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Abstract: In this paper, we have proved a theorem on (P) summability of double
Fourier series which generalizes various known results.
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1. Definitions and Notations

Let {Sm.n} be the sequence of mn'® partial sums of the series Y uy, . Let
{pm} and {g,} be sequences of non-negative numbers such that the series

¥) = D> pmtar™y" (1.1)

m=1n=1

converges for all z and y, 0 < 2 < 1, 0 < y < 1 and p(x,y) T oo as z T 1 and
yT1

If
= E E mnPm@n®"Yy" — S 1.2
p(z,y) :Ey SmnPmdn® Y (1.2)

m=1n=1

as ¢ T 1 and y 1 1, then the series > u,, ,, is said to be (P)-summable to S [5].
If

SngIJ y"
Ue) = a7 22 e S 09

m=1n=1

as z 71 and y 1 1, then the series > 4y, is said to be L-summable to S [8].

1 1
In particular if p,, = — and ¢, = —, the (P)-summability reduces to (L)
m n

summability.
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Let f(z,y) be a periodic function with period 27 in each variable and inte-
grable in the sense of Lebesgue over the square S(—m,m; —m, 7).
Let the series
0.

E Amn (@m,n €OSMX cOS NY + by, SINME COS NY + Cppy 1, COS M SINNY

m,n=0
+dpm,n sinma sin ny), (1.4)

be called the double Fourier series of the function f(z,y) where A, , are given
by

1
% form=0,n=0
Amn = 3 form=0,n>0,m>0,n=0 (1.5)
1 form>0,n>0
and the coefficient in (1.4) are given by
1
Umpn = —2/ /f(u, v) cos mu cos nudu dv (1.6)
™
s

and three similar expressions defining by, ,, ¢pm,n and dy, . Let us write

o(u,v) = [f(z+u, y+v)+ f(@+u, y—v)+ f(z—u, y+v) + f(2—u,y—v)—4f (2, y)].

Let
82 U u
Y@y = g Hew = [ Leody Heo) = [ Lay)ds
oY 0 0

and H(x,7) is H(xz,u) at u = 7.

2. Results

Concerning (P) summability of a differentiated Fourier series, Hotta [5] has
proved the following theorem:

Theorem 2.1. If {np,} is a monotonic convex sequence such that

p(x) " OH®) p(x)
A aopp@ ™ ), %= 0((1@? p'<m))

o0
as x T 1, then the series Y nB,(t) is summable (P) to C at t = x.

n=1
The aim of this paper is to generalize Theorem 2.1 for summability of double
Fourier series.
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We shall prove the following theorem:

Theorem 2.2. If {mp,} and {ng,} are the monotonic convex sequences such

that ( )
p(z,y
(=P =y Py 21
and g )
b = ﬂdudv 2.2
/ / Y (2.2)
_ O[ p(z,y)
(1—2)? (1-y)? p(z,y)

as * — 400 and y — +oo, then the double Fourier series (1.4) is summable (P)
to f(z,y) at the point (u,v) = (x,y).

Proof: Let S,,, denote the (m,n)'" partial sum of the series (1.4), then we know

that
smm+1 2)usin(n +1/2
Smn = f(2,9) 4772/ / olu s1n/l)usm(lv o du dv
2 2
:_/ / b(u smmusmnvd dv + o(1)
ZZLSm,n*f(CE / / d)uv Z smmuzy Smm}dudv
m=1n=1 m=1
1—:5 —v) )
/ / d)u,v)H su)H (y,v)du dv
17@(17)6

= I+o((1 —z)%(1 fy)2)

i
where H(z,u) = tan~! {—m mu }
1—xzcosu

Thus it suffices for our purpose to show that

//d)uv (z,u)H (y,v)dudv

«1*@(1*wﬂ,

asz—1—0andy—1-0.

PDF Created with deskPDF PDF Writer - Trial :: http://www.docudesk.com



14 Satish Chandra and Manisha Sharma
Now, let £ = (1 —z) and n = (1 — y), let us set
v (LT / [ ) B et
(2.3)
= L +DL+ 13+ 14
We have the following estimates
H(z,u) = o(u/f), for 0<u<¢, (2.4)
H(:L‘aﬂ-) = 0, and H(:L‘aé) = O(l)a ‘
uniformly for 0 <u <7 and 0 <z < 1.
Also
dH(z,u) B (cosu — x)
du = Hwu) = 1 —2zcosu + 2
: (1/€), for u<¢ 2.5
- e T
o -2 o , u <&, (2.5)
(1-=)
o[ 3 = o(¢/n?), for u > ¢,
Since
p(u,v) _ dPp(u,v)
w  dudv
almost everywhere therefore, by (2.2),(2.4) and (2.5), we have
" d?p(u,v)
I H
1= / / Tudo x,u)H (y,v)dudv
~ oGO - [ o H(y,v) du
d2lf (z,u)H (y,v) &n
/d)(u,v)H(m,u dv+//¢ Tudo ]070

1 uv

+ o0

- "[{ulu)?

(1-v)?2 &y

}& Nl
0,0

{/ T
1

1

1 U

— fU)2

+ o0

{/ <11u>2

(1-v)? &

£n]
dv}
0,0 |

- 0[(116)2'(11?7)2]
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. | 1
Since /Omdu = (1—&)

Again by (2.5), we have

I, = / / d2jibquv H(y,v)dudv
- {otwon / o
/d)uv (z,u) du+//¢uv (’)dudv}z:

| ule, ™)
{uu)? - )2' ( “)'ao,n)]

+o {/ 1 1u)2 a§ 11))2 |H(Z£/’U)| du}:]

“’-{/ulu) '<11v> o F]

1

Yo // 1—u 1—
0[(11@2'(11n)2l+°[%<11n)2/05<1lu)2d“] 1

_ L A ) s noff_ 1 [fa-v?
= 0 n(1£)2/n 2 dv| +o §/0 (1u)2du/n 3 dv

- 0[(116)2'(11?7)2]

H(y,v)du

2 1 dudv

o 1 1
Similarly Is = o [(1 —62 (1— ,7)2]

as above

I, = {qb(u,v)H(m,u)H(y,v)/qﬁ(u,v)w H(y,v)du

_ /¢(u v)d H(z,u)dv +//¢ d2H md:jdv H(y, ) dudv}::
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-0 [{ T ) \H(y,v)\}:]
e [(11 ¥ /g <1 1u>2%d]“{<1102/;<11v)2v_n2d”]
2

+o[§17/£ 1—u2u 0 1—1) ]

- O[ulo (1?7)]

This completes the proof.
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