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Abstract: In this paper two fixed point theorems for three mappings have been
proved.
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1. Introduction

A well known Banach contraction principle states that a contraction map-
pings on a complete metric space has a unique fixed point. Jaggi and Das [1] in
1980 gave an extension of Banach fixed point theorem through a rational expres-
sions. This result was generalized by Murthy and Sharma [2] in 1991. In this
paper, we prove two fixed point theorems for three self mappings.
2. Main Results

We establish the following theorems:
Theorem 1. Let E, F' and T be the three self maps of a complete metric space
(X, d) satisfying the following conditions:
(a) (E,T) and (F,T) are commuting pairs.
(b) EXCTX, FX CTX.
(

c) There exist integers 7, s > 0 such that

K.d(Tz, E"z).d(Ty, Fy)
E'z, Fy) <
B2, F%Y) < Gy Fog) + d(Ty, Ba)

for every z,y € X and 0 < K < 1.

Then E, F and T have a unique common fixed point in X, provided 7T is contin-
uous.

PDF Created with deskPDF PDF Writer - Trial :: http://www.docudesk.com


http://www.docudesk.com

26

Proof. Using (a) and (b)
E'T = TE", F°T = TF® (1)

and
E'XCEXCTX, FPXCFXCTX (2)

Let z¢ be any arbitrary point in X. Since E"X C T X. We can choose a point
21 in X such that Txqy = E"xg. Also F*X C TX. We can also choose a point xo
in X such that Tz = F*xy. In general Txon11 = E"xont1, Txoptro = F¥xoni1
forn=0,1,2,---

d(Txon+1, Txon+2) = d(E Ton, FP2ont1)

K.d(T{L‘Qn, ETZEQn).d(TZE2n+1, Fs$2n+1)
= d(Trons1, Fowont1) + d(Tr2n11, B 22n)

K.d(Txan, Tzoni1)-d(To2n41, TT2042)
~ d(Txony1, Tronr2) + d(Tx2n i1, Ton1)

< K.d(Tzopn, Tront1)

= d(Tzont1, Txony2) < Kd(Txapn, Txoni1)

Similarly we can see d(Txon, Txont+1) < K d(Txo,-1Tx2,)
Proceeding in this way, we have d(Tzon 11, TTon2) < K*T1 d(Txg, Txy).

By routine calculation the following inequalities holds for ¢ > 0

q
d(Txn, Taniq) < Zd(TCEn+z‘—1,T$n+i)
i=1

d(Txy, Trpiy) < K" d(Txo,Tz1) — 0 as n — oo (since K < 1)
Hence {T'z,} is a Cauchy sequence. By the completeness of X, {T'z,} converge

to a point p in X. From (2) {E"x9,} and {F*zs,,1} are subsequences of {T'x,}
also converge to the same point p in X.

Now E"Txzo, = TE "9, — Tp, F*Txo,11 = TF°z9,11 — Tp, TTxz, — Tp (3)
Now we prove E"p = T'p and F*p = T'p using (c), (1) and (3)

d(E"p,Tp) = d(E"p, TF°x2,+1)

PDF Created with deskPDF PDF Writer - Trial :: http://www.docudesk.com



27

= d(Erp, FSTZE2n+1)

K d(Tp, Erp) d(TTZE2n+1, FSTZE2n+1)
= d(TTxons1, Féxons1) + d(Tx2n41, E™p)

Since TTx2,+1 — Tp and F*T'z9,+1 — Tp by (3). Thus we get E"p = T'p as
n — oo. Similarly we can see F*p = Tpasn — oo. Thus we get E"p = Tp = F*p.

Also
d(Tp,p) = d(TE"xopn, F*xoni1)

= d(ErTZL'Qn, FSZL‘Qn_H)

d(TTzon, E"T'xo,) d(Tx2n 1, F*Tn11)
= d(Txany1, Fwoni1) + d(Tw2n 11, E"Txay)

Since TTxy, — Tp and E"Tzo, — Tp by (3). Thus we get Tp = p as n — oo.
Now

E'=Tp=Fp=p=E'p=p= E(E"p)=Ep (4)

Also
Tp=p=FETp=FEp=TEp=Ep (5)

i.e. from (4) and (5) E(E"p) = Ep=T(Ep) i.e. E"(Ep) = Ep=T(Ep) .

i.e. Ep is the common fixed point of " and T'. Similarly F'p is the common fixed
point of T" and F'p. But p is unique common fixed point of E", F*® and T. Hence
Ep =Tp =p= Fp, uniqueness of p is trivial.

