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Abstract: Ramanujan develops, in Chapter 16 of his second notebook, the the-
ory of theta-function and recorded several identities without proofs. All these
have been proved by Adiga, Berndt, Bhargava and Watson. In this paper, we
establish several results of N-theta function which are analogous to the results in
the Entries in Chapter 16 of Ramanujan’s second notebook.
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1. Introduction

Ramanujan develops, in Chapter 16 of his second notebook [3], the theory
of theta-function and his theta-function is defined by

o n(n+1 n(n—1
S g

fla,b) = ) |CLb| <1
Following Ramanujan, we define
o) = flgq) = Y " (1.1)
W)= flad®) = S a0 (1.2)
n=0
f-0) = f—a. ) = 3 (~1)rg"T (1.3)

Following Ramanujan, we define a new N- Theta function by

et N, N N, N
—1)
In(a,b) = Z P A - lab| < 1. (1.4)

k=—o00
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2iz T

If we set a = ge***, b = ge %" and ¢ =
Im(t) > 0in (1.4), then we deduce that

, where z is complex and

o)

Ina(z7) = Y g ez, (1.5)

k=—o00

where ¥y 3(2, 7) is similar to one of the classical theta-functions in its standard
notation [4]. Now we obtain special cases of fy(a,b) which are similar to the
special cases (1.1)-(1.3) of Ramanujan’s theta-function f(a,b).

(o)

en(q) == fn(g,q Z bl (1.6)

k=—00

o)

Z 3(kts (1.7)

and

In(=q) = fn(—¢, =) = D (-DFq 7. (1.8)

Remark 1.1 Putting N =1 in (1.4), then we obtain 1-Theta function which is
same as Ramanujan’s f(a,b).

2. Some Results Similar to Ramanujan’s Theta-functions

In this section, we establish several results which are similar to the results
in the Entries in Chapter 16 of his second notebook [3].

Theorem 2.1. We have

fN(CL, b) = fN(b, CL) if N is odd (2.1)

Proof. Replacing k by —k in (1.4), we obtained the required result.

Theorem 2.2. We have

N

on(q) + on(—q) = 2on(¢"). (2.2)
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Proof. Using (1.5), we find that

on(@) +on(—0)= Y ¢+ Y (-1

k=—o0 k=—o00
s 2N

= > ¢ 1+ (-1
k=—o0

=2 Z g2
k=—oc0

= 2on(¢").

Corollary 2.1. We have
0(q) + o(—q) = 2¢(q"). (2:3)

Proof. Putting N =1 in (2.2), we obtain (2.3)

Remark 2.1. The identity (2.3) is same as the identity in Entry 25(i) of Chapter
16 of Ramanujan’s second notebook [3].

Theorem 2.3. We have

on(q) —en(—q) = 4Yn(q )- (2.4)

Proof. Using (1.5), we find that

on(@) —en(—0) = Y ¢ = Y (~1)F

k=—o0 k=—o00

= > - (b
k=—o0

k=—o0
= ( 22NH).
Corollary 2.2. We have
o(q) —p(—q) = 4q¥(¢®) (2.5)
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Proof. Putting N =1 in (2.6), we obtain the require result.

Remark 2.2. The identity (2.5) is same as the identity in Entry 25(ii) of Chapter
16 of Ramanujan’s second notebook [3].

Theorem 2.4. We have

N

03:(a) + o (—a) = 203 (¢*") + 89} (). (2.6)

Proof. Using (1.5), we find that

(o)

@+ A= Y @~

m,k=—o00

D DT G (RN C Vs

m,k both even

3 Y L (—1ymhy
m,k both odd

N 2N +1
=20%(¢" ) +8¢x(¢* ).

Corollary 2.3. We have

(@) + ¢*(—q) = 2¢%(). (2.7)

Proof. Putting N =1 in (2.6), we obtain (2.7).

Remark 2.3. The identity (2.9) is same as the identity in Entry 25(vi) of Chapter
16 of Ramanujan’s second notebook [3].

Theorem 2.5. We have

22N+1

03(a) — 2% (—a) = 8en(a yn(e®" ). (2.8)

Proof of (2.8) is similar to the proof of (2.6). So we omit the details.

Corollary 2.4. We have

©*(q) — ©*(—q) = Bp(q")(q®). (2.9)

Proof. Putting N =1 in (2.8), we obtain (2.9).

Remark 2.4. The identity (2.9) is same as the identity in Entry 25(v) of Chapter
16 of Ramanujan’s second notebook [3].
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Theorem 2.6. We have

92N (9N 52N _oN 92N _oN 52N

fN<a,b)+fN<a,b>=2fN(a o z“N). (2.10)

Proof. Using (1.4), we deduce that

o NN NN _
fN(a’ b)~|»fN(—a’ —b) = Z ak (k2 +1)bk (k2 1)(1+(71)k)

k=—o0
.y i a<2k>N<<§k>N+1>b<2k>N<<§k>N—1>
k=—o0
i oON N 2N N\, N
=2 3 (@)™ T @ )T @)
k=—0oc0

o0
2N_, N 2N, o N 2N _,N
k k2 —k 22N 42 22NV 2 N
=2 ) (@) 2z (a2 =)
k=—o00
92N (9N 52N _,N 22N2Nb22N+2N)
2

=2fn (a 2 b— =2 ,a4 2

Corollary 2.5. We have
f(a,b) + f(—a,—b) = 2f(a3b,ab?). (2.11)

Proof. Putting N =1 in (2.10), we obtain (2.11).

