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Abstract: In this paper, we have defined the growth (order and type) of complex
double sequences analogous to the respective definitions in the theory of integral
functions represented by double Dirichlet series with fixed sequences {\,,} and
{pn} of exponents. We have considered a class P of entire double Dirchlet se-
quences (EDDS) and have examined their growth properties. Distribution of
elements of P over the universal set U of all EDDS has been investigated and has
been depicted by Venn diagram.

1. Introduction

Let {\,} and {p,} be strictly increasing and divergent sequence of positive
reals satisfying

logm logn

(1.1)

lim =0 = lim
m—oo A\, n—00 [,
A double Dirichlet series f(s1,52) = 3 Gmn €1 mF528n represents an entire
function if
1
lim  8lamal (1.2)
m—+n—00 >\m + Un
Throughout this paper, any complex sequence satisfying (1.2) will be called
an entire double Dirichlet sequence (EDDS, in short).

The Ritt order, or simply order, p(f) of the entire Dirichlet series
f(s) = ane® is defined as

) loglog M (o, f)
= ]_ _—
o(f) Jim_ sup logo

where
1.u.b.
M(o,f) = —oco<t<oo|f(oc+it)|
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A necessary and sufficient condition that f(s) be of finite Ritt order p(f) is
that

The type 7(f) of an entire Dirichlet series f(s) of finite order p is defined as

7(f) = lim sup —IOgM(U’ f)

T—00 eor

A necessary and sufficient condition for this is
. An 2
T(f) = Jirgosup - |an|*n

Analogous to these characterizations of order and type of entire functions
represented by Dirichlet series, we define order and type of entire double Dirichlet
sequences as follows:

A double sequence f = {fmn} will be said to of order p if

_ . (Am + pn) 1og(Am + pin)
P = m—&}nrgoo sup lOg ‘fmn‘_l (13)

A double sequence f = {fmn} of order p (0 < p < oo) will be said to be of

type 7 if
1 _p
7= — lim sup [(Am+un) | Frun] ww}. (1.4)

ep m-+n—o0

Let P be a class of EDDS defined as

P = {f = {fmn}; Am + ptin) | frn] Gt s bounded}

Obviously, P is a subset of the universal set of U of all EDDS. Let us denote
by Ry, Ry and R the subclasses of U consisting of EDDS with order p < 1, p=1
and p < 1, respectively. Similarly, we denote by Ty, 71 and T the subclasses of
U consisting of all EDDS with type 7 <1 7 =1 and 7 < 1, respectively. A¢ will
denote the complement of A in U, i.e.,

A =U-A

Clearly,
RyUR;, = R;/TouTy = T,
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RiNRy = ¢, ToNTy = ¢

2. Growth Properties of Elements of P
We first note that if f is any arbitrary element of P then by equation (1.3)

L (Am + pin) log(Am + pn)
p(f) o m—&}nrgoo sup log|amn|—1

< lm_swp (Am + ) Og((A :;l; ) _
m-+n—00 log{<xm;gn> }

This implies that order of every element of P is less than or equal to 1. let
us denote by Py and P; the subsets of P containing elements of order < 1 and
=1, respectively. Thus,

RyNnP = Py and RiNP = Py.

Theorem 2.1. Ry C P C R; the set inclusions being proper.
Proof. Let g = {gmn} be an arbitrary element of Ry. Then

_ : (Am + Nn) 10g(>\m + Nn) .
p(g) o m—&}nrgoo sup lOg |gmn|_1 =r<l

There exist N such that
(Am + pin) log(Am + pin)

< r whenever m+n >N

10g | grmn| ™
Thus,
|Gmn| < A+ )~ Omtin) [ < 1]
(A + )| 777 7 < 1
Hence g € P.

Thus Ry C P. (2.1)

By definition, it is clear that

PCR. (2.2)
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From equation (2.1) and (2.2), we have

RyCPCR.

That the set inclusions are proper will be evident by the Examples 3.3 and
4.4 given in sections 3 and 4, respectively.

Hence the theorem.
Corollary 2.1. Ry = F,

3. Certain Examples in P

Before proving further results about the growth properties of elements of P,
let us first enlist a few important elements of P, which will be referred to quite
frequently. In this section we define various elements of P and investigate their
growth.

Example 3.1. Consider the elements a = {amn} of P such that

<1+ 1 )(m+n)(>\m+un)/t

. m+n

G T o k) O 0<t<l.

Obviously a € P, p(a) =t <1, 7(a) =% >1; V0 < ¢ < 1. In other words
a€ PyNTe.

Example 3.2. Consider the elements b = {b;,,, } such that

b = (14 —) .

Note that b € P, since Vm,n
1
(A + pn) [br | Fmbim = 1.

Now order of b is

. (Am + pn) log(Am + i)
e == ].
p(b) m—&}nrgoo Sup lOg |bmn|_1

and type of b is

—p 1
T(b) = i lim sup [(}\m +Nn)|bmn|)‘m+“”} — E < 1.

ep m-+n—o0
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1
Thus b € P and p(b) =1, 7(b) = - < 1 in other words b € P, NTy.

