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ABSTRACT : The summation formula Z (=M (@ :( Jn can be proved by

k=0  K!(Cc)k (©)n

expanding each term in the identity (1-x)‘“(1-x)‘B=(1-x)‘“‘B by the binomial theorem,

equating coefficients of x" on both sides and relabelling parameters. The aim of this
paper is to use the Askey-Wilson operator Dq and its index lad Dng = D&HB to give

a similar proof of the summation formula for a terminating, very well poised @
series.

AMS subject Classification: Primary 33D20, 22C20; Secondary 39A70, 47B39.

1. INTRODUCTION

The Wilson and Askey-Wilson divided difference operators arise naturally in the
theory of the Wilson and Askey-Wilson polynomials, respectively; see [2, pp. 32-36].
Properties and applications of these operators have since been studied by several
authors. Askey [1] used the Askey-Wilson operator to give a simple proof of Rogers’
connection coefficient formula for the continuous g-ultraspherical polynomials. The
Askey-Wilson operator and another operator were used by Kalnins and Miller [7] to

derive the orthogonality of the Askey-Wilson polynomials. Ismail [6] gave new proof
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of the g-Pfaff Saalschiitz summation formula and of Sears transformation formula
using the Askey-Wilson operator. Magnus [8] showed that the Askey-Wilson operator

is the most general of its type.

Cooper [4] has defined fractional powers of the Wilson and Askey-Wilson operators.
In verifying the index law Dng =Dg+B for the Askey-Wilson operator, the
summation formula for a terminating, very well-poised @ series is used. This

procedure can be reversed. The aim of this article is to show how the summation

formula for a terminating, very well-poised @, series can be discovered and proved
using the Askey-Wilson operator. We will also show in the g=1 case how the Wilson
operator can be used to find and prove the summation formula for a terminating, very
well-poised cF , series.

2. Notation and definitions

1. Throughout this paper, T is assumed to be any complex number satisfying Im

T > 0. Put g=exp(itw). Then |g|<1.

2. Let f be an even function. The Wilson operator D is defined by

L i i B |

EE=

The denominator factor 2ix is present in order to make D(x2)=1.

3. Let f=f(x) be a function of x=cos 6. Let @0)=f(cos 8). The Askey-Wilson

operator is defined by

A I O

T 0,12 U2vq_ o210y
COS(9+EJ—COS(9—EJ e”(q q 1-e =)
2 2

Dof(x) = (2.2)
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The denominator factor cos(6+1w/2) — cos(6-1/2) is present in order to make
Dq(x)=Dq(cos 0)=1.

Standard notation for hypergeometric and basic hypergeometric series, e.g., see [5],
will be used throughout.

3. Powers of the operators

A calculation gives

D2f(x) =D(Df(x)

:Dr(X”/Z)—f(X—i/z)}

2ix

_i{f(xﬂ)—f(x) _f(x)—f(x—i)}

2ix 2ix-1 2ix+1
(2ix = 2)f(x +1) 5 2ixf(x) . (2ix +2)f(x —1i)
(2ix = 2)(2ix —1)2ix (2ix —=12ix(2ix +1) 2ix(2ix +1)(2ix + 2) .
(3.1)
A similar calculations leads to
D3f(x) :—(?IX 3 f(x + EJ—B—(_ZIX b f(x +l)
(2ix = 3)4 2 (2ix = 2)4 2
43 @X*D f(x - l) _(@x+3) f(x - ﬂ) (3.2)
(2ix D4 4 (2iX) 4 2
These formulas lead us to suspect the following pattern.
Proposition 1 let y be a non-negative integer. Then
Yo (- 2ix —y+2n -2n
DYi() = (*¥) (2xZy+2n) f(x+ Y iJ. (3.3)
n=0 n! (2|X - y+ n) y+l 2

Calculations like those above can also be carried out for the Askey-Wilson operator
Dq. The resulting pattern appears to be as follows.
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Proposition 1qg Let y be a non-negative integer. Then

~(V) 2
D f(X) q ? i0 1/2 -1/2 S
e (@’ -q79)

\% -y. 1- -2i0 2n-y -2
> (9 7in _e _2.2 )qy"o(e+y nm} (3.4)
o (&d)n (@"Ye ™ ";a)ym 2

Proofs of Propositions and 1 and 1q

Both Proposition 1 and 1q can be shown to be true using induction on y. We shall
give the details only for proposition 1q since the details for Proposition 1 are similar.

