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Abstract : This paper establishes some bilateral generating relations for 

hypergeometric functions of two, three and four variables. Some particular cases 

have been explored. 

1. Introduction. The hypergeometric functions of four variables namely 

)13,12,11,10,9( =iK i  were studied by Exton [2, p.78], while a study of hypergeometric 

functions of three variables can be found in Srivastava and Manocha [6, pp. 66-68]. 

Horn’s functions, can be found in Erdélyi et al. [1, p.225]. In what follows, we mention 

following results, those are required in our investigation.  
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[cf. Srivastava [5]]. 
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Above two results are due to Srivastava [4 ]. 

Following four results are found in Srivastava and Manocha [6]  : 
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In above results, whenever they appear, 1F  and 2F  are Appell’s functions and )(12 ⋅F  

is the Gauss hypergeometric function. 

2. Main Results and Proofs 

 We have established the following bilateral generating relations: 

[ ] n

n
E

n tvunFzyxnnnF
n

),;;,,(,,;,,;,,,,,
!

)(
1

0
321 γυµ−γγγββα+λ+λ+λλ

∑
∞

=
  

  ∑
∞

=

λ−









−γ

γλ
−=

0 1 1!)(

)()(
)1(

p

p

p

pp

t

x

p
t

 








−−−−
γγγγυµββ+λ+λ+λ+λ×

1
,

1
,

1
,

1
;,,,;,,,,,,, 329

t

vt

t

ut

t

z

t

y
ppppK . 

      (2.1) 

[ ] n

n
F

n tvunFzyxnnnF
n

),;,;,,(,,;,,;,,,,,
!

)(
2

0
221121 βαυµ−βββααα+λ+λ+λλ

∑
∞

=
  

 ∑
∞

=

λ−









−β

αλ
−=

0 2

2

1!)(

)()(
)1(

q

q

q

qq

t

y

q
t










−−−−
βα+ββυµαα+λ+λ+λ+λ×

1
,

1
,

1
,

1
;,,,;,,,,,,, 211110

t

vt

t

ut

t

z

t

x
qqqqqK .  (2.2) 

( ) n

n
D

n tubanFzyxnF
n

);;,(,,;;,,,
!

)(
12

0
321

)3( −γααα+λ
λ

∑
∞

=
  

  λ−−= )1( t 








−−−
γγγαααλλλλ

1
,

1
,

1
;,,,;,,,,,,, 32111

t

ut

t

z

t

x
baK . (2.3) 

[ ] nn
n

n
G

n tuPzyxnnnF
n

)(,,;,,;,,,,,
!

)( ),(

0
221321

−βα
∞

=
∑ γγγβββ+λ+λ+λ

λ
  

  ∑
∞

= γ

βλ
=

0 1

1

!)(

)()(

p

p

p

pp x
p

 

       [ ]tutzyppppK )1(2/1,,,;,,,;1,,,,,, 222212 +µµγγ+β+αβ−ββ+λ+λ+λ+λ× . 

PDF Created with deskPDF PDF Writer - Trial :: http://www.docudesk.com



66 P.K.Banerji and F.B.F. Mohsen 

 

     (2.4) 

[ ] [ ] n

n
G

n tvunFzyxnnnF
n

,;,;,,,,;,,;,,,,,
!

)(
2

0
221321 βαυµ−γγγβββ+λ+λ+λλ

∑
∞

=
  

  ∑
∞

=

λ−









−γ

βλ
−=

0 1

1

1!)(

)()(
)1(

p

p

p

pp

t

x

p
t

 








−−−−
βαγγυµββ+λ+λ+λ+λ×

1
,

1
,

1
,

1
;,,,;,,,,,,, 223213

t

vt

t

ut

t

z

t

y
ppppK . 

