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Abstract: In this paper we introduce and investigate the inverse sum connectivity
energy of a graph ISCE(G). We establish upper and lower bounds for SDDE(G).
Also the symmetric division deg energy for certain graphs with one edge deleted
are calculated.
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1. Introduction

Let G be a simple graph and let {vy,vq,-- ,v,} be the set of its vertices. Let
i,j € {1,2,---,n}. If two vertices v; and v; of G are adjacent, then we use the
notation v; ~ v;. For a vertex v; € V(G), the degree of v; will be denoted by d(v;)
or briefly by d;.

In chemistry, topological indices play an important role due to their numer-
ous applications. There are many topological indices such as Randi¢ index, sum-
connectivity index, atom bond connectivity index, Zagreb indices, etc. Inverse sum
connectivity is a new molecular descriptor, introduced by K.N Prakasha [4]. He
defined the new index of a graph G as follows

ISCM(G) = 1SC(G) =Y («/di n dj> .

i~j
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By the motivation of the inverse sum connectivity index, we associate a symmet-
ric square matrix I.SC(G) to a graph G. The inverse sum connectivity matrix

ISC(G) = (1ij)nxn is defined as

I.. _{ \/di—i‘dj ifUz'NUj,

10 otherwise.

2. The inverse sum connectivity energy of a graph

Through out the paper we considered a graph G which is a simple, finite,
undirected, sign-less, mark-less graph. The energy E(G) is defined as the sum of
the absolute values of the eigenvalues of its adjacency matrix. For more details on
energy of a graph, refer [2,3].

Let ISC(G) be the inverse sum connectivity matrix. The characteristic poly-
nomial of ISC(G) will be denoted by ¢rscp(G,A) and defined as

¢150(G, A) = det(A\] — ISC(G)).

Since the inverse sum connectivity matrix is real and symmetric, its eigenvalues
are real numbers and we label them in non-increasing order A\ > Ay > --- > \,,.
The inverse sum connectivity energy of G is similarly defined by

ISCE(G) = Zn: I\l (1)

This paper is organized as follows. In Section 3, we give the basic properties of
inverse sum connectivity energy of a graph. In Section 4, inverse sum connectivity
energy of some standard and well studied graphs are obtained. In Section 5, we
compute inverse sum connectivity energy of some complements of some specific
graphs. In Section 6, the inverse sum connectivity energy for certain graphs with
one edge deleted are calculated and finally in Section 7, some open problems are
given.

3. Some basic properties of inverse sum connectivity energy of a graph
Let us define the number P as

J=> /(i +d;).
i<j
Then we have

Proposition 3.1. The first three coefficients of the polynomial ¢;sc(G,\) are as
follows:
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(i) ao =1,
(i) a, =0,
(iii) ap = —J.

Proof. (i) By the definition of ®;5¢(G, \) = det]\[ — ISC(G)], we get ag = 1.
(77) The sum of determinants of all 1 x 1 principal submatrices of ISC(G) is equal
to the trace of ISC(G) implying that

a; = (—1)* x the trace of ISC(G) = 0.

(77i) By the definition, we have

a.. a.<
(—1)26L2 _ § : % i
a .. Cl/ ..
1<i<j<n | b 7
= E Qg — ajia;
1<i<j<n
= E | Qi — E . ity
1<i<j<n 1<i<j<n
= —J
Proposition 3.2. If A\, Ao, ..., \, are the inverse sum connectivity eigenvalues of

ISC(G), then
i=1

Proof. It follows as

DN =D
i=1 i=1 j=1
= 2) (ay)’+ ) (aw)
1<j =1
= 2> (a;)
1<J

= 2J.

Using this result, we now obtain lower and upper bounds for the inverse sum
connectivity energy of a graph:
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Theorem 3.3. Let G be a graph with n vertices. Then
ISC(G) < Vv2nd.
Proof. Let Aj, Ao, ..., A, be the eigenvalues of ISC(G). By the Cauchy-Schwartz

inequality we have
n 2 n n
(Sun) < (30) (3002
=1 =1 =1

Let a; =1, b; =| A; |- Then

(E) = (£) ()

[ISCE)?* <n-2J

implying that

and hence we get
[ISCE] < v2nJ

as an upper bound.

Theorem 3.4. Let G be a graph with n vertices. If R= det ISC(G), then

ISCE(G) > \/ZJ +n(n—1)Rx.