It is straightforward to check that (3.4) reduces to a triviality when y=0 and reduces to
(2.2) when y=1. Now suppose (3.4) is true for some positive integral value of y. Using
this as the inductive hypothesis we have

Dy f(x) =Dq (DYf(x))

2
e®(q¥2 —q2)1-

-2i9 [Dz‘deaemr/z —Dz(p| eae—mlz]
e ")

Ly
V+lq 2( 2)

ei(y+2l.)9 1/2 _ 12 )y+1 (1-e -2i6 )

()

X

Y -y. _A—2i642n-y-1 _
1 (9 ,q)n(nlyel q )qyn{e+v+1 anJ

q"'2 10 (@) (g % Ay 2
1- 2|9 2n-y+1 -1-2
(a™Y;0)n( +el ) y(n){ LY nmJ_ 35)
=0 (), (g™ %)y 2

In the second sum, change all of the occurrences of nto n-1. Then
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1 Y
()2
Dq f(x) =

ei(y+l)9 (ql/2 _ q—l/2)y+l(1_ e—2i9)

Y

—y; 1_e—2i9 2n-y-1 +1-2n
<3 (@™;a)n( q )qy(n){%v mJ

=0 (@Dn (@Y e ™)y 2

y+1

'y CRA I e‘Zi_eqzn‘V_l) qv(n—l){e L y+i-2n mJ |
e R (C116) MY (L ) WY 2

(3.6)
Both sums above can be extended to n O [0,...,y+1], the extra terms being zero

because (q‘V;q)y+l=O and 1/(g;q)_,=0. This gives
1

-—3)

y+1 2y+lq 2

Dq 1(x) = i(y+1)0 ;172 _ ~1/2\y+l -2i0

e (@ -qg 7)) (1-e ")

YL gV — a™2i8,2n-y-1 _
N (@ TiDna(l-e g )qw{eﬂ” 2nmJ

=0 (@@ e ™%0),.0 2

- - ohe ) - (1-g")a-g" Ve 2]
The quantity in braces simplifies to
a"(1-q7)(e-q7*°)
hence

_E(V)
v+l _ 2y+lq 22
Dq f(x)=

ei(y+1)9 (ql/2 _ q—l/2 )y+l

1 —y— —2i —y—
< i (g Y l;q)n(l_e 2|.9q2n Y l) q(y+1)nv(e+ y+1-2n THJ
= (@)@ e ™%0),.0 2
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This completes the induction and proves conjecture 1qg.

4. Summation formulas

Let a and [ be non-negative integers. The operator DSHB can now be
thought of in two ways : either by replacing y by a+f in Proposition 1q, or as the
result of applying Dg to Dg . When the two ideas are combined, the result is the g5

summation theorem for a terminating, very-well poised series. If the same idea is
applied to the operator D, the result is the summation theorem for a terminating, very-

well poised 5@, series.

Proposition 2 Let a, 3 and n be non-negative integers. Then

A
A—+LA+n-f, —aq, -n
2 1 _(G+B+1_n)n(A+1;Q)n
5Q4 A Ry vems rrarl . (4.2
—, B+1—n,A+0(+LA+n+1 (q rq)n(q ;q)n
2
Proposition 2q Let a,  and n be non-negative integers. Then
0 A,qVA,—qVA, q"PA, g9, g" g+
B R N e e W
a+p+1-n. .
- (@ \Dn @A n (4.2)

@ a)n @A),
Proof

We shall only prove Proposition 2q. The details for Proposition 2 are similar.
By Proposition 1q applied twice, we have

D3 (DBf(x))
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1 o
__(B) 2 B ) —B; (1- e_2|e 2jB . —-2i
=Dg 1d 2* 0 L2 _ 4 -1/2 z 2 i : )qBJG(EHB JTHJ
e¥(q¥2-q7?) '

i (@9);(aPe™9:q)p, 2
Loy Lo a+p - i -
—q S&) 2(2)[ 2 ] (@) (1-e™%g%" a)qu+p(k—a/2)
@2 -9V | & (@)@ e ;) qn

X

2 (4 Piq);(1-e0g2PrarEk) g (9 +MWJ
j=0

(0:0); (qIP~+2ke 28 )5,y 2

Now let n=j+k and m=k, and remember that only finitely many terms in the double
infinite series above are non zero, thus terms in the series may be rearranged as we
please.

D3 (DBf(x))

Loy tey o o+B
2(2) 2(2) 2 2

:q - ~

[« . +B-2
XY (1-e g2 P gy 0+ = Bz nmj
n=0

am

Z”: (@ % a)md-e %% %) (q7P;a)nm q

mo  (@Dm@™ e ™)y (@Qnm (@M P20,

_q‘z(z)[ ’ ]‘”B :

o0 -B. _ ~—2i0 2n-a-f _
N (@Fian(-e™"q )qngq{eﬂw anJ

o (@ (g Pe0)5, 2
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L3 e i e Pe ) (@7 Q@ W

=0 (69m@-e72%q7:q)(aP ™ q)m (ae™2®)y (qF %720 g),,

I+a+pB )m )

We have used

mA; . A0, s+lA; m s+lA; m
(AG™: 0oy = (Ao  _ (A9n(a”"Ai)m _ (A" "AQ) (A:Q)ont

@™ A 0).  (Aa)n (@A) (Ag)ny

and

(AiQn-m _ (Aid)y (47" /B; &)
B:Dn-m B (@ /A

(B/A)™ (4.3)

in the above. Next, using

1- e—2i9q2m—a B (1_ e—ieqm—alz)(1+ e—ieqm—alz)

1- e—2i9q—0( (1_ e—leq—G/Z)(1+ e—leq—G/Z)

(e—ieql—alz 1-a/2.