Theorem 2. Let E,F and T be three self maps of a complete metric space
(X, d) satisfying the following conditions:

(a) {E,T} and {F,T} are commuting pairs

(b) EX C TX, FX C TX.
(

c) There exist integers 7, s > 0 such that

d(Tz, E"z)(Ty, F*y)
Ad(E . F® < K

for every z,y € X and 0 < K < 1.
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Then E, F and T have a unique common fixed point in X, provided T is contin-
uous.

Proof. using (a) and (b)
E'T = TE", F°T = TF® (6)

and
E'XCEXCTX, FFTCFXCTX (7)

Let zg be any arbitrary point in X. Since E"X C T X. We can choose a point
21 in X such that Tx; = E"xg. Also F*X C TX, We can choose a point x5 in
X such that Txo = F°z1. In general Txon+1 = E'xon, Txont2 = FPxony1, for
n=20,1,2,---

Now we consider

d(Tont1, Txon+2) = A(E Ton, FP2on+1)

Kd(Tw2n, E"29,)d(T o011, F*Toni1)
= d(Txon, Féxont1) + d(Tzont1, ETx2y) + d(22n, TTon+1)

< K d(Tzon, Tron+1)

= d(Tzon+t1, Tronr2) < Kd(Txon, TTons+1)

Similarly we can see d(Txon, Txont1) < K d(Tx2p-1,T o)
Proceeding in this way, we have d(Txopn, TTon11) < K21 d(Txg, Tx1)
By routine calculation the following inequalities holds for p > 0

P

d(Txn, Tanip) < Zd(TCEn+z‘—1,T$n+i)
i=1

Kn+i—1

= d(Tl'n,TZEn+p) S 1— K

d(Tzg,Tx1) — 0 as n — oo (since K < 1)

Hence {T'z,} is a Cauchy sequence. By the completeness of X, {Tx,} converges
to a point u in X. From (7), {E"x2,} and {F*x2,1} are subsequence of {T'z,},
also converge to the same point » in X.
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Now
E"Tzxq, = TE"z9, > Tu
FST:E2n+1 = TFSZE2n+1 —Tu (8)
TTz, — Tu

Now we prove E"u = Tu and F*u = Tu using (7), (c) and (8)

d(E"u,Tu) = d(E"u,TF°x2,+1)
= d(Eru, FST:E2n+1)

< K d(Tu, E"u) d(TTx2n+1, F*Txon+1)
- d(Tu, FSTZE2n+1) + d(TT:E2n+1, E’”u) + d(Tu, TTJ:2n+1)

Since TTxon 1 — Tu, and F*Txe,11 — Tu by (8). Thus we get E"u = T'u as
n — oo. Similarly we can see F*u = Tu as n — oo. Thus we get E"u = Tu =
Fsu.
Also
d(Tu,u) = d(E"zon, F*Toni1)
= d(ErTZL'Qn, FSZL‘Qn_H)

< Kd(TT:L‘Qn, ETTJ:Qn) d(TZE2n+1, FSZL‘Qn_H)
= d(TTxopn, Fexont1) + d(Txpi1, E"Taoy,) + d(TT2on, T2on11)

Since TTx2, — Tu and E"Txs, — Tu by (3). Thus we get Tu = u as n — oo.
Now
Fu=Tu=Fu=u= FEu=u= E(E"u)=FEu 9)

Also
Tu=u= ETu=Fu=TFEu= FEu (10)
i.e. from (9) and (10) E(E"u) = Eu = T(Eu) i.e. E"(Fu) = Eu=T(Eu) .

i.e. Fu is the common fixed point of £ and 7. Similarly F'p is the common
fixed point of T' and Fu. But u is unique common fixed point of E”, F* and T.
Hence Fu = Tu = uw = Fu. Uniqueness of u is trivial.

Corollary. Let E, F and T be three self maps of a complete metric space (X, d)
such that T is continuous and FE, F,T satisfy the conditions

(a) {E,T} and {F,T} are commuting pairs.
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(b) EX CTX, FX C TX.
(c) There exist integers r, s > 0 such that

d(Txz, E"z)(Ty, F*y)

E'z,F*y) < K
A Fy) < Ky + d(T. Ty)

for every z,y € X and 0 < K < 1. Then E,F and T have a unique common
fixed point in X.

Proof. Proof is obvious.
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