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Abstract: Coefficient problems related to the functions of bounded boundary
and radial rotaions in the unit disc have been obtained.
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1. Introduction

Let BV[0,27] be the class of all real valued functions and of bounded vari-
ations in [0, 27]. We denote V4, the set of functions,

flz) = z+2anz" (1.1)
n=2
which are regular in D = {z : |z| < 1} and satisfy
/ 1 r2m —ity—1
f'(z) = exp ;/ log(1 — ze™**) " “du(t) (1.2)
0
where u(t) € BV|[0, 27] with
27 27
du(t) = o, / du(t)] < kr (1.3)
0 0

Similarly, we denote Ry, the class of functions f(z) of the form (1.1) which are
regular in D and satisfy

flz) = zexp{l/27r log(1 — ze‘it)_ldu(t)} (1.4)

T™Jo

where u(t) € BV[0,27] and satisfies (1.3).

Goodman [1] and Umezava [4] have defined multivalently convex, starlike
and close-to-convex functions which are regular in D.

PDF Created with deskPDF PDF Writer - Trial :: http://www.docudesk.com


http://www.docudesk.com

76 Susheel Chandra

Taking into account the properties of the multivalently convex and starlike
functions in D, we discuss some properties of certain classes of functions f(z) of
the form

flz) = 2+ io: an+pzn+p (1.5)

n=1
which are regular in D (p is a positive integer).

Let w = f(z) of the form (1.5) be a regular function in D with f'(z) # 0
for 0 < |z| < 1. Let C, be the image of |z| =7 (0 < r < 1) under the mapping
f(z). If C, has boundary rotation atmost pkm then f(z) will be called a function
of bounded boundary rotation of type p. It is clear that k > 2.

Similarly, Let C/ denotes the image of |z| = r under the mapping f(z) of
the form (1.5) which is regular in D. If C). has radial rotation atmost kpm, then
f(z) will be called a function of bounded radial rotation of type p.

From above discussions we now define by V;, ,,, k > 2, the class of all functions
f(z) of the form (1.5) which are regular in D with f/(z) #0in 0 < |z| < 1, and
having the boundary rotation atmost kpm of type p. A function f(z) given by
(1.5) belongs to Vi, if and only if, f/(z) # 0 for 0 < |z| < 1, and with z = re'?,

2
V/O

Equivalently as done by Paatero [3] for the class Vi, it can be easily shown
that f(z) € Vip, if and only if, there exists a function u(t) € BV|0, 27 satisfying

f"(z)
f'(z)

Re{l +z H do < kpr. (1.6)

2T 2
du(t) = 2mp, / |du(t)| < kpm (1.7)
0 0

and such that
1 21 .
f'(z) = pzPlexp {;/ log(1 — ze‘”)_ldu(t)} . (1.8)
0

Similarly for fixed k > 2, let Ry, denote the class of functions f(z) of the
form (1.5) which are regular and f(z)/zP # 0 in D with radial rotation atmost
kpm of type p. A function f(z) given by (1.5) belongs to Ry, if and only if
f(2) #0in 0 < |z| < 1, and with z = re®,

/o% R{f<())}‘ d6 < kpr. (1.9)
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It can be easily shown that f(z) € Ry, if and only if there exists a function
u(t) € BV|0, 2| satisfying the conditions (1.7) and such that

1 2 .
f(z) = 2Pexp {;/ log(1 — ze_lt)_ldu(t)} (1.10)
0
Let Vi (g, ) and Ry, ,(q, o) are classes of functions f(z) of the forms
— 2m )
fl(z) = pPlexp {u/ log(1 — zqe_lqt)_ldu(t)} (1.11)
bgm  Jo

and

f(z) = 2Pexp {u /0% log(1 — zqe_iqt)_ldu(t)} (1.12)

pgm
respectively, where 0 < a < p and wu(t) satisfies the condition (1.7), and both p
and ¢ are positive integers.

It is easy to show that f(z) € Vi (g, «) if and only if g(z) € Ry, (g, &) where

_ 2f'(®)
9(z) = > (1.13)

In this paper we have solved a coefficient problem for the class Ry ,(q, @).
On the basis of identification given by (1.13), we can obtain similar result for

Vk,p(Qa Oé) .
2. Main Results

Noonan [2] has solved the following coefficient problem for the class V.
Theorem [2]. Let f(z) = z+ Y anz™ € Vi and Fi(z) = z+ > An(k)z" be
n=2 n=2

given by
1 [ (14 2)k/2
= —{——=—=—15.
Fk(z) Lk {(1 — Z)k/g

Then for n < ['%'6], we have |a,,| < |A,, (k)| with equality for any n < [%],
if and only if, f(2) = 2~ % Fy(2e%) for some 6 € [0, 27].

In this paper we extend this result to the class Ry (q, ). To prove our main
result we need the following lemmas.