Proof. By definition, we have

(ISCE(@) = (D A |)

= Z|/\i|2’>‘j|
j=1

i=1
= (Z|/\i|2>+2|>\i||)\j|‘
i—1 itj

Using arithmetic-geometric mean inequality, we have

1

1 n(n—1)
e DI R R <H| H gr>

i#] i#]
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Therefore,
1
n n(n—1)
[ISC@)) > Y |\ [P +nn—1) (H RYIpY |>
i=1 i#j
n ﬁ
> Z | \; |2 +TL n—l (H )\z |2(n—1)>
= Z |\ |? +n(n—1)R
i=1
= 2J+n(n—1)Rx.
Thus,

ISCE(G) > \/2J +n(n—1)Rx.

Let A, and A; are the minimum and maximum values of all A;s. Directly we
can obtain the following results.

Theorem 3.5. For a graph G of order n,

2
ISCE(G) > \/2Jn - %(Al — )2
Theorem 3.6. For a graph G of order n with non-zero eigenvalues, we have

2\//\1>\n\/ 2Jn
ISCE(G) > ——mMm——————.
(G) = (M +An)?

Theorem 3.7. Let G be a graph of order n. Let \y > Ao > A3 > ... > A\, be the
ergenvalues in increasing order. Then

|A1][An|n 4+ 2J
ISCE(G) >

4. Inverse sum connectivity energy of some standard graphs

In this section, we calculate the inverse sum connectivity energy of some well-
known and frequently used graph types including complete, cycle, star, friendship,
cocktail party, double star, Dutch windmill, crown and complete bipartite graphs.

Theorem 4.1. The inverse sum connectivity energy of a complete graph K, is

ISCE(K,) = (2n — 2)2.
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Proof. Let K, be the complete graph with vertex set V' = {vy,vq,-+ ,v,}. For
this graph, the inverse sum connectivity matrix is

0 Von—2 V2n—-2 ... V/2n—2 2n-—2
V2n — 2 0 V2n—2 ... V2n—2 2n-—2
2n—2 2n —2 0 2n — 2 2n—2
ISC(K,) = van=2 v Lo vz v
Vo2n—2 V2n—2 V2n—2 ... 0 V2on — 2
V2n—2 V2n—2 V2n—2 ... 2n -2 0

The characteristic equation then becomes
A+vV2n—2)" 1A= (n—-1)v2n—-2)=0

and the spectrum would be

—/2n — 2 — 1/2n — 2
Specrsc(K,) = ( nfl n \/1 n ) .

Therefore, ISCE(K,) = (2n — 2)3.
Theorem 4.2. The inverse sum connectivity energy of the cycle graph Cs, is

2n—1
™
ISCE(Csy,) = 4 —.
SCE(Cy,) =8+ E |4 cos - |

m=1,m#n

Proof. The inverse sum connectivity matrix corresponding to the cycle graph Cs,
is

(02 000 ... 0 2]
20200 ...00
02020 ...00
ISC(Cy) = |. . . . . o
00000 ...02
20000 ...2°0

This is a circullant matrix of order 2n. Its eigenvalues are

4, for m =0
A = —4, form=mn
dcos T, for 0 <m <n, n<m<2n—1.
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Therefore the inverse sum connectivity energy is
2n—1

m
SDD(Con) =|[—4|+ 4]+ Z |4 cos %\ and finally we get

m=1,m#n

2n—1
™m
ISCE(Cy,) =8+ Z |4COST|.

m=1,m#n

Theorem 4.3. The inverse sum connectivity energy of the star graph K ,_1 is
[SCE(KLn,l) =2 n(n - 1)

Proof. Let Kj,_; be the star graph with vertex set V = {vg,v1, -+ ,v,—1} with
vo denotes the central vertex. The inverse sum connectivity matrix is

0 0 0 0

o o0 ... 0 O

S5

ISO(Kl,n—l) —

o -
o
o
o

The characteristic equation becomes
N2 A% —n(n—1)) =0

and therefore, the spectrum would be
Specrsc(Kin 1) = ( ~Valn—1 0 al—1) ) |

Therefore,
[SCE(Kl,nfl) =2 n(n—l)

Definition 4.4. The friendship graph, denoted by F3, is defined as the graph
obtained by taking n copies of the cycle graph Cs with a vertex in common.

It is clear that |V (F?)| = 2n + 1.
Theorem 4.5. The inverse sum connectivity enerqy of the friendship graph F3 is

ISCE(F?) = 8n.
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Proof. Let F? be the friendship graph with 2n + 1 vertices and let vy be the
common vertex. The inverse sum connectivity matrix is

0 Von4+2 V2n+2 V2n+2 V2n+2 ... V2n+2 2n+2
2n + 0 2 0 0 0 0
2n + 2 0 0 0 0 0
2n + 0 0 0 2 0 0
2n + 0 0 2 0 0 0

{3

2n +
2n + 0 0 0

g

The characteristic equation becomes
A=2)"TA+2)"(A+2n) (A — (2n +2)) =0

implying that the spectrum is

-2 2 —-2n 2n+ 2
SpecSDD(Fg):(n n—1 1 1 )

Therefore, we get
ISCE(F?) = 8n.

