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Abstract: In the present paper an attempt has been made to show that I-
function and a finite sum of H-functions form a pair of unsymmetrical Fourier
kernels under a specified set of conditions. The reciprocity has been established by
the method of mean square convergence. In addition, a set of sufficient conditions
for uniform convergence of the I-function has also been obtained as a concomitant
result. Further, result obtained by Kesarwani [6,7] for unsymmetrical Fourier
kernels follow as special cases.
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1. Introduction

The functions K7(z) and Ks(z) are said to form a pair of Fourier kernels, if
the reciprocal equations

flz) = /OmKl(my)g(y)dy (1.1)

and

o(z) = /Osz(my)f(y)dy (1.2)

are simultaneously satisfied. The kernels are said to be symmetrical if K;(z) =
K (z) and unsymmetrical if K;(z) # Ks(x). The Fourier kernels satisfying equa-
tions (1.1) and (1.2) have been obtained from time to time by various researchers.
Fox [1] obtained G and H-functions under some restrictions as symmetric Fourier

PDF Created with deskPDF PDF Writer - Trial :: http://www.docudesk.com


http://www.docudesk.com

106 R. Jain, D.K. Jain and P.K. Chaturvedi

kernels and extending his work, Kesarwani [5-7], Gupta [2] and Saxena [9] estab-
lished the certain G and H-functions as unsymmetrical Fourier kernels.

In the present paper we shall show that H(x) and K (x) are reciprocal kernels,
T

where H(x) is defined as finite sum of H-functions by H(z) = >  H;(z) such as
i=1
Hi(z) = Hpiq"" 2]
g pi
IT T(ji—Bus) TI T(1—aj+ as)

_ 21 / jmmil =il #ds.  (13)
Tw JL, H1 ['(1—0b; + B;s) 'le(aj — a;s)
j= j=

Here w is square root of —1 and the conditions for the convergence of H-
functions are as quoted in literature [1].

Again definition of K (x) involves I-function which is enunciated by Saxena
[9] as follows:

(aj, ), (aji, i) {(az; o)1t {(agis i) nt1,p:) }
Iz|=1| z =Lie.|
(b5, 85), (bji, Bji) {055 B5)1,m 3, {0jis Bji)m+1,4: }
1
= 5~ /L 0(s)z® ds, (1.4)
where - .
I1T®; - Bjs) 11 T(1—a;+ aj;s)
o(s) = = ]:1
T qq Di
Z { ' [T T@—0bj+ Bjis) ' [T T(aji— O‘jis)}
i=1 | j=m+1 Jj=n+1

with all other conditions as already detailed in [4,10].
We take

{(@f; aj)1n}s (@ jidniap)}

{05, Bi)1m b {0y, Bji)mt1,0: 3
Defining

Hi(z) = /0 " H(z) da, (1.6)

and

Ki(z) = /0 K(z)da. (1.7)
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The reciprocity of H(x) and K (z) will be established by using mean square
convergence method in the following theorem.

2. Result
Theorem 2.1. For ¢ =1,2,...,r,
(i) ¢ —2m =p; —2n > 0;
(ii) o >0for j=1,2,...,n; 3; >0for j =1,2,...,m;
aj; >0forj=n+1n+2,...,p;; Bji =>0for j=m+1,m+2,...,q;

Db

n q; m
(iii) %Di = Y ai—Y o+ > Bi—> B >0 (2.1)
j=1 i=1

j=n+1 j=m+1
Then the formulae

% /0 ~ H () f(u)d—;‘ — (@) (2.2)
and

= | K S = o (2.3
hold.

Defining almost everywhere functions gx(x) and gi(z) respectively, both
belonging to L?(0,00). Also the reciprocal formulae

d [ d

= [ menaw - s (2.4)
d [ d

= | meuaw S - s (25)

hold almost everywhere.
Further

/ If(2)]? dz = / gn(x) gk (x) dx. (2.6)
0 0

Proof. If h(s) and k(s) are the Mellin transforms of H(x) and K (x), respectively,
we get

v . _lq_[ lf(bﬁ + Bjis) _lp_[ 1F(1 — aji — @is)
h(s) = M{H(@)} = Y hi(s) = > { = e
i=1 i=1 .le(l —bj + B;s) lF(aj + a;s)}

i =

(2.7)

