M); q

)
M
qM

(2.4)

3. Application
Case 1: When we take M = 0 in the above equation we get the transformation (2.2)
Case 2: As c = q we get

11Ψ11

αqM , qM+1√α,−qM+1√α, βqM , γqM , αqM

βγ , aqM , qM+1√a,−qM+1√a, aqN+2M−1, q−N ; q; q2
√
αqM ,−

√
αqM , αq1+M

β , αq1+M

γ , βγq1+M , q1+M ,
√
aqM ,−

√
aqM , aqM , q−N+2, aqN+2M+1
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=9 Ψ9

q1+M√a,−q1+M√a, qM+1, aqN+2M−1, q−N , αq1+M , βq1+M , γq1+M , αq1+M

βγ ; q; q

q1+M ,
√
aqM ,−

√
aqM , q−N+2, aqN+2M+1, q1+M , αq1+M

β , αq1+M

γ , βγq1+M



×
(αq; q)M (βq; q)M (γq; q)M

(
αq
βγ ; q

)
M

(
α; q2

)
M

(α; q)M (q2α; q2)M

(
α
βγ ; q

)
M

(β; q)M (γ; q)M qM

+10Ψ10

αqM , q1+M√α,−q1+M√α, βqM , aqN+2M , q−N+1, γqM , aq1+M , q2+M , αqM

βγ ; q; q

q1+M ,
√
αqM ,−

√
αqM , αq1+M

β , q−N+2, aqN+2M+1, aqM , q1+M , αq1+M

γ , βγq1+M


×

(
q2; q

)
M

(aq; q)M

(
a; q2

)
M

(
aqN+M ; q

)
M

(
q−(N+M)+1; q

)
M

(a; q)M (q; q)M (aq2; q2)M (aqN+M−1; q)M

(
q−(N+M); q

)
M
qM

(3.1)

Case 3: When β = qwe get

10Ψ10

qM+1√α,−qM+1√α, γqM , αqM−1

γ , aqM , qM+1√a,−qM+1√a, cqM , aqN+2M

c , q−N ; q; q2

q1+M ,
√
αqM ,−

√
αqM , αq1+M

γ , γq2+M ,
√
aqM ,−

√
aqM , aq1+M

c , cq−N+1, aqN+2M+1



=10 Ψ10

aqM , q1+M√a,−q1+M√a, cqM , aqN+2M

c , q−N , αq1+M , q2+M , γq1+M , αqM

γ ; q; q

q1+M ,
√
aqM ,−

√
aqM , aq1+M

c , cq−N+1, aqN+2M+1, q1+M , αqM , αq1+M

γ , γq2+M



×
(αq; q)M

(
q2; q

)
M

(γq; q)M

(
α
γ ; q
)

M

(
α; q2

)
M

(α; q)M (q2α; q2)M

(
α
qγ ; q

)
M

(q; q)M (γ; q)M qM

+8Ψ8

q1+M√α,−q1+M√α, aqN+2M+1

c , q−N+1, γqM , aq1+M , cq1+M , αqM−1

γ ; q; q

q1+M ,
√
αqM ,−

√
αqM , cq−N+1, aqN+2M+1, aq1+M

c , αq1+M

γ , γq2+M



×
(cq; q)M (aq; q)M

(
a; q2

)
M

(
aqN+M+1

c ; q
)

M

(
q−(N+M)+1; q

)
M

(a; q)M (c; q)M (aq2; q2)M

(
aqN+M

c ; q
)

M

(
q−(N+M); q

)
M
qM

(3.2)

4. Another transformation formula for Bilateral Basic Hypergeometric Series:
In this section we have proven another result which is a bilateral generalization of Soni
Singh result2 which is as follows:

8ψ8

(
aqM , qM+1√a,−qM+1√a, bqM , cqM , dqM , eqM , q−N ,

q1+M ,
√
aqM ,−

√
aqM , aq1+M

b , aq1+M

c , aq1+M

d , aq1+M

e , aqN+2M+1
; q;

a2qN+2+M

bcde

)
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×
(a; q)M

(
q2a; q2

)
M

(b; q)M (c; q)M

(
a2q2+N+M

bcde

)M

(a; q2)M

(
aq(N+M+1); q

)
M

=
(aq; q)M

(
aq1+M ; q

)
N

(aq
de ; q

)
M

(
aq1+M

de ; q
)

