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1. Introductions Notations and Definitions:

Throughout this note, we shall adopt following definitions and notations. The
g-shifted factorial is defined by,

[a;qlo=1, [a;q)n=(1—a)l—aq)..(1—ag"™ "), n=17273,..

and
o

(@ gloo = [ [ (1 — ag®).

k=0

For products of g-shifted factorials, we use the short notation,

[ar, as, az, ..., ar; qln = [ar; qlnlas; qln--[ar; dln,
where n is an integer or infinity. Basic hypergeometric series is defined by,

An(n—1)/2

Y

A1, A9, ..., Qp; G5 2 - [CL1,CL2,~.,(ITQCI]nan
P =
b17b27"'7b5;q>\ ‘| nZ:O [QJb17b27"‘7bS;q}TL
which is convergent in the whole complex plane if A # 0 and for A = 0, it converges
for max. (|g|,|z]) < 1, provided r = s + 1.
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Rogers and Ramanujan [6] published a paper containing following identities,

f: 7" ! (1.1)

Zgiqln [0 loeld’ ¢l

and
o0 n(n+1) 1

q
T

After the publication of this paper, many mathematicians notably, Bailey [2], Slater
[7], Verma, A. [9], Denis [3], Singh, V.N. [8] attempted and also succeeded in
establishing Rogers-Ramanujan type identities. There are two types of identities
available in the literature.
(i) Rogers-Ramanujan type identities
(ii) Identities different from Rogers-Ramanujan type.
An identity in which a series is expressed in the form of product like (1.1) and
(1.2) is called Rogers-Ramanujan type identity. On the other hand if a series is
represented by an equivalent another series then it is called an identity different
from Rogers-Ramanujan type. The main aim of this paper is to establish identities
of second kind.
2. Main Results

In the ‘lost’ notebook of Ramanujan [5], he has mentioned following beautiful
theorems.
Theorem 1. If a,b # —q¢™", then

pla,b) = p(b,a) = (1 _ l) 9, aq/b, bg/a; Q]oo’

b a {_a’(L _qu Q]oo

q 4% @)ool @)oo (1.2)

where

(Lyngrt/2(g by
p(a,b):(l#—%)z( Sl </b) (2.1)

n=0 [_QQ7 Q]n

Let us consider the Rogers-Fine identity, viz.,

< [Oz;q = [, azq/ 35 q)n (B )"(l—azq%)q”(”*l)
2 > (35 qJnl2; qlnsa (2.2)

Replacing z by z/a and then taking o — oo in (2.2) we have

n=0 '’ n=0

= (gD S (<) D g/ gla(B2)" (L = 2¢)
> S Z 3; n (23)

n=0 n
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Again, taking § = —aq and z = aq/b in (2.3) we find

i 0/ S /b0 (1= o

—ag; Q] —~ [ aq, q]
So,
b n n (n+1) /2(a/b)
et ( ) nz:% —agq; qln
(D) o /b)) (1 — ag? /b))
- (1 " b) RZ% —ag; (2.4)

From (2.4) we find a general identity,

a/b)” n(n+1)/ i q/b (] aq2n+1/b) <a2/b)nqn(3n+1)/2
—aq; qln — [—aq; q)n

Mg

(2.5)

n=0
(i) Taking a=b=1 in (2.5) we get,

o n n(n+1)/2

Z _ Z(l _ q2n+1)q (Bn+1)/2 _ Zq (3n— 1)/2 qn) (26)
n=0

n=

(ii) Taking a=b=-1 in (2.5) we get,

o ( )n n(n+1)/ 0
Z [q _ Z 2n+1 nqn(3n+1)/2

n=0

o0

= > (=)"q"EmR = (g q)

n=—oo

Thus we find,

= [¢; q)oo- (2.7)

9] qn(n+1)/2 _ i [q; Q]n(l + q2n+1)(_)nqn(3n+l)/2
—~ [—a;d)n
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(iv) Taking -a=b=1 in (2.5) we have,