Example 3.3. Consider the element ¢ = {c;,, } such that

)\m n

62 s

C = - .
mn >\m T fin

Note that ¢ € P, since

1
(Am ~|» Hn)‘cmn‘ (Am+pn) — 62‘

e O+ 120 108 Co + 1)
_ . m + fn) 10g(Am + fin)
p(c) - m—&}nrgoo Sup log ‘Cmn‘_l =1
and
1 . p
7(c) = — lim sup [()\m + )| Cmn| Amwn} —e>1.

ep m—+n— 00
Thus ¢ € P and p(c) =1, 7(c) = e > 1. In other words ¢ € P, NT*°.

Example 3.4. Consider the element d = {d,,,} such that

1 e(Am~+pin)
Ao = <7> .
Am + Hn

Note that d € P since

1
(A + ) || T F8m = (A 4 )1 7€ — 0 as m +n — oo,

order of d is

. (A + pin) log( A 4 1) 1
pld) minsoo DR e(Am + pin)log( A, + p1n) € =

and type of d is

7(d) = lim sup [(Aerun) (ﬁ)] =1.

m+n—o00

1
Thus d € P and p(d) = - <1, 7(d) = 1. In other words d € Py NT7.
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Example 3.5. Consider the element i = {i,,, } of P such that

I3 = Ee— .

Firstly we show that ¢ € P. For this, we note that
N
(}\m ~|» Hn)‘Zmn‘ Am+pn = Ee.
Now order of ¢ is

o) = lim sup Cm )l Wu))
m-+n—00 (>\m‘|‘ﬂn) log< me n )

=1

Further
1

0 = 5 dim e [ ()] =
Thus ¢ € P and p(i) =1, 7(i) = 1. In other words i € P, N T.

Example 3.6. Consider the element j; = { jf(,?n}

where

Jmn = (Am + Nn)_()\m—hun)/t; O<t<l1
Firstly we shall show that j; € P. For this, we note that

O + i) [FOL T = (A + 1) F = 0asm+n — o0 [0<t<1]

Now order of j; is

p(]t) - m—&%nn—koo st (?Amjﬂl:)) Og( - )
=t log(Am + pn)

=t<1
and type
T(jt) = L lim  sup [(Am + pin) ‘()\m + Hn)_lu _ 1

et m+n—oo et’

Case LIf0<t<1

PDF Created with deskPDF PDF Writer - Trial :: http://www.docudesk.com



Growth Properties of a Class of Entire..... 37
In this case, order of j; is
) 1
p(je) = t< - < 1
and type of j; is
() = — >1

Therefore, in this case, j, € PpNT*.

Case II. If ¢t = l
e

In this case, order of j; is
p(jr) = t=
and type of j; is
() = — =1
Therefore, in this case, j; € Py N17.

Case III. Ifl <t<l1
e

In this case,
p(je) = t<1

and
(Jr) = e <1
TJt) = ot

Therefore, in this case, j: € Py NTp.

4. Certain Examples in P¢

In this section, we define certain elements of U, which are not members of
P. These elements form certain counter examples, which help us in studying the
distribution of elements of U into various subclasses of U defined earlier.

Example 4.1. Consider the element u = {u,,,} such that
R S
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Note that u € U, since

5 log [umn| . 1
im —— = lim =
m+n—o00 N\, + Ln m4n—oo e

[2log e — log(Am + pn)]
= —00 [as m+n — 00, Ay + fy — X
Now order of u is

p(u) = lim sup ° =e>1

m-+n—00 _ __2loge _
1 IOg()‘m+Hn)

This also show that u & P.

also type of u is

1 . e?
T(u) = — lim sup l(Am + “")/\m—m] =1

Thus u ¢ P and p(u) = e > 1, 7(u) = 1. In other words u € R°N17.

Example 4.2. Consider the element v = {vy,,, }, such that

e K,()\m+ﬂn) ,
" (Am +Hn>

Also v € U, since

]' mn .
lim 108 [Vmn| = lim K'[loge — log(Am + tn)]

m—+n—00 >\m + Un m—+n—00
= —00 [as m+n — 00, Ay + fy — X

The order of v is

1 log(A !
p(v) = F7d lim sup 08 m - i) loge %! <1l
m+n=00 log(Am + pin) [1 - m}
Hence v ¢ P.
Type of v is
K - ,
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1
Thus v € P and p(v) = T 1, 7(v) = K’ < 1. In other words, v € R°NTy.

Example 4.3. Consider the element w = {w,,,} such that

63
Wmn — —
Am + Hn

Note that, w € U, since

QOm+tun)
e

. log [wmn| .. 1
i ST i [Bloge —log(Am + pin)
=—00 [as m+n — 00, A\p + iy — |

Now order of w is

(w) li ‘

w = im sup ———+———

P m-+n—00 p 1— _ 3loge _
log(Am+41n)

=e>1

Which also show that w ¢ P.
Type of w is

1. e?
T(w) = gmlgr_l}m sup l()xm + un)Am—W] =e> 1.