J
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and
I 00+ 859) [0 -5~ ays)
(s) = M{K ()} = ———~ — . (28)
Z { ' F(l — b;z — ﬂjis) ' H F(a;i + ozﬁs)}
i=1 | j=m+1 Jj=n+1

It can be seen easily under the prescribed conditions, the functions h(s) and
k(s) satisfy functional relation

h(s)k(l—s) = 1, (2.9)
if
a;» = 1—a]—oz] and CL]Z = 1—aj;i—aj

b = — B and b, = 1—bj;— B, (2.10)

The satisfaction of the relation (2.9) alone is not sufficient to prove reci-
procity of above kernels. So we have to verify that all the requirements of theorem
given by Hardy and Titchmarsh [3; p.126] are fulfilled.

First of all we estimate the asymptotic behaviour of the h(s) and k(s) where
s = o+it, o and t real and |¢] is large. For large s the asymptotic behaviour of the
Gamma function given by Whittaker and Watson [11; p.278] has been employed.

1 1
logT(s+a) = (s+a—§> logs—s+§log(27r)+0(s_1), where |arg s| < . (2.11)

The asymptotic behaviour of h;(s), the Mellin transform of H-function
H;(z), is well established in the literature [1,7]. Thus we see that under the
given conditions of the present theorem

hi(S)ZL‘_S _ ‘t‘Di(U—1/2)€it(Dilog|t|—logz—B)(Q+O‘t‘—1) (212)

for large |t|, where B and @ are constants.

This shows that integrand in (1.3) is bounded function of ¢ for large ¢ and
consequently the integral is uniformly convergent.

Now to discuss the asymptotic behaviour of k(s) making use of the theorem
given by Saxena [8; p.58], we get

b(s) = {E1+ﬂ+0<‘1‘2)}F(s)cos(%7rs>, £ 00

_ {E2+£+O<‘1‘2)}F(s)cos(%7rs>, t - o0, (2.13)
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where Eq, F1, Ey and F, are constants depending C' ., D1, Cs, and Do ,;
(r=1,2,...,n). Thus

-1

q; Di
II T(bji+ B —Bjus) 11 Tl —aj— aj+ajs)
j=m+1 j=n+1

ﬁl F(l — b]' — ﬂ]’ + ﬂjs)
j=

Li(s) = hi(1—s)"! =

n
L(a; + aj — a;s)
J=1

(2.14)
We get

3

—s

[TI T+ B;s) 1F(l —aj — a;s)

r -1
1
;LZ(S)] - r { ;‘1 : :k(s)

¢(s) =

S I TA -t +8s) 11 T+ agis)

i=1 | j=m+1 j=n+1
(2.15)
Therefore, transform k(s) is a bounded function of s. Hence the integral in
(1.5) is also uniformly convergent.

Using definition of Hy(z) and Kj(x) given in equations (1.6) and (1.7), we
obtain

Hi(z) = ﬁ L%ml_s ds, (2.16)
and
_ 1 k(s)  1-s
Ki(z) = 3w ), =) 178 ds. (2.17)

These have been proved to be valid only when o < 1/2. As explained by
Kesarwani [7], these formulae can be extended to the case o = 1/2 by using the
asymptotic behaviour of h(s) and k(s).

Now from (2.12) to (2.15) we see that h(1/2+it) and k(1/2+it) are bounded
functions of ¢ satisfying the functional relation (2.9). The second condition re-
quires that Hq(z) and Ki(z) be related with h(s) and k(s) as defined by (2.7)
and (2.8). These obviously hold by (2.16) and (2.17). Finally f(z) € L?(0,00) is
covered by the hypothesis of the theorem.

Since all the conditions of the theorem [3; p.126] are satisfied, it follows that
the formulae (2.2) to (2.6) are valid. Also it is obvious that (2.2) and (2.3) are
equivalent, so that H(x) and K(z) are reciprocal kernels.
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3. Special Cases

Putting » = 1, the kernels K(z) and H(z) reduce to the unsymmetrical
Fourier kernels obtained by Kesarwani [7].

When all the parameters a’s and (3’s are equal to unity and » = 1, these
kernels takes the form of unsymmetrical Fourier kernels involving G-functions [6].
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