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ABSTRACT : The summation formula 
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can be proved by 

expanding each term in the identity (1-x)−α(1-x)−β=(1-x)−α−β by the binomial theorem, 

equating coefficients of xn on both sides and relabelling parameters. The aim of this 

paper is to use the Askey-Wilson operator Dq and its index lad β+αβα = qqq DDD  to give 

a similar proof of the summation formula for a terminating, very well poised 6φ5 

series. 

AMS subject Classification: Primary 33D20, 22C20; Secondary 39A70, 47B39. 

1. INTRODUCTION 

The Wilson and Askey-Wilson divided difference operators arise naturally in the 

theory of the Wilson and Askey-Wilson polynomials, respectively; see [2, pp. 32-36]. 

Properties and applications of these operators have since been studied by several 

authors. Askey [1] used the Askey-Wilson operator to give a simple proof of Rogers’ 

connection coefficient formula for the continuous q-ultraspherical polynomials. The 

Askey-Wilson operator and another operator were used by Kalnins and Miller [7] to 

derive the orthogonality of the Askey-Wilson polynomials. Ismail [6] gave new proof 
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of the q-Pfaff Saalschütz summation formula and of Sears transformation formula 

using the Askey-Wilson operator. Magnus [8] showed that the Askey-Wilson operator 

is the most general of its type. 

Cooper [4] has defined fractional powers of the Wilson and Askey-Wilson operators. 

In verifying the index law β+αβα = qqq DDD  for the Askey-Wilson operator, the 

summation formula for a terminating, very well-poised 6φ5 series is used. This 

procedure can be reversed. The aim of this article is to show how the summation 

formula for a terminating, very well-poised 6φ5 series can be discovered and proved 

using the Askey-Wilson operator. We will also show in the q=1 case how the Wilson 

operator can be used to find and prove the summation formula for a terminating, very 

well-poised 5F4 series. 

2. Notation and definitions 

1.  Throughout this paper, τ is assumed to be any complex number satisfying Im 

τ > 0. Put q=exp(iπτ). Then |q|<1. 

2.  Let f be an even function. The Wilson operator D is defined by 
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The denominator factor 2ix is present in order to make D(x2)=1. 

3.  Let f=f(x) be a function of x=cos θ. Let φ(θ)=f(cos θ). The Askey-Wilson 

operator is defined by 
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The denominator factor cos(θ+πτ/2) – cos(θ−πτ/2) is present in order to make 

Dq(x)=Dq(cos θ)=1. 

Standard notation for hypergeometric and basic hypergeometric series, e.g., see [5], 

will be used throughout. 

3. Powers of the operators 

A calculation gives 
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A similar calculations leads to  
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These formulas lead us to suspect the following pattern. 

Proposition 1 let γ be a non-negative integer. Then 
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Calculations like those above can also be carried out for the Askey-Wilson operator 

Dq. The resulting pattern appears to be as follows. 
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Proposition 1q Let γ be a non-negative integer. Then 
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Proofs of Propositions and 1 and 1q 

Both Proposition 1 and 1q can be shown to be true using induction on γ. We shall 

give the details only for proposition 1q since the details for Proposition 1 are similar. 

It is straightforward to check that (3.4) reduces to a triviality when γ=0 and reduces to 

(2.2) when γ=1. Now suppose (3.4) is true for some positive integral value of γ. Using 

this as the inductive hypothesis we have 
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In the second sum, change all of the occurrences of n to n-1. Then 

PDF Created with deskPDF PDF Writer - Trial :: http://www.docudesk.com



The Askey-Wilson operator and the 
6
φ

5
 summation formula 75 

 

 )x(fD
1

q
+γ

)e1()qq(e

q2
i212/12/1)1(i

2/)(
2

1

1 2

θ−+γ−θ+γ

γ−−
+γ

−−
=

γ

 

  

















πτ

−+γ
+θφ

−
× γ

+γ
θ−−γ−

−γ−θ−γ−γ

=
∑

2

n21
q

)q;eq()q;q(

)qe1()q;q( )n(

1
i21n

n

1n2i2
n

0n

 

  .
2

n21
q

)q;eq()q;q(

)qe1()q;q(
q )1n(

1
i2n

1n

1n2i2
1n

1

1n

















πτ

−+γ
+θφ

−
− −γ

+γ
θ−γ−

−

−γ−θ−
−

γ−+γ

=

γ∑  

     (3.6) 

Both sums above can be extended to n ∈ [0,…,γ+1], the extra terms being zero 

because (q−γ;q)γ+1=0 and 1/(q;q)-1=0. This gives 

 )x(fD
1

q
+γ

)e1()qq(e

q2
i212/12/1)1(i

)(
2

1

1 2

θ−+γ−θ+γ

−
+γ

−−
=

γ

 

  









πτ

−+γ
+θφ

−
× γ

+γ
θ−−γ−

−γ−θ−
−

γ−+γ

=
∑

2

n21
q

)q;eq()q;q(

)qe1()q;q( n

2
i21n

n

1n2i2
1n

1

0n

 

  { }.)eq1)(q1()eq1)(q1( i21nni2n1n θ−−γ−θ−−+γ− −−−−−×  

The quantity in braces simplifies to 
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This completes the induction and proves conjecture 1q. 

