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1. Introduction, Notations and Definitions:

In this paper we shall establish certain results involving eta-functions. This
paper consists of three parts which include results involving eta-functions.
Eta function is defined as,
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where ¢ = 2™,
Part - I

We shall be in need of the following known results,
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[Denis, Singh and Singh 2; (4.4)]
where max (|q|, |¢1]) < |z] < 1.
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Ramanujan’s sum
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[Gasper and Rahman 3; App.11(29)]
2. Main Results
In this section we shall establish our main results.
Taking a = ¢1,« = ¢ in (1.2) and then summing the ;W;-series of both sides by
making use of (1.3), we get
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Again taking y = —, 3 = —— in (2.1) and making use of definition (1.1), we have
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where ¢; = €*™*1 and g = *™%*,

Replacing q, ¢1 by ¢?, ¢? respectively in (2.2) and then putting z = ¢, we have
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1
Taking y = — in (1.1), we get
41
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Replacing q by ¢ and then taking 3 = ¢~2 and x = —¢° in (2.4), we get
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n=0

1
Putting f = —— in (2.4), we have
q
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Again, replacing q by ¢ and then taking x = ¢ in (2.6), we find

A number of other interesting results can also be scored.
3. Part II

63

(2.4)

(2.5)

(2.6)

(2.7)

In the ‘Lost Notebook’ of Ramanujan [4], he has mentioned following beautiful

theorem If a,b # —q¢™", then
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4. Main Results
(a) In this section we shall establish results involving eta-functions, let,

R
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(3.2)

(4.1)
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(i) Replacing q by ¢ and then taking a = —¢,b = ¢ in (4.1), we get
2(1 - ¢*) n*(4Q)

F(—q,q;¢*) = : 4.2
(=¢.49) 7 R0 (4.2)
(ii) Replacing q by ¢* and then taking a = ¢,b = —q in (4.1), we get
—2(1 — ¢*) n*(4Q)
F(q,—q;¢*) = : 4.
(¢ —49%) A 0 (4.3)
(iii) Comparing (4.2) and (4.3), we get
Flq,~4:4°) = =F(~4¢,4:¢%). (4.4)
(iv) Taking a = —q and b = ¢ in (4.1), we get
1-¢\ 1 n(2()
F(—q,q:9) = < ) : 4.5
( ) 2q ) ¢'/** n(C) 43
(v) Replacing q by ¢ and then taking a = ¢ and b = ¢? in (4.1), we find

Flo.q,4) = — g ( )n( )

(vi) Replacing q by ¢ and then taking a = —q and b = —¢? in (4.1), we find

F(—q,—¢%¢") = - L= %8_ q2)77(3§)‘ (4.7)

(vii) Replacing q by ¢* and then taking a = —¢* and b = ¢® in (4.1), we get

1 (q"%q")oe(—¢" q")%
2q (q67 _q67q4)oo

F(=¢*,¢*q") =

(4.8)

(viii) Replacing q by ¢° and then taking a = —¢* and b = ¢* in (4.1), we obtain

(1-4°)n*(12()
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F(—¢* ¢*:¢°) = (4.9)



Certain results involving Eta-function 65

(ix) Replacing q by ¢° and then taking a = —¢® and b = ¢* in (4.1), we get

(1—q2)(1—q3) 5. 5 (QJq4;q5)oo
w g, Y

F(-¢*,—¢*q") = —

Now, using [Andrews and Berndt 1; Corollary (6.2.6) p. 153] in (4.10), we get
1—¢*)(1 = ¢%) 1 q ¢
Fleg. g ) = L 17 . 411
(—¢%q4%q°) " F1r1e1 (4.11)
5. Another form of the function p(a,b)
Let us consider the Rogers-Fine identity, viz.
e S

(85 On(25 @t

[Andrews and Berndt 1; (9.11) p. 223]
Putting z/« for z and then taking o — oo in (5.1), we find
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Now taking § = —aq and z = aq/b in (5.2), we have
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which is another form of p(a,b).
For a =b =1, (5.3) yields,
p(1,1) =2 g @I (1 — 2t (5.4)

n=0

For a =1,b = ¢, (5.3) yields,

=2 (1+ )Zq%l/z 7). (5.5)
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For a = b = q, (5.3) yields,
1 2 1 — 2n+1
p(q’ q) = QM Z an(n-i-l)/Qﬁ. (56)
n=0

For a = ¢,b =1, (5.3) yields

p(g,1) =2(1 +q) i g IR — g, (5.7)

n=0
From (3.2) and (5.3), we get

n n(n+1
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From (3.2) and (5.5), we get
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From (3.2) and (5.6), we get

n n+1)/ o0 (1 _ 2n+1)
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From (3.2) and (5. 7), we find

y L

s QQnJrl

n nn+3
— Zan(3n+5 /2 _ qTLJrl). (511)