Thus w ¢ P and p(w) =e > 1, 7(w) = e > 1. In other words w € R°NT*.
Example 4.4. Consider the element z = {x,,,} such that
P [—log(Am + )

Firstly we shall show that z ¢ P. For this, we note that
(M + 1) [T \Amlﬂm = log(\y, + pr) which is unbounded
Also that, z € U, since

. loglemm]
lim ———— = lim
m+n—00 \py + fip, m+n—oco

log(Am + pin
)

= —00 [as m+mn — 00, Ay + pn — |

PDF Created with deskPDF PDF Writer - Trial :: http://www.docudesk.com



40 Artee

Now order of x is

. 1
p(ZL‘) o m—&zrgoosupliloglogﬁm-ﬁ-#n) =1
log(Am~+pin)

and type of z is

1
7(z) = = lim suplog(Ay + pn) > 1.

e m+n—o00

Thus x ¢ P and p(x) =1, 7(x) > 1. In other words z € Ry N P°NT°.

5. Distribution Of Py and P; Over U

In this section, we investigate the distribution of Py and P; over various
subsets of U viz. Ry, Ri, R and Ty, 11, T defined in section 2. We shall
make full use of examples of elements in P and P¢ established in section 3 and 4
respectively for this purpose.

Theorem 5.1.
(i) Py is not a subset of T'.
(ii) Ry N7y is a proper subset of P, hence of P;.

Proof.

(i) The sequence ‘c’ of Example 3.3 is an element of P whose order is 1 and type
is greater than 1. Thus ‘¢’ is an element of P; but not of 7'

(ii) Let f be an arbitrary element of Ry N7y

=p(f) = 1 and 7(f) <1
Therefore, for some r, 0 < r < 1, we can find N such that,
é [()\m + pn) \amn\m] <r; Vm+n>N
= (A + tin) \amn\m <re Vm+4+n>N

where 0 <r <1,2<e<3

= feP

Further, since Ry NP = Py, Ry N1y is also a suubset of P;.

PDF Created with deskPDF PDF Writer - Trial :: http://www.docudesk.com



Growth Properties of a Class of Entire..... 41

To complete the proof, note that the sequence
i = {imn}
of Example 3.5 is a member of P, which does not belong to T [because 7(i) < 1]
and hence i € Ry NTy.

Thus R; N1} is a proper subset of P, hence of P;.

In order to give a complete Venn-diagram about various subsets of U, it
remains to be checked whether elements of U with order one and type one belong
necessarily to P or not.

Theorem 5.2.

R1N1T; is a proper subset of P hence of P;.

Proof.
Let k = {kmn} be an element of U, whose order p(k) = 1 and type 7(k) = 1.

we know that

1 ——
r(k) = — lim sup [(,\m+ 1in) \kmnpmi“n}

ep m-+n—o0

1 1
1 = - lim sup [(Am + Nn) ‘kmn‘ )‘"”L“”}

e m+n—o0
or,

1
i Sup (A, + i) (K[ bin = e

This implies that k = {k,,} € P.

Hence Ry N7} is a subset of P and hence of P;. Further note that the
sequence ¢ of Example 3.3 is an element of P whose order 1 and type is e > 1.
Thus ¢ € P, but ¢ € Ry N'T7.

Hence Ry NT7 is a proper subset of P and hence of P;.

With the help of examples of section 3 and counter examples of section 4,
the distribution of different entire double Dirichlet sequences in various classes of
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U is tabulated in the following Table:
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TABLE
Sequence Example Whether Order (p) Type (1) Position of
Number belongs of sequence of sequence | sequence in
to P or Not Ven diagram
a 3.1 Yes p<l1 T>1 PoNT*
b 3.2 Yes p=1 T:%<1 PiNTy
¢ 3.3 Yes p=1 T=e>1 PNT®
d 3.4 Yes p=1<1 =1 PNTy
i 3.5 Yes p=1 T=1 PiNTy
Ji; 0<t< 1|36 (casel) Yes p=t<i<1l| r=2L<1 PoNTe®
jt;t:% 3.6 (case II) Yes p:t:§<1 T:ézl PoNTy
Jiy 2 <t<1]| 3.6 (case III) Yes p=t<1 r==<<1 PyNTy
u 4.1 No p=e>1 T=1 R°NTh
v 4.2 No p>1 T<1 R°NTy
w 4.3 No p=e>1 T=e>1 R°NTe
X 4.4 No p=1 T>1 RiNP‘NT®

All the above results can also be complied into the Venn diagram page 42,
common boundaries in the diagram should essentially be considered as empty
sets. All the sets are given rectangular shapes, labelled at the corners of the
principal diagonal.
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