— gq. = (¢ d]n

n(n+1)/2 1 4 q2n+l)qn(3n+1)/

(v) Taking a=1, b=q in (2.5) we get,

nn 1)/ n) n(3n—1)/2

= (—)" —q
Z _QZ [~ q]

n=0

(vi) Taking a=-1, b=q in (2.5) we have,
) qn(n—l)/Q o0 1 q] <1+q2n) n(3n—1)/2

[q; q]n Z

n=

n=0
(vii) a = 1/q and b=1 in (2.5) we find,
n n—1)/2

L; gl

n=0

(viii) a=1/q and b=-1 in (2.5) we get,
n 3n(n—1)/2

. - 1—q ")(=)"q
Z —1;q)n Z [—1;¢]n

(ix) Taking a=1/q and b=q in (2.5) we have

0 n n(n 3)/2

Z _ i(l _ qzn—l)qn(sn—s)/g
n=0

n—=

(x) Taking a =1/q and b=-q in (2.5) we have,

qn(n—3)/2 .
—1: ] -
— [~Liqln
(xi) Taking a = w and b = w? in (2.5) we get,
0 n 2n nn+1 o
Z Z w2 2n+1 n(3n+1)/2

—Wq; qln

n=0

i :%il‘i‘q >3n(n 1)/2
n=0

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)
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(xii) Taking a = w? and b = w in (2.5) we get,

>4

n=0

n n nn—l—l

)/ o
_ 2n+1\ n(3n+1)/2
— k! = (1 —wg™ Mg (2.15)
w2q; qln 0

(xiii) Taking a =i and b = —i in (2.5) we have

n(n+1)/2 0

[_iq‘ q] _ Z(l + q2n+1)qn(3n+1)/2<_)3n/2' (216)
I n n=0

(xiv) Taking a =i and b =i in (2.5) we have

(xv) Taking a = —i, b =i gives

n n(n+l)/2 o0 2n+1)qn(3n+1)/2(_)n/2

[ig; g)n
g% o . (2.17)

Zq,

LA - 1 & g2ntly(_y/2 n(3n+1)/2 2.18
D o
=0 3 n=0

Let us consider the following result,

-+ 1+ (1—7)+
zq(1 — aq®) (1 — ¢*)(y + azq?®)
1+ (1—7)+

[Agarwal 1;(4.3) p.84]

Taking z/« for x and then o — oo gives
i qn (n+1) /2 n —r —1q
hasdln — (T—7)+ 1+

n=0

(1—q@)(y+2q) —2¢* (1 — ¢*)(y + z¢?)
(1—7)+ I+ (1—-79)+..
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Taking v = —a and x = —a/b in it we have
a/b = (—)" ”(”“)/Z(a/b) a/b  aq/b
(1+a) nz_% [—aq; q]n (1~|—a)+ 1+
(1 —g)(—a—aq/b)ag®/b(1 - ¢*)(—a — ag®/b)
(1+a)+ 1+ (14+a)+..
= (=) ”(”+1)/2(a/b) 1+a aq/b
; (—aq; q)n (1 +a)+ 1—
a(l —q)(1+q/b) ag’/ba(l — ¢*)(1 — ¢°/b)
(1+a)+ 1— (1+a)+

Thus we have

(1+a)(1+1/b)ag/ba(l —q)(1+q/b) ag*/b
(1+a)+ 1— (1+a)+ 1—..

pla,b) =

~(1+a)(d+b)agal—q)(b+q) aq®

T ob(l+4a)+ 1— bl+a)+ 1—..
4 q(1-q9U+qg P 1-¢

LD =g 1-3%
4 ¢g1-¢¢1-¢" ¢

5

T2+ 1- 2+ 1- 2+ 1-—..
20+49) g 29(1-9) ¢’ 2¢°(01 —¢*) ¢

2+ 1— 2+ 1- 2q+ 1—..
1+q)?® ¢°2¢*(1—q) ¢' ¢*(1—¢*)(1+q) ¢°
q1+q)+1-ql+g)+1- ql+g+ 1-..
o0, 1) = 21+¢q) ¢ ¢ —¢*) ¢* ¢(1—q*) ¢°

’ QI+ +1-(1+g+1- (1+g+1—..

w wgwl-gw+gwiw(l —¢)(w+q¢") wg’

p(l,q) =

p(q,q) =

plw,w) =

3. Ramanujan’s Second Theorem
If p(a, b, c) = p(a,b, c;q)
n, n(n+1)/2

_ (H%) i [Q{Qﬂn(?/b)n(_) ‘

—ag; q]n[_c/b7 Q]n—‘rl

—1+1— -1+ 1- —1+ 1—..

