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1. Definitions and Notations

Let {Sm,n} be the sequence of mnth partial sums of the series
∑

um,n. Let
{pm} and {qn} be sequences of non-negative numbers such that the series

p(x, y) =
∞∑

m=1

∞∑

n=1

pmqnx
myn (1.1)

converges for all x and y, 0 < x < 1, 0 < y < 1 and p(x, y) ↑ ∞ as x ↑ 1 and
y ↑ 1.

If

p(x, y) =
1

p(x, y)

∞∑

m=1

∞∑

n=1

sm,npmqnx
myn → S (1.2)

as x ↑ 1 and y ↑ 1, then the series
∑

um,n is said to be (P )-summable to S [5].

If

L(x, y) =
1

| log(1− x)| | log(1− y)|

∞∑

m=1

∞∑

n=1

sm,nxmyn

mn
→ S (1.3)

as x ↑ 1 and y ↑ 1, then the series
∑

umn is said to be L-summable to S [8].

In particular if pm =
1

m
and qn =

1

n
, the (P )-summability reduces to (L)

summability.
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Let f(x, y) be a periodic function with period 2π in each variable and inte-
grable in the sense of Lebesgue over the square S(−π, π;−π, π).

Let the series

∞∑

m,n=0

λm,n(am,n cosmx cosny + bm,n sinmx cosny + cm,n cosmx sinny

+dm,n sinmx sinny), (1.4)

be called the double Fourier series of the function f (x, y) where λm,n are given
by

λm,n =






1

4
for m = 0, n = 0

1

2
for m = 0, n > 0; m > 0, n = 0

1 for m > 0, n > 0

(1.5)

and the coefficient in (1.4) are given by

am,n =
1

π2

∫ ∫

S

f(u, v) cosmu cosnvdudv (1.6)

and three similar expressions defining bm,n, cm,n and dm,n. Let us write

φ(u, v) = [f(x+u, y+v)+f(x+u, y−v)+f(x−u, y+v)+f(x−u, y−v)−4f(x, y)].

Let

p′(x, y) =
∂2

∂x∂y
p(x, y), H(x, u) =

∫ u

0

L(x, y)dy, H(y, v) =

∫ u

0

L(x, y)dx

and H(x, π) is H(x, u) at u = π.

2. Results

Concerning (P ) summability of a differentiated Fourier series, Hotta [5] has
proved the following theorem:

Theorem 2.1. If {npn} is a monotonic convex sequence such that

p(x)

(1− x)2 p′(x)
→∞ and

∫ π

1−x

H(t)

t3
dt = o

(
p(x)

(1− x)2 p′(x)

)

as x ↑ 1, then the series
∞∑

n=1

nBn(t) is summable (P ) to C at t = x.

The aim of this paper is to generalize Theorem 2.1 for summability of double
Fourier series.
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We shall prove the following theorem:

Theorem 2.2. If {mpn} and {nqn} are the monotonic convex sequences such
that

p(x, y)

(1− x)2 (1− y)2 p′(x, y)
→∞, (2.1)

and

Φ =

∫ π

x

∫ π

y

φ(u, v)

uv
du dv (2.2)

= o

[
p(x, y)

(1− x)2 (1− y)2 p′(x, y)

]

as x→ +∞ and y → +∞, then the double Fourier series (1.4) is summable (P )
to f(x, y) at the point (u, v) = (x, y).

Proof: Let Sm,n denote the (m,n)th partial sum of the series (1.4), then we know
that

Sm,n − f(x, y) =
1

4π2

∫ π

0

∫ π

0

φ(u, v)
sin(m + 1/2)u sin(n + 1/2)v

sin 1

2
u sin 1

2
v

du dv

=
1

π2

∫ π

0

∫ π

0

φ(u, v)
sinmu sinnv

uv
dudv + o(1)

∞∑

m=1

∞∑

n=1

|sm,n − f(x, y)|
xmyn

mn
=

1

π2

∫ π

0

∫ π

0

φ(u, v)

uv

∞∑

m=1

xm sinmu

m

∞∑

n=1

yn sinnv

n
dudv

+ o
(
(1− x)2(1− y)2

)

=
1

π2

∫ π

0

∫ π

0

φ(u, v)

uv
H(x, u)H(y, v)du dv

+ o
(
(1− x)2(1− y)2

)

= I + o
(
(1− x)2(1− y)2

)

where H(x, u) = tan−1
{

x sinu

1− x cosu

}
.

