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1. Introduction
The main aim of this paper is to evaluate an integral involving the product of
Gaussian’s hypergeometric series and H-function of two variables. Interesting spe-
cial cases of this integral have also been discussed.

The result established here are of a very general nature and include several
known results in the literature.

2. Notations and Definitions
The H-function of two variables is defined as [2].

Hn,v1,v2,m1,m2

p,[t,t′],s[q;q′]

 x

y

∣∣∣∣∣∣∣∣∣
{(εp); (ep)}
{(γt); ct}; {(γ′t); c′t′}
{(δs); ds}
{(βq); bq}; {(β′q′); b′q′}



=
−1

4π2

∫ +i∞

−i∞

∫ +i∞

−i∞
Φ(ξ + η)Ψ(ξ, η)xξ.yη.dξ.dη. (2.1)
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where

Φ(ξ + η) =
Γ[(1− εn) + (en)(ξ + η)]

Γ[(εn+1,p)− (en+1,p)(ξ + η)]Γ[(δs) + (ds)(ξ + η)]
(2.2)

Ψ(ξ, η) =
Γ[(γv1) + (cv1ξ)]Γ[(γ′v2) + (c′v2η)]Γ[(βm1)− bm1ξ]

Γ[(1− γv1+1,t)− (cv1+1,t)ξ]Γ[(1− γ′v2+1,t′)− (c′v2+1,t)η]

×
Γ[(β′m2

)− (b′m2
)η]

Γ[(1− βm1+1,q) + (bm1+1,q)ξ]Γ[(1− β′m2+1,q′) + (b′m2+1,q)η]
(2.3)

and 0 ≤ n ≤ p; 0 ≤ v1 ≤ t; 0 ≤ v2 ≤ t′; 0 ≤ m1 ≤ q; 0 ≤ m2 ≤ q′.
The sequence of parameters {(βm1), (bm1)}, {(β′m2

), (b′m2
)}, {(γv1), (cv1)}, {(γ′v2)

, (c′v2)} and {(εn), (en)} are such that none of the poles of integrand coincide. The
paths of integration are indented, if necessary, in such a manner that all the poles
due to Γ{(βm1)− (bm1)ξ} and Γ{(β′m2

)− (b′m2
)η} lie to the right and those due to

Γ{(γv1) + (cv1)ξ} and Γ{(γ′v2) + (c′v2)η} and Γ{1− (εn) + (en)(ξ+ η)} lie to the left
of the imaginary axis.

3. Main Results
Here we establish the following∫ 1

0

λα−1(1− λ)δ−α−1 2F1

[
β,−t;λ
1 + α + β − δ − t

]
×

×Hn1,m2,n2,m3,n3

p1,[p2;p3],q1[q2;q3]

 λl

λm

∣∣∣∣∣∣∣∣∣
(aj;αj, Aj)1,p1
(cj; γj)1,p2 : (ej;Ej)1,p3
(bj; βj, Bj)1,q1
(dj; δj)1,q2 : (fj;Fj)1,q3

 dλ
=

Γ(δ − α + t)

(δ − α− β)t
H2+n1,m2,n2,m3,n3

2+p1,[p2;p3],q1+2,[q2;q3] x

y

∣∣∣∣∣∣∣∣∣
(1− δ; l,m), (1− δ + β − t; l,m), (aj;αj, Aj)1,p1
(cj; γj)1,p2 : (ej;Ej)1,p3
(bj; βj, Bj)1,q1(δ − β; l,m), (δ + t; l,m)
(dj; δj)1,q2 : (fj;Fj)1,q3

 (3.1)

Proof.
Let us consider the integral∫ 1

0

λα−1(1− λ)δ−α−1 2F1

[
α′, β′;λx
γ′

]
×
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×Hn1,m2,n2,m3,n3

p1,[p2;p2],q1[q2;q3]

 λlx

λmy

∣∣∣∣∣∣∣∣∣
(aj;αj, Aj)1,p1
(cj; γj)1,p2 : (ej;Ej)1,p3
(bj; βj, Bj)1,q1
(dj; δj)1,q2 : (fj;Fj)1,q3

 dλ
We replace the H-function on the left hand side of above equation by its equivalent
double Mellin Barne’s type contour integral and also the hypergeometric function
by it’s equivalent series and interchanging the order of integration, we have

− 1

4π2

∫
L1

∫
L2

Φ(ξ + η)Φ2(ξ)Φ3(η)xξyηdξdη×

×
∞∑
n=0

(α′)n(β′)nx
n

(1)n(γ′)n

∫ 1

0

λα+n+lξ+mη−1(1− λ)δ−α−1dλ

where Φ1, Φ2 and Φ3 are same as in the definition of H-function and using beta
integral we have,