Theorem 4.6. The inverse sum connectivity energy of the cocktail party graph
Kn><2 I8
ISCE(K,x2) = 4(n —1)%

Proof. Let K,.> be the cocktail party graph of order 2n having vertex set

{uy, ug, -+ Uy, vy,v9, -+ ,v,}. The inverse sum connectivity matrix is
[0 0 Vadn —4 An—4 ... In—4 An—4 JAn—4 /in —4]
0 0 Vidn—4 An—4 ... JIn—4 VAn—4 in—4 /in—4
Vin —4 J/in —4 0 0 oo VAn—4 VAn—4 in—4 Jin—4
Vin —4 4n —4 0 0 o VAn—4 Vin—4 VAn—4 in —4
ISC(Kuea) = | s s I s s s
Vidn —4 An—4 in—4 Jin—4 ... 0 0 Van —4 /in —4
Vin —4 Vin—4 An—4 JAn—4 ... 0 0 Vin —4 4n —4
Vin—4 Vin—4 Vin—4 VAn—4 ... Vin—4 in —4 0 0
ViAn —4 dn—4 VAn—4 JAn—-4 ... An—4 fin -4 0 0 |

In that case, the characteristic equation is

NA+4)" AN —(4n—4)=0
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and hence the spectrum becomes

Specrse(Kova) = (

Therefore we arrive at the required result:

2n—2 0 2(n—1)?

n—1

)

ISCE(K,y2) = 4(n — 1)

39

Theorem 4.7. The inverse sum connectivity energy of the double star graph S, ,

ISCE(Syn) =2V4n? 4 2n — 4.

5

Proof. The inverse sum connectivity matrix is

0 vn+1l Vn+1
0

3
—_

+|+
H

0
0

3

1SC(Sy ) =

o

0
0

Oo... Og%‘...
—
()

Then the characteristic equation becomes

0

o

0
0

vVn+1

0
0

o

o

V2n 0 0

0 0

0 0 0

0 0 0

0 n+1 /n+1
vn+1 0 0
vn+1 0 0
vn+1 0 0

AN 4 V20 — (02 — 1))(A2 = V2nA — (n? — 1)) = 0.

Hence, the spectrum would be

0

0

0

0
vn+1|°

0

0

0

0 V2n+v4n24+2n—4 V2n+v4n24+2n—4 V2n+v4n24+2n—4 V2n+vV4n24+2n—4
2 2 2 2

Spec[SC(Sn,n) = ( o — 4

and therefore, we get

1

14 4/14 bRy
1

ISCE(Sy.,) = 2v/4n? + 2n — 4.

Definition 4.8. A graph obtained by joining n copies of the cycle graph Cy of
length 4 at a common vertex is called a Dutch windmill graph. It will be denoted

by Dy.

1 1
_ /14 ey
1
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It is clear that the Dutch windmill graph D} has 3n + 1 vertices and 4n edges.
Theorem 4.9. The inverse sum connectivity energy of the Dutch windmill graph
Dy is

ISCE(D}) =2V8(n — 1) + 4Vn2 + n + 2.

Proof. Recall that D} has 3n + 1 vertices. Then the inverse sum connectivity
matrix is

0 Von+2 0 V2n+2 2n+2 0 vV2n+2
JVanE2 0 2 0 0 0 0
0 2 0 2 0 0 0
o VmEz 0 0 0 2 0 0
ISCDY) = \\/an¥2 0 0 2 0 0 0

2n +

To..
[\
o O
o
[\
SN

| V2n + i
Hence the characteristic equation will be

A= V)" LA+ V)" IAN (A2 —4(n?+n+2)) =0
and therefore the spectrum becomes

Specisc (DY) =

(\/g V8 0 2Vn2+n+2 —2\/n2+n—|—2)
) .

n—1 n—1 n+1 1
Therefore, it is directly seen that
ISCE(D}) =2v8(n — 1) +4Vn2 + n + 2.

Theorem 4.10. The inverse sum connectivity enerqy of crown graph Sg 18

Nl

ISCE(S%) = 2(2n — 2)>.