Remark 2.5. The identity (2.11) is same as the identity in Entry 30(ii) of
Chapter 16 of Ramanujan’s second notebook [3].

3. Some Results Similar to Classical Theta-functions

The theta-function were first systematically studied by Jacobi, who obtained
their properties by purely algebraical methods. The four types of theta functions
are as follows:

Ii(z.q) = 23 (~1)Fq*+D sin(2k + 1)z, (3.1)
k=0

Pa(z,q) = 22q<k+%)2 cos(2k + 1)z, (3.2)
k=0

93(z,q) = 2 Z q" cos2kz (3.3)
k=—oc0
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and
o0

Ya(z,q) = Z (—1)qu2 cos 2kz. (3.4)

k=—o00

In this section, we introduce generalized classical theta-functions as follows:

Ini(z,0) = > ¢ sin2k"z, (3.5)
k=0

Ina(zq) = 3 qattD)™ kDN (3.6)
k=—00

/ _ - L(k+1)2N N

Una(z,q) = Zqz 27 cos2(2k+ 1) 2, (3.7)
k=0

Ins(zg) = > ¢ P (3.8)
k=—00

Iys(za) = Y ¢ cos2kVz, (3.9)
k=0

and o
k=—00

Theorem 3.1. We have

N

In3(2,q) +Ina(z,q) = 219N,3(2N2aq22 )- (3.11)

Proof. Using (3.8) and (3.10), we find that

o)

Ina(q) +Inalz,) = Y ¢ X1+ (—1)F)

k=—o00

o0
—9 Z <q22N)k2N€2ikN(2Nz)

k=—o00

2N
= 219N73(2Nz, ¢ ).

Corollary 3.1. We have

2N

In3(0,9) +In4(0,9) = 20n3(0,¢* ). (3.12)
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Proof. Putting z = 0 in (3.11), we obtain (3.12).
Remark 3.1. The identity (3.12) is same as (2.2).

Theorem 3.2. We have

495 .2(z,¢*" ") if N is even
Un3(z,q) —Ina(z,q) = ’ 3.13
N3(z4) = Inal(2,0) {4%2(z, ¢ ™) i N is odd. (3.13)
Proof. Using (3.8) and (3.10), we find that
Ons(z,q) = Onalz,0) = Y ¢ PR E (1 (—1)F)
k=—oc0
—9 Z 22N+1 3 (k+3)%N o2i(2k+1)N 2
k=—o00
—9 Z(q?l\’“)%(k+%)2N€2i(2k+1)Nz
k=0
492 i(qﬂ“l)%(k+%)2N€2z‘(—1)N(2k+1)Nz
k=0
_ QZ(qﬂNH)%(H%)W [62i(2k+1)Nz 4 2i=DN (k41N 2
k=0
43 (2N ERHDY 2kt 1) if N is even
— kO:OO
43 (@)D cos2(2k + 1)N2 if N is odd
k=0
B 419N72(z,q22N+1) if N is even
49 (2,¢*""") if N is odd.
Corollary 3.2. We have
In.3(0,q) —In4(0,9) = 49n2(0,¢7 ). (3.14)
Proof. Putting z =0 in (3.13), we obtain
Remark 3.2. The identity (3.14) is same as (2.4).
Theorem 3.3. We have
Ina(2,0) +On3(—2,0) = Wys(z,q) - 2. (3.15)
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Proof. Using (3.8), we find that

o)

In3(20) + OIna(—20) = Y L (€2z‘sz n 6—21’sz>

k=—oc0

0.0
=2 Z qkcho.SQsz

k=—o00

(0.0
=2 (1 + 2 Z qkcho.SQsz)
k=1

= 419,]\/,3(’2’ Q) -2

Theorem 3.4. We have
IN3(2,q) —In3(—2,q) = 4iVan1(2,q). (3.16)

Proof of (3.16) is samiliar to the proof of (3.15). So we omit the details.

Theorem 3.5. We have

22N +1

Ins(z,9) = Ins(2¥2, ¢ ) +9na(z, &), (3.17)
Ina(z,q) = 19N,3(2N2aq22N) *19N,2(Zaq22N+1)a (3.18)
Rea@2, ) = a2 ) = Ina(z@)Ina(z0),  (3.19)
and
495 3(2N 2, q22N)19N72(z, q22N+1) if N is even

19%\[73('% Q) - 19%\[,4('% Q) =
49N 322, ¢ )0y (2,2 ) i N is odd.
(3.20)

Proofs of the identities (3.17)-(3.20) follows very easily from the definitions
(3.8) and (3.10). So we omit the details.
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