
      

SEA. Jour. Math. & Math.Sc. 
Vol.1 No.1 (2002), pp.55-62 

SOME REMARKS ON WIENER-HOPF EQUATIONS AND 
VARIATIONAL INEQUALITIES IN BANACH SPACES 

Kaleem Raza Kazmi and Mohd. Iqbal Bhat 

Department of Mathematics, Aligarh Muslim University, Aligarh −202 002. 

(Received : November 25, 2002) 

Abstract : In this paper,  we consider a class of  impl ici t  var iational  

inequal i t ies in Banach spaces and prov e i ts equiv alence wi th a class 

of  Wiener-Hopf  equat ions.  Further,  using this equiv alence,  we 

suggest  and analyze a Mann type i terat iv e algori thm for f inding the 

appropriate solut ion of  the class of  Wiener-Hopf  equat ion and discuss 

i ts conv ergence cr i ter ia.  The theorems in the paper ex tend and 

improv e many known resul ts in the l i terature.  
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1. Introduction :  

 Let  B  be a real  Banach space and let  T, g:B→B  be two 

nonl inear mappings.  Let  K  be a non-empty closed conv ex set  in B ,  we 

consider an implic it  v ariat ional  inequal i ty problem (IVIP) of  f inding 

u∈B  such that  g(u)∈K and  

 <Tu, J(v- g(u))> >0,   ∀v∈K,  (1.1) 

where J:B→B*  is the normal ized dual i ty mapping def ined by the 

condi t ion:  

 <x,Jx> = | |x| |2=||Jx| |2 ,  ∀x∈B,  
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where <. , .> denotes the normal ized dual i ty pai r ing.  Some propert ies 

and examples of  J  can be found in [1] . 

Special Cases:  I f  B≡H , a Hilbert  space and if  g(B)⊆K, f or any v∈B ,  

g(v)∈K ,  and then IVIP reduces to the genera l  v ar iational  inequal i ty of  

f inding u∈H  such that  g(u)∈K .  

<Tu, g(v)  -  g(u)> >0,   ∀g(v)  ∈K. 

 This problem represents odd order boundary v alue 

problems, see Noor [5] .  

 We note that  for sui table choices of  the mappings T  and g ,  

IVIP (1.1) reduces to the wel l  known forms of  var iational  inequal i t ies 

studied by v arious authors in Hi lbert  spaces,  see for example Noor 

[5,  and the references therein] .  

2. Preliminaries :  

 We f i rst  def ine the fol lowing concepts:  

Definition 2.1.  Let  B  be a real  Banach space and let  η :  B×B→B  be a 

cont inuous mapping.  A mapping T:B→B i s said  to be 

( i )   �−η−strongly accret iv e i f  there ex ists �>0 such that  

<Tu−Tv, Jη(u,v)> > � | |u−v | |2 ,  ∀u,v∈B;  

( i i )  �−Lipschi tz cont inuous if  there ex ists a constant  �>0 such that   

| |Tu−Tv | |  <  � | |u−v | | ,  ∀u,v∈B. 

Definit ion 2.2[2].  Let  K  be a nonempty closed conv ex subset  of  B . 

A mapping RK :B→K  i s said to be retract ion on K ,  i f  R2
K  =  R2

K   .The 

mapping RK  is said to be a nonexpansiv e retract ion i f ,  in addi t ion  

| |RK(u)−RK(v) | |  <  | |u−v | | ,  ∀u,v∈B,  

and RK  is a sunny retract ion i f  f or al l  u∈B,   
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RK(RKu+t (u-RK (u))  =  RK(u)  ,  ∀ t∈B. 

 Now, we shal l  giv e the fol lowing character izat ion of  a sunny 

nonexpansiv e retraction mapping which can be found, e.g. ,  in [3] . 

Lemma 2.1.   Let RK  be a retract ion,  then  RK  is a sunny 

nonexpansiv e retraction i f  and only i f  f or al l  u ,v∈B,  

<u−RK  u ,J(RK  u−v)>  >  0 . 

 We also need the fol lowing resul t .  