Proof. Let S? be the crown graph of order 2n and let the vertex set of this graph
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be {uy, Uz, ,Up, V1, V2, ,v,}. The inverse sum connectivity matrix of S° is
0 0 0 0 0 Vo2n—2 ... V2n—2 2n—2]
0 0 0 0 V2n —2 0 o V2 =2 /2n -2
0 0 0 0 Vo2n—2 V2n—2 ... 0 V2n —2
ISC(SO)— 0 0 0 0 Von—2 V2n—-2 ... /2n -2 0
n) = 0 V=2 V=2 ... V-2 0 0 0 0
V2n —2 0 V2n—2 ... \2n-—2 0 0 0 0
VZn—2 2n—2 0 o V-2 0 0 0 0
V2n—2 V2n—2 V2n—-2 ... 0 0 0 0 0

Therefore the characteristic equation is
A=2)" A +2)" A+ (2n —2)A—(2n—2)) =0
implying that the spectrum is

Mm—2 —(2m—2) 2 = -2
SpechD(Sg):( nl (nl ) n—1 n—1>‘

Therefore we obtain \

ISCE(SY) = 2(2n — 2)z.

Theorem 4.11. The inverse sum connectivity energy of the complete bipartite
graph K, ,, of order m x n with vertex set {uy, ug, -+ , U, V1, Ve, - , U} 1S

ISCE(Kpn) = 2y/mn(m+n).

Proof. The inverse sum connectivity matrix of the complete bipartite graph K, ,,
is

[0 0 0 oo VmEn Vm+n Vm+n]
0 0 0 ooAm+n Ym+n ym+n
0 0 0 coom4n ym+n VYm+n
LSC(Kmn) = : : L : :
vm+n Vym+n Vym+n ... 0 0 0
vm+n Vym+n ym+n ... 0 0 0
vm+n Vym+n Jym+n ... 0 0 0

Then the characteristic equation is

N2 — /mn(m 4 n))(A + /mn(m +n)) =0
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and therefore the spectrum is
Speciso(Kmn) = < mn(m +n) 0 —y/mn(m +n) ) .

1 m+n—2 1
Therefore, we get
ISCE(Kpn) = 2y/mn(m+n).

5. Inverse sum connectivity energy of complements

Definition 5.1./6/ Let G be a graph and P, = {Vi,Va,--- | Vi} be a partition of
its vertex set V. Then the k-complement of G is denoted by (G), and obtained as
follows: For all V; and V; in Py, i # j, remove the edges between V; and V; and
add the edges between the vertices of V; and V; which are not in G.

Definition 5.2./6] Let G be a graph and P, = {V1,Va,- -+, Vi} be a partition of its
vertex set V. Then the k(i)-complement of G is denoted by (G); ;) and obtained as
follows: For each set V. in Py, remove the edges of G joining the vertices within
V. and add the edges of G (complement of G) joining the vertices of V.

There is usually a nice relation between some properties of a graph and its
complement. Here we investigate the relation between some special graph classes
and their complements in terms of the inverse sum connectivity energy.

Theorem 5.3. The inverse sum connectivity energy of the complement K,, of the
complete graph K, is

SDDE(K,) =0.
Proof. Let K, be the complete graph with vertex set V' = {vy,va,--- ,v,}. The
inverse sum connectivity connectivity matrix of the complement of the complete

graph K, is

000 ..00
000 ..00
o000 ..00
SDD(E,)=|. . . .
000 ..00

000 ...00

Clearly, the characteristic equation is A = 0 implying

E(EK,) = 0.

Theorem 5.4. The inverse sum connectivity energy of the complement K, ,,—1 of
the star graph K,y is

ISCE(KLTL—I) = 2(’/’L - 2) V 2n — 4.
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Proof. Let K;,_; be the complement of the star graph with vertex set V =

{vo,v1, -+ ,vn_1} where vg is the central. The inverse sum connectivity matrix is
[0 0 0 0 0 ]
0 0 V2on—4 ... 2 V2n —4
- 0 v2n—4 0 ooV2n—4 \2n—4
ISC(KLnfl) == . . . . . .
0 V2n—4 2n—4 ... 0 V2on —4
0 V2n—4 V2n—4 ... V2n—4 0

The corresponding characteristic equation is
AMA=(2n —4)(A+2)" 2 =0
and therefore the spectrum is

—_— —2n—4 0 — 2/2n — 4
Specrsc(Kipn-1) = ( " " " ) -

n—2 1 1

Therefore,

[SCE(Kl,nfl) = 2(77, - 2) V 2n — 4.

Theorem 5.5. The inverse sum connectivity energy of the complement K,y of
the cocktail party graph K,«s of order 2n is

ISCE(K,ys) = 2nV/2.