Thus it suffices for our purpose to show that

I =
1

π2

∫ π

0

∫ π

0

φ(u, v)

uv
H(x, u)H(y, v)dudv

= o
(
(1− x)2(1− y)2

)
,

as x→ 1− 0 and y→ 1− 0.
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Now, let ξ = (1− x) and η = (1− y), let us set

π2I =

(∫ ξ

0

∫ η

0

+

∫ ξ

0

∫ π

η

+

∫ π

ξ

∫ η

0

+

∫ π

ξ

∫ π

η

)
φ(u, v)

uv
H(x, u)H(y, v)dudv

(2.3)
= I1 + I2 + I3 + I4.

We have the following estimates
{

H(x, u) = o(u/ξ), for 0 ≤ u ≤ ξ,
H(x, π) = 0, and H(x, ξ) = o(1),

(2.4)

uniformly for 0 ≤ u ≤ π and 0 ≤ x < 1.

Also

dH(x, u)

du
= H ′(x, u) =

(cosu− x)

1− 2x cosu + x2

=






o

[
1

(1− x)

]
= o(1/ξ), for u ≤ ξ,

o

[
(1− x)

u2

]
= o(ξ/η2), for u > ξ,

(2.5)

Since

φ(u, v)

uv
=

d2φ(u, v)

dudv

almost everywhere therefore, by (2.2),(2.4) and (2.5), we have

I1 =

∫ ξ

0

∫ η

0

d2φ(u, v)

dudv
H(x, u)H(y, v)dudv

=

[
φ(u, v)H(x, u)H(y, v)−

∫
φ(u, v)

dH(x, u)

du
H(y, v) du

−

∫
φ(u, v)H(x, u)

dH(y, v)

dv
dv +

∫ ∫
φ(u, y)

d2H(x, u)H(y, v)

dudv

]ξ,η

0,0

= o

[{
1

(1− u)2
.

1

(1− v)2
uv

ξη

}ξ,η

0,0

]

+ o

[{∫
1

(1− u)2
.

1

(1− v)2
v

ξη
du

}ξ,η

0,0

]

+ o

[{∫
1

(1− u)2
.

1

(1− v)2
u

ξη
dv

}ξ,η

0,0

]

+ o






∫ ξ

0

∫ η

0

1

(1− u)2
.

1

(1− v)2

ξη
dudv






= o

[
1

(1− ξ)2
.

1

(1− η)2

]
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Since

∫ ξ

0

1

(1− u)2
du =

1

(1− ξ)
.

Again by (2.5), we have

I2 =

∫ ξ

0

∫ π

0

d2φ(u, v)

dudv
H(x, u)H(y, v)dudv

=

{
φ(u, v)H(x, u)H(y, v)−

∫
φ(u, v)

dH(x, u)

du
H(y, v)du

−

∫
φ(u, v)H(x, u)

dH(y, v)

dv
du +

∫ ∫
φ(u, v)

dH(x, u)H(y, v)

du dv
dudv

}ξ,π

0,η

= o

[
1

(1− u)2
.

1

(1− v)2
|H(y, v)|

u(ξ, π)

ξ(0, η)

]

+ o

[{∫
1

(1− u)2
.

1

(1− v)2
|H(y, v)|

ξ
du

}ξ,π

0,η

]

+ o

[{∫
1

(1− u)2
.

1

(1− v)2
ηu

vξ
dv

}ξ,π

0,η

]

+ o






∫ ξ

0

∫ π

η

1

(1− u)2
.

1

(1− v)2
η dudv

vξ






= o

[
1

(1− ξ)2
.

1

(1− η)2

]
+ o

[
1

ξ

1

(1− η)2

∫ ξ

0

1

(1− u)2
du

]

= o




η

1

(1− ξ)2

∫ π

η

1

(1− v)2

v2
dv




+ o





η

ξ

∫ ξ

0

1

(1− u)2
du

∫ π

η

1

(1− v)2

v2
dv






= o

[
1

(1− ξ)2
.

1

(1− η)2

]

Similarly I3 = o

[
1

(1− ξ)2
.

1

(1− η)2

]

as above

I4 =
{
φ(u, v)H(x, u)H(y, v)−

∫
φ(u, v)

dH(x, u)

du
H(y, v)du

−

∫
φ(u, v)

dH(y, v)

dv
H(x, u)dv +

∫ ∫
φ(u, v)

d2H(x, u)H(y, v)

du dv
dudv

}π,π
ξ,η
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= o

[{
1

(1− u)2
.

1

(1− v)2
|H(x, u)| |H(y, v)|

}π,π

ξ,η

]

+ o

[
1

(1− η)2

∫ π

ξ

1

(1− u)2
ξ

u2
du

]
+ o

[
1

(1− ξ)2

∫ π

η

1

(1− v)2
η

v2
dv

]

+ o

[
ξη

∫ π

ξ

du

(1− u)2u2

∫ π

η

dv

(1− v)2v2

]

= o

[
1

(1− ξ)2
.

1

(1− η)2

]

This completes the proof.
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