Lemma 2.1. f(z) € Ry,(q, ), if and only if, there exists si(z) and
s2(%) € R21(q,0) such that

[s1(2)/z] kD P—a)/4
[82(2) /2] (k=D (p-a) /4"

f() =
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Lemma 2.2. Let s(2) € Ry1(q,0) and B > 0. Take g(2) = (s(2)/2)"8 =
14+ 3 bpgZ™. Then for B — (n— 1)g > 0.
n=1

2B(2B — q)(2B —2g)---{2B— (n— 1)}

and also for B —q > 0,
2B(3q — 2B —2B)--- —1)g— 2B
b < (3¢ — 2B)(6g — 2B) - Bn—1g—28} 55 (2.2)
(n)!q
2B

and b1 < —.
brgl < =

Lemma 2.3. Let s(z) € R21(q,0) and o > 0. Take g(z) = (s(2)/2)* =1+
§ bpgz™.
Then
b < 2a(2a+q)(2a+2q)---{2a—(n—1)q}’ n=12...
q" (n)!
Lemma 2.1 follows from (1.12).

Proof of Lemma 2.2. Let P, be the class of the functions
o)
p(z) = 1+ anqznqa
n=1

which are regular and Rep(z) > 0 in D.

Since g(z) = (s(2)/2) "8, we have

29'(2) s'(2)

1— = 2.

Bg()  Cs0) 23
z9'(2) : .

and p(z) =1— Bo(2) € P, as s(z) € R2,1(q,0) (asub class of starlike functions).

Hence [p(z)]"t =1+ § Umqz™? also belongs to P,. From (2.3) we have

m=1

(p(2))"'[Ba(2) — 24'(2)] = By(2) (24)

By equating the coefficient z"™? in the above relation we have

n—1

ngbpg = Z (B — mq)bmqU(n—m)q- (2.5)

m=0
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Case I. Let (n — 1)g < B. Applying induction argument and using the fact that
|umg| < 2, we get the required result.

Case II. Let ¢ > B. It follows that (n —1)g > B, n =2,3,---.
We can write (2.5) as follows:

n—1
nqbng = Bng — Z (mgq — B)bmqU(n—m)q-
m=0
Again by using induction argument we get (2.2).

Proof of Lemma 2.3. Follows as above.

(o)
Theorem 2.1. Let f(z) = 2P + Y ang + pz"?"P and let
n=1
o0
Fp(z) = 2P+ Y Apgipz™?P be given by
n=1

2P(1 4 27)(k=2)(p—)/2q

Fi(z) = (1- zq)(k+2)(p—a)/2q (2.6)
— N (p —
Then for (n—1)q < W, we have |ang+p| < |Ang+p| and result is sharp.
— 9 (p —
Again for g > W,

S [(kE+2)(p—a){(k+2)(p—a)+1.2¢}{(k+2)(p — o) +2.2¢} - --
{(k+2)(p—a)+2(j —1)q}2B'(2.3¢ — 2B')(2.6¢ — 2B') --- {2.3(n — j — 1) — 2B'}
23 i (n = j)!

(2.7)
where B’ = (k — 2)(p — a) /2.

Proof. Let f(2) = 22 + 3 ang+p2™?"? € Ry ,(q, ), then from Lemma 2.1 we
n=1
have
2P{S1(2)/ 2}k +2p—)/4

fl2) = (S2(2)/ 2} =D =a)/4

where S1(z) and Sz(z) € R21(g,0). Let [Si(z)/z](F+2p-e)/4 = % Cjq7’? and
=0

[Sa(2) /2]~ k-2 p—a)/4 — 3 Bj, 2.
7=0
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00 . 00
Therefore, f(z) = 2P (Z C’jquq> (Z Bsqz5q>.

5=0 s=0
Equating the coefficient of 24P, we get

n
Ong+p = Z CjgBn—j)q-
§=0

Using (2.1) of Lemma 2.2 and Lemma 2.3, we have

langsp| < i[%+2xp®ﬂk+@@a)+L%H%+2Xp®%22@”.
S 2 ()

{k+2)(p—a)+2(j — g}k —2)(p— ){(k—2)(p— o) — 1.2¢}

9=
{(k=2)(p—a)—22¢}{(k-2)(p—a) —2(n—j — 1)q}
q" I (n — j)!

(2.8)

k—2)(p—
with (n —1)¢ < %ﬁpa)‘ It can be seen that |A,,4,| is equal to the value

of R.H.S of (2.8). The sharpness of the result is followed from the fact that
Fi.(2) € Ry p(q, o).

—2)(p— k—2)(p—
W, it follows that (n—1)q > w

forn =2,3---. (2.7) follows as above by using (2.2) of Lemma 2.2. This completes
the proof of the Theorem.

Again if we take ¢ >

With the relationship between Vj (¢, &) and Ry (g, @) given by (1.13), we
can also get coefficient problem for the class V ,(q, o) similar to those given in
Theorem 2.1.
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