− 1

4π2

∫
L1

∫
L2

Φ(ξ + η)Φ2(ξ)Φ3(η)xξyηdξdη×

×
∞∑
n=0

(α′)n(β′)nx
n

(1)n(γ′)n

Γ(α + n+ lξ +mη)Γ(δ − α)

Γ(δ + lξ +mη + n)
,

provided Re(α + lξ +mη) > 0 and Re(δ − α) > 0.
Now, using (2.1) here, we get

−Γ(δ − α)
1

4π2

∫
L1

∫
L2

Φ(ξ + η)Φ2(ξ)Φ3(η)xξyηdξdη×

×Γ(α + lξ +mη)

Γ(δ + lξ +mη)

∞∑
n=0

(α′)n(β′)n(α + lξ +mη)nx
n

(1)n(γ′)n(δ + lξ +mη)
dξdη

= −Γ(δ − α)
1

4π2

∫
L1

∫
L2

Φ1(ξ + η)Φ2(ξ)Φ3(η)xξyη×

×Γ(α + lξ +mη)

Γ(δ + lξ +mη)
3F2

[
α + lξ +mη, α′, β′;x
δ + lξ +mη, γ′

]
dξdη

Taking x = 1 α′ = β, β′ = −t and γ′ = 1 + α + β − δ − t in the above, we get

−Γ(δ − α)
1

4π2

∫
L1

∫
L2

Φ1(ξ + η)Φ2(ξ)Φ3(η)xξyη×
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×Γ(α + lξ +mη)

Γ(δ + lξ +mη)
3F2

[
α + lξ +mη, β,−t; 1
δ + lξ +mη, 1 + α + β − δ − t

]
dξdη

Now, evaluating 3F2 with the help of Saalschütz summation formula we get

−Γ(δ − α)(δ − α)t
(δ − α− β)t

1

4π2

∫
L1

∫
L2

Φ1(ξ + η)Φ2(ξ)Φ3(η)xξyη×

× Γ(δ + lξ +mη)Γ(δ − β + lξ +mη)

Γ(δ + t+ lξ +mη)Γ(δ − β + t+ lξ +mη)
dξdη.

Replacing the double Mellin Barne’s contour integral in its equivalent H-function

=
Γ(δ − α + t)

(δ − α− β)t
H2+n1,m2,n2,m3,n3

p1+2,[p2;p3],2+q1,[q2;q3] x

y

∣∣∣∣∣∣∣∣∣
(1− δ; l,m), (1− δ + β − t; l,m), (aj;αj, Aj)1,p1
(cj;χj)1,p2 : (ej;Ej)1,p3
(bj; βj, Bj)1,q1(δ − β; l,m), (δ + t; l,m)
(dj; δj)1,q2 : (fj;Fj)1,q3


which is the required result (5.1).

4. Particular Cases
(a) On the specializing the parameter particular cases (3.1) by taking aj = Aj = 1,
bj = Bj = cj = Ej = dj = Fj = 1 and also l = m = 1; the result of (3.1(a)) reduces
to that of Meijer’s G-function of two variables, we have
(i) ∫ 1

0

λα−1(1− λ)δ−α−1 2F1

[
β,−t;λ
1 + α + β − δ − t

]
×

×Gn1,m2,n2,m3,n3

p1,[p2;p3],q1[q2;q3]

 λlx

λmy

∣∣∣∣∣∣∣∣∣
(ap1)
(cp2); (ep3)
(bp1)
(dp2); (dp3)


=

Γ(α− β + t)

(δ − α− β)t
G2+n1,m2,n2,m3,n3

2+p1,[p2;p3],q1+2,[q2;q3] x

y

∣∣∣∣∣∣∣∣∣
(1− δ), (1− δ + β − t), (ap1)
(cp2); (ep3)
(bq1), (δ − β), (δ + t)
(dq2); (dq3)


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(b) Next, if we put l = m in (3.1), we get, after some simplification,
(ii) ∫ 1

0

λα−1(1− λ)δ−α−1 2F1

[
β,−t;λ
1 + α + β − δ − t

]
×

×Hn1,m2,n2,m3,n3

p1,[p2;p2],q1[q2;q3]

 λlx

λmy

∣∣∣∣∣∣∣∣∣
(aj;αj, Aj)1,p1
(cj; γj)1,p2 : (ej;Ej)1,p3
(bj; βj, Bj)1,q1
(dj; δj)1,q2 : (fj;Fj)1,q3

 dλ
=

Γ(δ − α + t)

(δ − α− β)t
H2+n1,m2,n2,m3,n3

2+p1,[p2;p3],q1,[q2;q3] x

y

∣∣∣∣∣∣∣∣∣
(1− δ; l, l), (1− δ + β − t; l, l), (aj;αj, Aj)1,p1
(cj; γj)1,p2 : (ej;Ej)1,p3
(δ − β; l, l), (δ + t; l, l)(bj; βj, Bj)1,q1
(dj; δj)1,q2 : (fj;Fj)1,q3

 .
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