6. Part III
Further results involving eta functions
In this section we shall make use of the following results due to Ramanujan, If

o (), (—)rgnn+br2 (4)"
pla,b,c;q) = (1—1—%)2() () <b>

n=0 [ aq; q ] ( C/b Q)n+1

then
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Let us suppose

b,c;q) — p(b,a, ¢; o
Fla,b.c.q) = pla,b,¢;q) = p(ba,c;q) [¢; 4]
pla,b;q) — p(b, a; q) [—c/a,—c/b; 4]
where n
00 nqn(n+1)/2 <b>
a,b;q) (1 + ) 6.2
4 ; —aq; gl (62
(i) Replacing q by ¢ and then taking ¢ = ¢* and a = b = +1 in (6.2), we get
I U
F +17+17q2;q2 = = N
( ) U G
— q1/12773(27-> (6 3)
n*(47) '
(ii) Replacing q by ¢® and then taking ¢ = ¢? and a = 1,b = —1 in (6.2), we get
2. 2 2. 2
F(L _1’q2;q2> — : [q27q ]020 - — [Q4>Q4]oo
[—¢% @lola® @*loe 1% Y0
n(47) '
(iii) Replacing q by ¢?, then taking ¢ = ¢?, a = b= —1 in (6.2), we get
4% %o 1 g/
F(-1,-1,¢%¢q = . 6.5
= = G e n(2r) (65)
(iv) Replacing q by ¢?, then taking ¢ = ¢*, a = b = —q in (6.2), we get
% 4" _ [ d°)% _ 1’(27)
F(=q,—4¢,4%q = = = : 6.6
= = 6% ledi  ¢/nP(7) 66
(v) Replacing q by ¢?, then taking ¢ = ¢*,a = ¢ and b = —¢ in (6.2), we get
4% %) oo ~1/6
Flg,—4,4%¢) = = q on(47). 6.7
( )= T el P () (6.7
(vi) Replacing q by ¢?, then taking ¢ = ¢*>,a = b= ¢ in (6.2), we get
Fla.q.qt q) = 1L Ol () (r) (6.8)

[—q; 22 =% @?%  ¢/on3(2r)
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(vii) From (6.3) and (6.8), we get

2
n*(r
F(1,1,¢% ) F(q,q.¢% %) = qlﬂlﬁ. (6.9)
(viii) Taking ¢ = g,a =b=1in (6.2), we get
[l 120 P (7)
L6 = g = e (010
(ix) Taking c=¢,a=1& b= —11n (6.2), we get
[4: oo 1/24 (1)
F(1,-Lqq) = =q" . 6.11
( ) (45 dloc[—4; 4o n(27) o4
(x) Taking c =¢q,a=b= —11n (6.2), we get
1 q1/24 0 .
F(-1,-1,¢;q9) = = => p(n)q". (6.12)

[ de  n(r) &=
(xi) Taking ¢ = ¢,a =b= ¢ in (6.2), we get

a2, @*ni(r)

(xii) Taking ¢ =¢,a =band b=11in (6.2), we get
q; q)2 q'/*n?(7)
F(g,1,q;q) = > = . 6.14
LG9 =30 0L = 2p(er) o40
(xiii) Taking ¢ = gq,a = ¢ and b = —1 in (6.2), we get
[ dee— q7*'n(7)
F(q,—1,q;q9) = = . 6.15
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(xiv) Replacing q by ¢ and then taking ¢ = ¢3,a = b =1 in (6.2), we get
3. 313 3(3
F(l, 1’q3;q3) — [q 14 ]OO — 1/877 ( T) (616)

q .
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(xv) Replacing q by ¢* and then taking ¢ = ¢*>,a = 1,b= —1 in (6.2), we get
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(xvi) Replacing q by ¢3, then taking ¢ = ¢3,a = b = —1 in (6.2), we get
F(-1,-1,¢%¢%) = o q*® L (6.18)
S 4% %o n(37)

(xvii) Replacing q by ¢, then taking ¢ = ¢3,a = ¢ and b = ¢* in (6.2), we get

Flo.% ¢ ) = 4% ¢"Jc  _ n(m)n(67)

T (=4, =% Pls ¢°/*n(67)

(xviii) Replacing q by ¢?, then taking ¢ = ¢3,a = —q and b = —¢* in (6.2), we get
4% ¢*loo 7°(37)

Fleg —d? ¢ ¢°) = — . 6.20
( q,—q9,q9 ;4 ) [(qung}oo q5/247]<7_) ( )

(6.19)

(xix) Replacing q by ¢*, then taking ¢ = ¢,a = ¢* and b = ¢* in (6.2), we get

3. 313 3(37)
(&, ¢, ¢% ) 1ok 1 1pen (6.21)
(xx) Replacing q by ¢3, then taking ¢ = ¢3,a = ¢® and b = 1 in (6.2), we get

3. 313 3 37)
PP 1 o o) — [ 6% _ 1/8L' 6.22
(q ) >q aq ) 2[(]6;(]6]30 2772(67') ( )

(xxi) Replacing q by ¢3, then taking ¢ = ¢3,a = ¢* and b = —1 in (6.2), we get

3. .3 37_)
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