4. Summation formulas 

 Let α and β be non-negative integers. The operator β+α
qD  can now be 

thought of in two ways : either by replacing γ by α+β in Proposition 1q, or as the 

result of applying α
qD  to β

qD . When the two ideas are combined, the result is the 56φ  

summation theorem for a terminating, very-well poised series. If the same idea is 

applied to the operator D, the result is the summation theorem for a terminating, very-

well poised 45φ  series. 

Proposition 2 Let α, β and n be non-negative integers. Then 
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Proposition 2q Let α, β and n be non-negative integers. Then 

 














−

−
φ

++α−+β
+β+α

−α−β−

Aq,Aq,q,A,A
q,q;

q,q,Aq,Aq,Aq,A
1n1n1

1
nn

56  

 .
);();(

);();(
11

1

nn
n

nn
n

qAqqq

qqAqq
+α−+β

−+β+α
=   (4.2) 

Proof 

 We shall only prove Proposition 2q. The details for Proposition 2 are similar. 

By Proposition 1q applied twice, we have 
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Now let n=j+k and m=k, and remember that only finitely many terms in the double 

infinite series above are non zero, thus terms in the series may be rearranged as we 

please. 
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in the above. Next, using 
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We have used the properties 
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and 

 
t

s
t

s
t

s

)q;Xq(

)q;X(

)q;Xq(

)q;X(
=  

to obtain the last line. Since θ is  arbitrary, we may replace α−θ− ee i2  with a new 

parameter A. This completes the proof of Proposition 2q. 

 As functions of α, both sides of equation (4.1) are rational functions. That is, 

equation (4.1) is an identity of the form 

 .
n  degree of  in polynomial

n  degree of  inpolynomial

n  degree of  in polynomial

n  degree of  in polynomial

≤α
≤α

=
≤α
≤α

 

 Furthermore, by Proposition 2 we know that (4.1) is true for infinitely many 

values of α, namely α=1,2,3,… . Therefore (4.1) remains true for any complex value 

of α, and so the restriction that α be an integer in Proposition 2 can be dropped. By 

identical reasoning, the condition that β be an integer can also be dropped. Now let B 

=  A + n − β and C = −α in Proposition 2. Then we have proved the following. 

Theorem 3 Let n be a non-negative integer. Then 

 








++−+−+
−+
1nA,C1A,B1A,2/A

1;n,C,B,12/A,A
F45 .

)C1A()B1A(

)1A()CB1A(

nn

nn

−+−+
+−−+

=  

Similarly, both sides of (4.2) are rational functions of qα that agree for infinitely many 

values of α. Hence (4.2) is also true for arbitrary values of α, and by the same 

reasoning, (4.2) is also true for arbitrary values of β. Let B = qn−βA and C = q−α. Then 

we have proved the following. 

Theorem 3q 

 
















−

−

+

+−

Aq,C/qA,B/qA,A,A
BC

Aq
;q,C,B,Aq,Aq,A

F
1n

1nn

56  
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 .
)q;C/qA()q;B/qA(

)q;qA()q;BC/qA(

nn

nn=  

5. Remarks 

 Theorem 3 and 3q can also be extended to the case in which n is not an 

integer. See [3, p.27] and [5, p.36], respectively. 

 The main purpose of this paper has been to use powers of the operators D 

and Dq to obtain summation formulas for terminating, very-well poised 45F  and 56φ  

series. We conclude by mentioning one other application of the operators nD  and 

n
qD . 

 If n
qD  is applied to the weight function for the Askey-Wilson polynomials, the 

result is a terminating, very-well poised 78φ  series. Apply Watson’s q-analogye of 

Whipple’s transformation [5, p.35] to convert the 78φ into a 34φ . Then apply Sears’ 

transformation [5, p.41] to this to obtain the usual basic hypergeometric form of the 

Askey-Wilson polynomials. The result (after replacing a, b, c, d with aqn/2,…,dqn/2) is 

the Rodrigues formula for Askey-Wilson polynomials, as given in [2, equation (5.15)]. 

The details will appear in [4]. 
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