     (2.5) 

 [ ] [ ] n

n n

nn tunFyxnH
n

;;,,;;,
!)(

)()(
12

0
3 βα−+δβ′α′

δ

γβ
∑
∞

=
 

 ∑
∞

= δ

α′
=

0

2

!)(

)(

p p

p
p

p

x

 [ ]tutyppppFS )1(,,;,,;,,,,,2 −+δ+δ+δαα−ββ′γγ+α′×    .            (2.6) 

 [ ] nnn
nm

n n

n tuPyxnH
mn

nm
)(,;;;

)(

)( ),(

0
3

−β−α
+

∞

=
∑ δγ+λ

−β−α−

λ







 +
  

 
{ }∑

∞

= +

λ−

















+δ

λ







 ++






 −







 +β+α
=

0
2

2
1

2

1!)(

)(

2

)1(
1

2

12

p

p

up

p
m

x

p

tuu
m

m
 

 

 

 



−β−α−−β−α−+δ+λ−+λ−β−−β−γ× ;2,2,;2,,2,,, mmppmpmmFM  

  








+++ ++
2

)1(
2

)1( 1
,

1
,

1 tutu

t

u

uy
     .            (2.7) 

PDF Created with deskPDF PDF Writer - Trial :: http://www.docudesk.com



Bilateral Generating Relations for Certain Hypergeometric Functions of More than one Variable 67 

 

 [ ] nn
n

n

n tuPyxnH
nn

n
)(,;,;;

!

)( ),(

0
4

υ−−βα
υ+

∞

=
∑ δγβ′+λ

λ







 +υ
  

 ∑
∞

=

β−υ

γ

λ







 +









υ
υ+α

=
0

2

!)(

)(

2

1

p p

p
p

p

xu
 

 






+−µ+αδ+λβ−+λ+υ+α+υ+αβ′×
2

)1(
,

2

1
,;,1,;2,,2,1,1,

tuu
yppFK  . 

              (2.8) 

 [ ] n

n

n tunFyxnG
n

);;,(,;,,,
!

)(
12

0
2 γα−ρβ′βα′+λλ

∑
∞

=
 

  ∑
∞

=

λ−

−β′−

−βα′
−=

0 !)1(

)()()(
)1(

q q

q
qq

qp

y
t 









−−
γγ−β−λρλααβ′

1
,,

1
;,,1;,,,,,

t

ut
u

t

x
qFM . 

                (2.9) 

and 

 [ ] n

n

n tvunFyxnH
n

),;,;,,(,;,;,
!

)(
2

0
4 βαυµ−δ−γβ+λλ

∑
∞

=
  

    ∑
∞

=

λ−









−δ

βλ
−=

0 1!)(

)()(
)1(

q

q

q

qq

t

y

q
t











−−−
βαγυµ+λ

1
,

1
,

)1(
;,,;,,

28
t

vt

t

ut

t

x
qX . 

     (2.10) 

Proofs of the Results: 

 In the proofs of the above mentioned ten generating relations, we will use the 

relation 

 nrqprqpnrqpn rqpn )()()()()( +++λλ=λ=+λλ +++++++  (2.11) 

 

PDF Created with deskPDF PDF Writer - Trial :: http://www.docudesk.com



68 P.K.Banerji and F.B.F. Mohsen 

 

Proof of (2.1): 

 Let us write A for the terms on the LHS of (2.1). Using (1.1) and (2.11), we 

have 
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Now expressing )(1 ⋅F  in series and using (2.11), we get  
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By virtue of the expression for 9K  [cf. Exton [2, p.78]], the equation (2.13) yields the 

required result. 

 Employing (1.2), (1.4) and (1.8) the relations (2.2) - (2.5) will be obtained 

following above procedure. 

Proof of (2.6): 

 Replace by B the terms on the LHS of (2.6) and then using (1.6) and (2.11), 

we get 
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     (2.14) 

The result is obtained by using [6, p.68]. 

Results (2.7) – (2.10) are obtained in the manner (2.6) is obtained, we use (1.7), 

(1.3), (1.5) and (1.2) respectively. 

3. Particular Cases 

The particular cases, believed to be interesting, give bilateral generating relations for 

Appell’s functions, for Laguerre polynomial and for the confluent form of 2F , 1ψ  and 

2ψ  [see e.g. [6], p. 59]. 

(i) In (2.1), put 0=x , we then get 
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(ii) Now, if in (2.1), 0,0 3 →γ=υ  and if y is replaced by β/y  and u by µ/u , 

then taking limit as ∞→βµ, , we have  
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(iii) For 01 =β , (2.4) yields 
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(iv) In (2.5) if we put 031 =υ=β=β  and replace u by µ/u , by taking limit as 

∞→µ  and putting λ=α , we get 
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