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Abstract : In this paper, we consider a class of implicit variational
inequalities in Banach spaces and prove its equivalence with a class
of Wiener-Hopf equations. Further, using this equivalence, we
suggest and analyze a Mann type iterative algorithm for finding the
appropriate solution of the class of Wiener-Hopf equation and discuss
its convergence criteria. The theorems in the paper extend and

improve many known results in the literature.
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1. Introduction :

Let B be a real Banach space and let T, g:B-B be two
nonlinear mappings. Let K be a non-empty closed convex set in B, we
consider an implicit variational inequality problem (IVIP) of finding
uB such that g(u)OK and

<Tu, J(v- g(u))> >0, [vOK, (1.1)

where J:B -B* is the normalized duality mapping defined by the

condition:

<x,Ix> = ||x||?=|]Ix||?, OxOB,
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where <.,.> denotes the normalized duality pairing. Some properties
and examples of J can be found in [1].

Special Cases: If B=H, a Hilbert space and if g(B)UK, for any vOB,
g(v)OK, and then IVIP reduces to the general variational inequality of
finding uOH such that g(u)OK.

<Tu, g(v) - g(u)> >0, [g(v) OK.

This problem represents odd order boundary value

problems, see Noor [5].

We note that for suitable choices of the mappings T and g,
IVIP (1.1) reduces to the well known forms of variational inequalities
studied by various authors in Hilbert spaces, see for example Noor

[5, and the references therein].
2. Preliminaries :
We first define the following concepts:

Definition 2.1. Let B be a real Banach space and let n7: BXxB -B be a

continuous mapping. A mapping T:B -B is said to be
(i) OO-n-strongly accretive if there exists [1>0 such that
<Tu-Tv, In(u,v)> > O|lu-v||?, Ou,vOB;
(i) O —-Lipschitz continuous if there exists a constant [1>0 such that
[|[Tu=Tv|| < O]Ju=v]||, Qu,vOB.

Definition 2.2[2]. Let K be a nonempty closed convex subset of B.
A mapping Rx:B-K is said to be retraction on K, if R’ = R?’¢ .The

mapping Rk is said to be a nonexpansive retraction if, in addition
[IRk(u) -R(W)Il < [lu-v]|, Du,vOB,

and Rg is a sunny retraction if for all uB,
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Ri(Rku+t(u-Rg(u)) = Rg(u) , LJtOB.

Now, we shall give the following characterization of a sunny
nonexpansive retraction mapping which can be found, e.g., in [3].

Lemma 2.1. Let Rk be a retraction, then Rg is a sunny

nonexpansive retraction if and only if for all u,vOB,
<u-Rg u,J(Rcu-v)> > 0.
We also need the following result.

Lemma 2.2[2]. Let B be a Banach space. Then for all u,vOB, we

have
[u+v]|? < [Ju]]® + 2<v,J(u+v)>.

Let Rk be the retraction mapping of B into K and let Qx=1-Rg
~where | is the identity operator. If g'l exists, then we consider the

problem of finding zOB such that
Tg 'Rez+[1 " Qkz=0, (2.1)

where [1>0 is a constant. Equations of the type (2.1) are called
implicit Wiener—-Hopf equations. For the general treatment of

Wiener—-Hopf equations, see [6].
3. Main Results :
Firstly, we shall prove the following result.

Theorem 3.1. The IVIP (1.1) has a solution uOB such that g(u)OK,
if and only if the implicit Wiener—-Hopf equation (2.1) has a solution

zOB, where
z = g(u)-0Tu,
g(u) = Rz, (3.1)

where Rk is the retraction of B onto K and >0 is a constant.
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Proof. Let uB be the solution of (1.1). Then by Lemma 2.1, it

follows that
g(u) =Rk [g(u) -LITu]. (3.2)
Using Qk = I-Rk and applying (3.1) repeatedly, we obtain

Qx [g(u)-LiTu]= g(u) -LiTu-Rk[g(u) =1 Tu]

-0Tu

-0Tg 'Rk[g(u)-CTu],
from which it follows that
Tg 'Ryz+['Qxz=0,
where
z=g(u)-0Tu,
and g'l is the inverse of the operator g.