Proof. Let K, .2 be the cocktail party graph of order 2n having the vertex set

{uy,ug, -+ ,up,v1,v9,- -+ ,v,}. The corresponding inverse sum connectivity matrix
1S
[0 0 0 0 ... v2 0 0 07
0 0 0 0 0 v2 0 0
0 0 0 0 0 0 V2 0
0 0 0 0 0 0 0 V2
ISC(Kpx2) = | = & 1 S
V2.0 0 0 0 0 0 0
0 v2 0 0 0O 0 0 0
0 0 V20 0 0 0 0
0 0 0 2 ... 0 0 0 0
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and the characteristic equation becomes
A+V2)"A=V2)" =0

implying that the spectrum would be

Specrsc(Knx2) =

(7o)

n n

Therefore,
ISCE(Kpx2) = 2V2n.

Theorem 5.6. The inverse sum connectivity energy of 2-complement of cocktail
party graph K,yo is

Proof. Consider the 2-complement Knxg(z) of the cocktail party graph Knxgm.
The inverse sum connectivity matrix is

S| 3
S 3
S| 3
SISI3
OO&‘
3
(@] (@]
3
o (@]

ISC(KnX2(2)> -

ce8-
ogo

[a)
S
o@
S

5
i‘o

O@
S
o

0 0

0 0 2

The characteristic polynomial is
NN+ A= (2n—4)) =0
and therefore, the inverse sum connectivity spectra is

— Vv 8n 0 2n—4 2n
Spec((Knx) ) = (n—l n-1 1 1)

implying that the inverse sum connectivity energy is

ISCE((Kpx2) ) = (2n — 2)V8n.
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6. Inverse sum connectivity energy of graphs with one edge deleted
Theorem 6.1. Let e be an edge of the complete graph K,. Then

ISC(K, —e) = (n—3)v2n — 2 4+ v/2n3 + 2n2 — 26n + 30.

Proof. The inverse sum connectivity matrix for K, — e is

[0 0 V2n—=3 ... \V/2n—=3 2n—3
0 0 V2n—3 ... V/2n—3 V2n-—3
2n — 3 2n — 3 0 2n — 2 2n — 2
ISC(K, —€e) = v i v , i _ v ) v )
Vo2n—3 V2n—-3 V2n—-2 ... 0 \V2on — 2
_\/Qn—?) Vo2n—3 V2n—2 ... 2n—2 0

Therefore the characteristic equation is
AA+V2n +2)"2 (X = (n = 3)V2n — 2X — (4n® — 14n +12)) =0

implying that the spectrum would be
Specrso (K, —e) =
_\/m 0 n—3+v2n—2+(v2n3+2n2—26n+30) n—3+2n—2—(/2n3+2n2—26n+30) )

2 2
n—3 1 1 1

Therefore, ISCE(K, —€) = (n — 3)v/2n — 2 + v/2n3 + 2n2 — 26n + 30

Theorem 6.2. Let e be an edge of the complete bipartite graph K, ,,. The inverse

sum connectivity energy of K, , —e is

ISCE(K,, —€) = 2V2n3 + 4n2 — 10n + 4.

Proof. The inverse sum connectivity matrix for K, ,, — e is

0 0 0 0 Vo2n—1 2n—1
0 0 0 oo 2n—1

Then the characteristic equation is

A2 4 (n—1)V2rA — (202 = 3n+1)) (A2 — (n — 1)V2nA — (2n% —3n+1)) = 0
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and hence, the spectrum would be

SPGCISC(Kn,n _ e) _ (nfl)\Q/%+A (nfl)\;%fA 7(n71)2\/%+.4 —(nfl)meA 0
1 1 1 1 2n — 4

where A = 1/2n3 + 4n2 — 10n + 4.
Therefore,

ISCE(K,, —€) = 2V2n3 + 4n2? — 10n + 4.

The following result can easily be proven as above:

Lemma 6.3. Let K, be the star graph with n vertices and let e be an edge of
it. Then ISCE(K;,—1 —e) =I1SCE(K,_2) forn > 3.

7. Some open problems
Open problem 7.1. With respect to inverse sum connectivity, determine the class
of graphs which are co-spectral and characterize them.

Open problem 7.2. With respect to inverse sum connectivity, determine the class
of graphs which are hyperenergetic and characterize them.

Open problem 7.3. With respect to inverse sum connectivity, determine the
class of graphs whose inverse sum connectivity energy and inverse sum connectivity
enerqgy of their complements are equal.

Open problem 7.4. With respect to inverse sum connectivity, determine the class
of non-co-spectral graphs which are equienergetic.

Open problem 7.5. Determine the class of graphs whose inverse sum connectivity

energy is equal to usual energy.
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