N

(aq1+M

d ; q)
N

(aq1+M

e ; q)
N

×4ψ4

(
aq1+M

bc , dqM , eqM , q−N ; q; q
aq1+M

b , aq1+M

c , deq−N

a , q1+M

)
(4.1)

Proof: Soni Singh transformation is given by

8ϕ7

(
a, q

√
a,− q

√
a,b, c, d, e, q−n ; q; a2q2+n

/
bcde√

a,−
√
a, aq/b, aq/c, aq

/
d, aq/e, aqn+1

)
=

(aq, aq/de; q)n

(aq/d, aq/e; q)n
4ϕ3

(
aq/bc, d, e, q−n ; q; q

aq/b, aq/c, deq−n/a

)
(4.2)

Consider the above transformation (where N has to be replaced by N +M)

8ϕ7

(
a, q

√
a,− q

√
a,b, c, d, e, q−(N+M) ; q; a2q2+N+M

/
bcde√

a,−
√
a, aq/b, aq/c, aq

/
d, aq/e, aqn+1

)

=
(aq, aq/de; q)N+M

(aq/d, aq/e; q)N+M
4ϕ3

(
aq
/
bc, d, e, q−(N+M) ; q; q

aq/b, aq/c, deq−(N+M)
/
a

)
(4.3)

Putting r = S +M in (4.3), then on simplification we get the required result.

8ψ8

(
aqM , qM+1√a,−qM+1√a, bqM , cqM , dqM , eqM , q−N , ; q; a2qN+2+M

bcde

q1+M ,
√
aqM ,−

√
aqM , aq1+M

b , aq1+M

c , aq1+M

d , aq1+M

e , aqN+2M+1

)

×
(a; q)M

(
q2a; q2

)
M

(b; q)M (c; q)M

(
a2q2+N+M

bcde

)M

(a; q2)M

(
aq(N+M+1); q

)
M

=
(aq; q)M

(
aq1+M ; q

)
N

(aq
de ; q

)
M

(
aq1+M

de ; q
)

N

(aq1+M

d ; q)
N

(aq1+M

e ; q)
N

4ψ4

(
aq1+M

bc , dqM , eqM , q−N ; q; q
aq1+M

b , aq1+M

c , deq−N

a , q1+M

)
(4.4)

5. Application
Case 1: When a = q, transformation (4.4) reduces to

7ψ7

(
qM+ 3

2 ,−qM+ 3
2 , bqM , cqM , dqM , eqM , q−N ,

qM+ 1
2 ,−qM+ 1

2 , q2+M

b , q2+M

c , q2+M

d , q2+M

e , qN+2M+2
; q;

qN+4+M

bcde

)
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×
(q; q)M

(
q3; q2

)
M

(b; q)M (c; q)M

(
q4+N+M

bcde

)M

(q; q2)M

(
q(N+M+2); q

)
M

=

(
q2; q

)
M

(
q2+M ; q

)
N

(
q2

de ; q
)

M

(
q2+M

de ; q
)

N

( q2+M

d ; q)
N

( q2+M

e ; q)
N

4ψ4

(
q2+M

bc , dqM , eqM , q−N ; q; q
q2+M

b , q2+M

c , deq−(N+1)
, q1+M

)
(5.1)

Case 2: When a = de, (4.4) yields

8ψ8

(
deqM , qM+1

√
de,−qM+1

√
de, bqM , cqM , dqM , eqM , q−N ,

q1+M ,
√
deqM ,−

√
deqM , deq1+M

b , deq1+M

c , eq1+M

d , dq1+M

e , deqN+2M+1
; q;

deqN+2+M

bc

)

×
(de; q)M

(
q2de; q2

)
M

(b; q)M (c; q)M

(
deq2+N+M

bc

)M

(de; q2)M

(
deq(N+M+1); q

)
M

=
(deq; q)M

(
deq1+M ; q

)
N

(q; q)M

(
q1+M ; q

)
N

(eq1+M ; q)N (dq1+M ; q)N
3ψ3

(
deq1+M

bc , dqM , eqM ; q; q
deq1+M

b , ade
c , q

1+M

)
(5.2)
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