Dm
o)

;)m (—e "%
q7%'2;9)m(-e %

(e—ie -a/2
we obtain

D3 (DBf(x))

1
_E(G;B ) [ 2 r+B 1
=q - — o
= (@ P (1-e0g?meP) a+B-2n
8 - n-a-B,-2i an ¢ 0+ m
n=0 (34;)n(d e "7 0)p+ 2
e—2i9q—a 'e—ieql—alz’_e—ieql—alz'e—2i9qn—a—B' q—a' q—n
X 605 ;q’qa+B+l
e—ieq—alz' _e—ieq—alz' qB+l—n’ qe—2i9'qn+l—0(e—2i9
(4.4)
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Since Dg(DEf(x))zDngBf, this together with equation (3.4) with y=a+p gives two

different expressions for Dg+Bf. Equating these two expressions and picking out the

- a+B-2n .
coefficients of ¢ 8 + ————— 111 |gives
2

(a7%P;q), (1-e29q2" P
(a:a)n (a" " Pe ™29 0)g1pu

q(0(+B)n

(q—B . q)n (1_ e—2i9 2n-a-B )an

(e ~2e 10( q) (a; q)n(qn . Be 218 q)a+B+l
-2i0 -a -6 1-a/2 _ -6, 1-a/2 ,-2i6 n-a- -a -n .y oO+B+L
*6Ps e —'eq— 2 ) 51'e - /2e ) en ! _2i0 cil— —2'e'q'q
elqa'_elqa’ qB n' qe',q” ag~2
This simplifies to
e—2i9q—0('e—ieql—a/2'_e—ieql—a/2'e—2i9qn—0(—B' q—a' q—n

6(p5 'q’qa+B+l

e—ieq—alz' _e—ieq—alz' qB+l—n’ qe—ZiS’qnﬂ—ae—Zie

@ P09 )y (4" Pe ™0, g)pyq g™
(q_B ; q)n (qn_G_Be_ZIS ; q)(x+B+l

-2i6.

_@*Pan@ e ™% g a™
@ )n@™ e % 0)q
@@ e %),

m“”mme%)n

We have used the properties

D _ X" @7 /X,
(Y:dn  Y" @/ Y;0),
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and

XQs __ (XK
(Xa';9)s  (Xa®;0)

to obtain the last line. Since 0 is arbitrary, we may replace e 2070 with a new

parameter A. This completes the proof of Proposition 2q.

As functions of a, both sides of equation (4.1) are rational functions. That is,

equation (4.1) is an identity of the form

polynomial ina of degree<n _ polynomialina of degree<n

polynomial ina of degree<sn  polynomial ina of degree<n '

Furthermore, by Proposition 2 we know that (4.1) is true for infinitely many
values of a, namely a=1,2,3,... . Therefore (4.1) remains true for any complex value
of a, and so the restriction that a be an integer in Proposition 2 can be dropped. By
identical reasoning, the condition that 3 be an integer can also be dropped. Now let B

= A+n-pBand C=-ain Proposition 2. Then we have proved the following.

Theorem 3 Let n be a non-negative integer. Then

AAI2+1 B, C, -n ) _(A+1-B-C)y(A+1),
4 A/2 A+1-BA+1-CA+n+l ) (A+1-B),(A+1-C),

Similarly, both sides of (4.2) are rational functions of g that agree for infinitely many

values of a. Hence (4.2) is also true for arbitrary values of a, and by the same

reasoning, (4.2) is also true for arbitrary values of 3. Let B = q”‘f’A and C =q™ Then

we have proved the following.

Theorem 3q

Ag/A-g/A, B, C, q" .q"™A

=
675 BC

JA,-JA, gA/B,gA/C,q"™ A
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_ (GA7BCQ)n(aA Qs
(@A/B;Q)n(aA/C;q),

5. Remarks

Theorem 3 and 3qg can also be extended to the case in which n is not an
integer. See [3, p.27] and [5, p.36], respectively.
The main purpose of this paper has been to use powers of the operators D
and Dq to obtain summation formulas for terminating, very-well poised sF, and g@s
series. We conclude by mentioning one other application of the operators D" and
n
Dg-
If Dg is applied to the weight function for the Askey-Wilson polynomials, the

result is a terminating, very-well poised g@; series. Apply Watson’'s g-analogye of
Whipple’s transformation [5, p.35] to convert the g@;into a ,@5. Then apply Sears’
transformation [5, p.41] to this to obtain the usual basic hypergeometric form of the

Askey-Wilson polynomials. The result (after replacing a, b, ¢, d with aq”’z,...,dqnlz) is
the Rodrigues formula for Askey-Wilson polynomials, as given in [2, equation (5.15)].
The details will appear in [4].
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