Conversely, suppose that z[OB is a solution of (2.1). Then we

have,
T g7 'Rkz=-0[""Qz
or,
__ OTg'Rkz=-Qkz=Rkz-z. (3.3)
Now, from (3.3) and Lemma 2.1, for all g(v)OK, we obtain
0 < <Rkz-z, J(V-R¢z)> = <-1Tg 'Rz, J(V-Rk2z)>.
Thus, g(u) = R¢ z is a solution of (1.1), and from (3.3), we have
OTu=g(u)-z,

z=g(u)-Tu.
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Remark 3.1. It is obvious that IVIP (1.1) and Wiener—-Hopf
equations are equivalent. Using this equivalence and by some
suitable rearrangement, one can suggest a number of new iterative

algorithms for solving IVIP (1.1).
The implicit Wiener—-Hopf equation (2.1) can be written as
Qkz = -UTg " Rkz,
which implies by using (3.1),
z = Rxz - LTg'lRKz
=g(u) - 0OTu. (3.4)

On the basis of this formulation, we shall propose the

following iterative algorithm for solving IVIP (1.1).

Mann Type Iterative Algorithm (MTIA) 3.1. For a given z,UB,

compute z,.; by the iterative scheme

g(un) = RKZn,
(3.5)

Zns1 = (1-000) zp+ 00 [9(un)—0Tuy] (3.5)

for n=0,1,2,..., where {(J,} is the sequence in [0,1] satisfying the

following conditions:

(1) o =1,

(ii) ian =,
n=0

We now study those conditions under which the approximate
solution z,.; obtained from MTIA 3.1 converges to the exact solution

z of implicit Wiener—-Hopf equation (2.1).

Theorem 3.2. Let B be a real Banach space. Let T:B-B be

[l-n-strongly accretive and [I-Lipschitz continuous; g:B-B be

PDF Created with deskPDF PDF Writer - Trial :: http://www.docudesk.com



60 Kaleem Raza Kazmi and Mohd.. Igbal Bhat

[l-n-strongly accretive and [1-Lipschitz continuous and let n:BxB - B
be - Lipschitz continuous. If z,.,0B is the solution obtained from
MTIA 3.1 and is the exact solution of the implicit Wiener—Hopf

equation (2.1), then z,.; -z, strongly in B, for [1>0 such that

. ~p@+N)|_\12a - B3+ )2 - 28201262 -1
26 | 267! |

(3.7)

lo > 1B +A) + By 201252 -1), 15>1,
where | =—.
\Y
Proof. Let zOB satisfy the implicit Wiener—Hopf equation. Now,

equation (2.1) can be written as (3.1) and (3.4). Hence, from (3.4)

and (3.6), we have
[1Zn+2=2Z|[=11(1 =) Za+ La[g(un) ~UT (Un)]=(1-Ln) z=Lin[g(u) - Tu]]|
< (I=Un)llzn=z||+nllg(un)=g(u) =L Tus=Tu)]]|. (3.8)
Now, using Lemma 2.2, we have
|19 (un)=g(u)=L Tus =Tu)]|?

19(Un)=g(u)[|* =20<Tu,=Tu,3(g(un) = g(u) =1} Tu, =Tu))>

|\

T2[up-u]|?~27<Tu,=Tu,dn(u,,u)>

|\

- 20<Tup-Tu,d(g(uy)—g(u) - (Tu,—-Tu))=-In(uy,u)>
< (0%=20D)||up-ul|® +2C||Tus=Tul]
x [11g(un) = g(W]+ | Tun =Tul[+A]|un -ull]

< [D2-200+200(0+00+D)]un-ull?.
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Hence, (3.8) becomes
||Zn+l_Z|| < (1_Ln)||zn_Z||+LnLl||un_u|| (3-9)
1/2

where  [yi= [0%-20(0-0(0+00+0))]

Now, since g is [1-n—-strongly accretive mapping and n is [I-Lipschitz

continuous mapping, the we have

Olun=ull [lg(ua)=g(u)ll > < g(un)=g(u),n(un,u)> > v|ju,-ul|®

_ A
ie., llua—ull < —1lg(un)-g(u)l|
\

= —lIRkznRk2z|| < —[|zn-2]l,
\Y \Y

where we have used (3.1).
Using (3.9), we get
||Zn+l_Z|| i(1_Ln)||zn_zll+LnL||Zn_Z||

= [(1-Ua(1=-0)]llzn 2]l
where 0:= iLl.
v

Now, by condition (3.7), it follows that 0<[I<1, and hence by iteration,

we have

n
l1zne1—2z|| < |_| (1-L5(A=E) 1 zo-2]]- (3.10)
1=0

00 n
Since Z [h=, [15=1, [1,<1 and 0 < (<1, then lim |_| (1-1i(1-11))=0, see
n=0 = i=0

Kazmi [4], and hence (3.10) implies that z,.1 -z strongly in B that

completes the proof.
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Remark 3.2. It is clear that U< 0 and O < . Further, condition

(3.7) is true for suitable values of constants, for example [=0=1;
0=0=0.1; 0=0.01; 0=1.
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