Lemma 2.2[2].   Let  B  be a Banach space.  Then for al l  u,v∈B ,  we 

hav e  

| |u+v | |2  <  | |u | |2  + 2<v,J(u+v)>. 

 Let  RK  be the retract ion mapping of  B  into K  and let  QK=I−RK  

,  where I is the ident i ty operator.  I f  g− 1  ex ists,  then we consider the 

problem of  f inding z∈B  such that   

                 Tg− 1RK z+� − 1QK z=0 ,   (2.1) 

where �>0 is a constant .  Equat ions of  the type (2.1) are cal led 

implic i t  W iener−Hopf  equat ions.  For the general  t reatment of  

Wiener−Hopf  equat ions,  see [6] .  

3. Main Results :  

 First ly,  we shal l  prov e the fol lowing resul t .  

Theorem 3.1.   The IVIP (1.1) has a solut ion u∈B  such that  g(u)∈K ,  

i f  and only i f  the impl ici t W iener−Hopf  equat ion (2.1) has a solut ion 

z∈B, where 

z = g(u)−�Tu,  

                       g(u)  = RKz,   (3.1) 

where RK  is the retract ion of  B  onto K  and �>0 is a constant .   
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Proof.   Let u∈B  be the solut ion of  (1.1). Then by Lemma 2.1, i t 

f ol lows that  

 g(u)  =RK  [g(u)−�Tu ] .  (3.2)  

Using QK  =  I−RK  and applying (3.1) repeatedly,  we obtain 

 QK  [g(u)−�Tu ]= g(u)−�Tu−RK [g(u)−�Tu ]  

                              =  −�Tu 

                       = −�Tg− 1RK [g(u)−�Tu ] , 

f rom which i t  f ol lows that  

Tg− 1RK z+� − 1QK z=0 ,  

where 

z=g(u)−�Tu,  

and g− 1  is the inv erse of  the operator  g.   

 Conv ersely,  suppose that  z∈B  is a solut ion of  (2.1).  Then we 

hav e, 

T g− 1RK z=−� − 1QK z  

or,  

 � � � � � � � � � � � � � � � � ��Tg− 1RK z=−QK z=RK z−z.   (3.3) 

 Now, f rom (3.3) and Lemma 2.1,  for al l  g(v)∈K,  we obtain 

 0  <  <RKz−z,  J(v−RK z)> =  <−�Tg− 1RK z,  J(v−RK z)> .  

Thus,  g(u )  =  RK  z is a solut ion of  (1.1),  and f rom (3.3),  we hav e 

�Tu=g(u)−z,  

z=g(u)−�Tu. 
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Remark 3.1.   I t is obv ious that  IVIP (1.1) and W iener−Hopf  

equat ions are equiv alent .  Using this equiv alence and by  some 

sui table rearrangement,  one can suggest  a number of  new i terat iv e 

algori thms for solv ing IVIP (1.1). 

 The implic i t W iener−Hopf  equat ion (2.1) can be wri t ten as 

  QK z =  −�Tg− 1RK z,  

which impl ies by using (3.1),  

  z = RK z −  �Tg− 1RK z  

    = g(u) −  �Tu. (3.4) 

 On the basis of  this formulation,  we shal l  propose the 

fol lowing i terat iv e algori thm for solv ing IVIP (1.1).   

Mann Type Iterative Algorithm (MTIA)  3.1 .  For a given z0∈B ,  

compute zn + 1  by the i terat iv e scheme   

                           g(un)  = RK zn ,                                                                    

(3.5) 

                      zn + 1  = (1−�n)  zn+�n  [g(un)−�Tun ]  (3.5) 

for n=0,1,2,…, where {�n}  i s the sequence in [0,1]  sat isf ying the 

fol lowing condi t ions:  

( i )      �0  =  1, 

( i i )    ∑
∞

=

∞=
0n

nα .  .   

 We now study those condi t ions under which the approx imate 

solut ion zn + 1  obtained f rom MTIA 3.1 conv erges to  the exact  solut ion 

z of  implici t  W iener−Hopf  equat ion (2.1).  