(2.19)

(2.20)

(2.21)

(2.22)
(2.23)
(2.24)

(2.25)
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p(au b7 C) - p(au b7 G, Q)

:(1 1)[ [c,aq/b,bq/a, ¢; 4l (3.1)

b a) [-c/a,—c/b,—aq, —bq; gl

Let us consider the following transformation [Gasper-Rahman 4;App. III 9,10]

o a,b,c;q;de/abe | le/a,de/bc; qlo @ a,b, c; q; de/abc
372 de e, de/abc; qls T2 de

(3.2)

b, de/ab, de/bc; qoo (ID d/b,e/b,de/abe; q; b
[d,e,de/abe;qlse ° - | de/ab,de/be '

[Gasper-Rahman 4; App. IIT (9,10)]
Taking a — 00, b = ¢ and then replacing d by -aq and e by -cq/b in (3.2)

X (Vo) D2 (0 p)
pla,b,c;q) = <1+1)Z( )"(¢)ng (a/b)

b [—aq; qln[—c/b; qlnta

n=0

_ 1Y [aq/b; qlo — [—a, —aq/c; qln(c/b)"q" D/
a (1 " b) [—¢/b; q)eo — lq, —aq, aq/b; q,

= (1 + 1) [ 9, a9/b; ) f: [~a, —¢/biglng™ (3.3)

b) [—aq, —c/b; ) lq,aq/b; qn

n=0

For a=1 we have

de\" e
o [b,¢5q]n (%) 1 %(1—@(1—6)(1—c)/(l—e)(l—d)(l—dq)

[dq,e;ql,  1— (I—e/q)/(1—e)+

n=0

2(1 —q)(1 —dq/b)(1 —dg/c)/(1 — e)(1 — dg)(1 — dg*)
1—

981~ dg) (1 = bg)(1 = ca)/(1 = eq)(1 — dg®)(1 - dg?)

be
(1—-e/q)/(1 —eq)+
gu—q%u—dfwxr—mwoml—wxr—@%u—df)
1_
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deq?

(- dg*)(1 = bg*)(1 — c¢®) /(1 — eq®)(1 — dg*)(1 — dg°) »
(1—e/q)/(1—eq?) + ... (3.4)
|91 0)/(1 - (1 dg)
= (1—e/q)+
§<1 — )(1 — dg/b)(1 — dg/c)/(1 — dg)(1 — dg?)
1—
deq 2 3
» — (1 —dg)(1 = bq)(1 —cq)/(1 — dg*)(1 — dg”)
(1—-e/q)+
§<1 — @)1 — dg?/b)(1 — dg?/c) /(1 — dg®)(1 — dg")
1—
d@QQ 2 2 2 4 5
(1—dg*)(1 —bg”)(1 —cq”)/(1 —dg*)(1 — dg°)
be (3.5)
(1—e/q)+
As b — o0
(sl (=)D (defe 1 d—ju —d)(1—e)/(1 = d)(1 — dg)
ZO dq € qln s+ (1-e/g)+
gu —q)(1 —dg/e)/(1 — dg)(1 — d¢?)
1+
Y1~ dg) (1~ eq)/(1 — dg?)(1 ~ dg)
(1—e/q)+
§<1 — ) (1 —de?/e)/(1 — dg*)(1 — dg*)
1+
90 (| _ )1 - eq?)/(1 - dg")(1 — dg?)
c (3.6)

(1—e/q)+



On certain g-series identities 103

Taking d=-a, e=-cq/b in it we get

— (6l (=) g" "2 (a/b)" (1 +¢/b) ,
;% [—aq, —q¢/b; qln __(1+1/®pa%aaq)

L%qu +a)(1—¢)/(1+a)(1 + ag)

1+ (L+c/b)—
F(1—q)(1+aq/)/(1+ ag)(1 + ag?)
1_
“ (1 + ag)(1 — /(1 +ag?)(1 + ag)
(1+¢/b)—
(1= )1+ o/} /(1 + ag)(1 + ag?)
1—

“ (1 + ag?)(1 ~ )/ (1 + ag*)(1 + ag”)

(14¢/b) — ...

A number of interesting identities can also be scored.

(3.7)
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