Theorem 3.2.   Let  B  be a real  Banach space.  Let  T :B→B  be 

�−η−strongly accret iv e and �−Lipschi tz cont inuous;  g :B→B  be 
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�−η−strongly accret iv e and �−Lipschi tz cont inuous and let  η :B×B→B 

be �−  Lipschi tz cont inuous.  I f  zn + 1 ∈B  is the solut ion obtained f rom 

MTIA 3.1 and  is the exact solut ion of  the impl ici t  W iener−Hopf  

equat ion (2.1),  then zn + 1→z,  st rongly in  B,  f or �>0 such that  

 

 ,
2

)1(2)]([

2

)(
2

22222

2 l

ll

β

−δβ−λ+δβ−α
<

β

λ+δβ−α−ρ  (3.7) 

 1,)1(2)( 22 >δ−δβ+λ+δβ>α llll ,  

where 
ν
λ=l .  

Proof.  Let z∈B  sat isf y the impl ici t W iener−Hopf  equat ion.  Now,  

equat ion (2.1) can be wri t ten as (3.1) and (3.4).  Hence, f rom (3.4) 

and (3.6),  we hav e  

   ||zn+1−z||=||(1−�n)zn+�n[g(un)−�T(un)]−(1−�n)z−�n[g(u)−�Tu]|| 

 <  (1−�n) | |zn−z| |+�n | |g(un)−g(u)−�Tun−Tu) | | .  (3.8) 

 Now, using Lemma 2.2,  we hav e 

| |g(un)−g(u)−�Tun−Tu) | |2   

<  | |g(un)−g(u) | |2  −2�<Tun−Tu,J(g(un)−  g(u)−�Tun−Tu))> 

< �2 | |un−u | |2−2�<Tun−Tu,Jη(un ,u)>  

 −  2�<Tun−Tu,J(g(un)−g(u)−� (Tun−Tu))−Jη(un , u)> 

 < (�2−2�� ) | |un−u | |2  +2� | |Tun−Tu | | 

    ×  [ | |g(un)−  g(u) | |+� | |Tun−Tu | |+λ | |un−u | | ] 

             <  [�2−2��+2�� (�+��+� ) ] | |un−u||2 . 
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Hence, (3.8) becomes 

 | | zn + 1−z| |  <  (1−�n) | |zn−z| |+�n�1 | |un−u | |  (3.9) 

where �1 :=  [�2−2� (�−� (�+��+� )) ]1 / 2 . 

Now, since g  is �−η−strongly accret iv e mapping and η  is �−Lipschi tz 

cont inuous mapping,  the we hav e  

� | |un−u | |  | |g(un)−g(u) | |  >  < g(un)−g(u) ,η(un ,u)> > ν | |un−u | |2   

i .e. ,               | |un−u | |  <  
ν
λ

| |g(un)−g(u) | |  

= 
ν
λ

| |RK zn−RK z| |  < 
ν
λ

| | zn−z| | ,  

where we hav e used (3.1).  

Using (3.9),  we get  

 | | zn + 1−z| |  < (1−�n) | |zn−z| |+�n� | |zn−z| |  

               = [(1−�n(1−� ) ] | |zn−z| | ,   

where  � := 
ν
λ
�1 .   

Now, by  condi t ion (3.7),  i t  f ol lows that  0<�<1, and hence by i terat ion,  

we hav e 

 | |zn + 1−z| |  <  ∏
=

n

0i

(1−� i(1−� )) | |z0 −z| | .  (3.10)  

Since ∑
∞

=0n

�n=∞, �0=1, �n<1 and 0 < �<1, then ∏
=∞→

n

0in
lim (1−�i(1−�))=0, see 

Kazmi  [4] ,  and hence (3.10) impl ies that  zn + 1→z st rongly in B that  

completes the proof .  
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Remark 3.2.   I t  is clear that  �< �  and �  <  � .  Further,  condi t ion 

(3.7) is t rue for sui table v alues of  constants,  for example �=�=1; 

�=�=0.1;  �=0.01;  �=1.  
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