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ABSTRACT : The aim of this paper is to study the unsteady MHD flow of generalised
visco-elastic fluids through a porous rectangular duct. From this generalised
investigation we have deduced the different problems of flow in cases of oldroyd first
order, second order, n-th order fluids ; Maxwell first order, second order, n-th order
fluids ; Rivlin-Ericksen first order, second order, n-th order fluids and ordinary viscous
fluid.

The numerical calculation of the velocity profile for oldroyd fluid has been

made in the forms of tables and graphs.

INTRODUCTION

The development of hydrodynamic motion of inviscid and viscous liquids has
been presented in the informative works of Lamb (1), Milne-Thomson (2), Batchelor
(3), Landau and Lifshitz (4) and others (5,6,7). Various hydromagnetic problems and
the corresponding development of the theories will be found in the monographs of
Cowling (8), Ferraro and Plumpton (9); Cabannes (10), Jeffrey (11) and others
(12,13,14). The hydrodynamic and hydromagnetic stability problems were considered
by Chandrasekhar (15) and Lin (16).

There are circumstances to consider a large variety of continua in which
considerable impetus is given to the development of rheology as a science covering

a wide range of study of material properties exhibiting both the properties of ideal
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elastic bodies and those of viscous liquids. It constitute the subjects of the theory of
elasticity and hydromechanics of viscous liquids. In fact, there are materials, solid or
liquid, which exhibit the properties of elasticity of solids and viscosity of liquids. It
gives rise to the discipline of Rheology of continua, the continua may be solid, liquid
or gases. These liquids are sometimes called as non-Newtonian liquids or non-
Newtonian fluids or viscoelastic fluids. In this area we can cite good number of
references (17-28) and some papers of Sengupta and his research Collaborators
(29-31). Moreover, a survey monograph of non-Newtonian fluid flows of Kapur, Bhatt,
Sacheti (32) may be referred. It contains a large number of research articles of
various scientists. Applied Mathematicians and research workers who are working in
different relevant fields. The works of Bhatnagar (33) are also very worthy to mention.
Fluid dynamics of visco-elastic liquids are amply presented in the work of Joseph
(34). In this paper the authors have considered unsteady MHD flow of a generalised

visco-elastic oldroydian fluid in a porous rectangular duct.

GENERAL MODEL OF VISCO-ELASTIC LIQUIDS

A new general model of visco-elastic fluid has been suggested by Professor

P. R. Sengupta in the following form

Tjj = —PYj + Tj
n i n i
a |, o’
1+2)\J—J Tij:2u 1+2 IJ.J—J eij

1
ej = E(Vi,j +Vji)

where T is the stress tensor, r’ij is the deviatoric stress tensor, & the rate of strain
tensor, p the fluid pressure, )\j are new material constants of which the greatest value
A, represents the relaxation time parameter and A,,A5,...,A, are additional material
constants ; W are also new material constants of which the greatest value p,

represents the strain rate retardation time parameter and p,,l,,...,l,,, are additional
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material constants representing the behaviour of a very wide class of visco-elastic

liquids, 6ij the metric tensor in cartesian co-ordinates and [, the co-efficient of
viscosity and v; the velocity components. The material constants )\j and b designating
visco-elasticity satisfy the following conditions A;>A, >A3>..>A, and

My > Mo >H3 >...> U, i.e. they are arranged in descending order of magnitudes.

EQUATION OF MOTION

We consider the boundary of the rectangular ductis x = +a,y=+Db; 0, 0,
w(x, y, t) are the velocity components in X, y, z directions, where w (X, y, t) is axial

velocity of the fluid. Here z-axis is parallel to the length of the duct.

Here we consider an uniform transverse magnetic field of constant strength

Bo which acts perpendicularly to the non-conducting duct.

Since the magnetic field is of moderate strength, the induced effects and Hall

currents may be neglected. The equation of continuity div \7 = 0 satisfied with this

choice of the velocity.

The equation for unsteady motion following generalised Darcy's law is given

n n j n ]
;\Ja_ w__1 1+ )\Ja_ @w 1+ u,a—. 02w
o oot P = ot )oz o ot

oB3 4
~220 14 )\J—w— 1+§ Aj— (1)
P = ot = atJ

where K is the permeability of the medium, o is the electrical conductivity of the fluid

by ;

op
0z

and — is the axial pressure gradient.

SOLUTION OF THE PROBLEM
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Here we have used the fact that the momentum flux, the pressure gradient,

the local velocity and the volume flow rate are all periodic in time with frequency w.

We assume

% Re(Ae'™)

0z 2
W =ReW;(x, y)ei‘*’t

Substituting for W from (2) in equation (1), we get,

2 .2 n n
(Mha?ﬂ‘*’a J[nz (im)"m] {1+ (i(o)jM]
Y 7 Wl:_é =1
n _ U n _
a2L1+z (i(o)JuJ} a2L1+z (i(o)JuJ}

I =1

where M=aB \/E
M

For the symmetric condition, the flow in region x > 0, y > 0 is considered. Accordingly,

02w, -

3)

the boundary conditions are

t>0, W(,y,t) =0, OsysE
a
(4)
a_W:O at Xx=0
ox

and

W(X,E,tj=0, 0<x<1
a

(5)
a_W:O at y=0
oy

To solve the problem we choose the finite cosine transform defined by
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1
W(m,y,t) = j W(x, Y, t)cos g xdx (6)
0
. b/a
and  W(mnt)= j W(x,y,1)cos gy, ydy @)
0
2m+Dm (2n+D)ma
where = , = 8
Um > Un b 8)

Multiplying equation (3) by cosq, X, cosq,y and then integrating twice with respect to

x and y in the limits from x=0 to x=1 and y=0 to y=b/a and using the boundary

conditions (4) and (5), we get,

2 n
(-)m™*n Ai{l+z )\j(i(o)j]
_ H =1
Wi (mn) =

n
qmq{amn +a’(gn +an)Y, uj(iw)‘]

=1
J {1+Zn“ (i(o)j)\j].
=1

Applying the inversion formula for the finite cosine transform defined by

where

2
2,2 2 2,4
Omym =@ (qm"'Qn)"{M +?+

ica2
)

00 oo

4a —
Wi, y)=—=>" " Wi(m,n)cos g XCOS Gny

b m=0 n=0

(—)”‘*”{Hi M(iw)"]

s

00 oo

_4a%A 3D

by m=0 n=0 4 i
Omn| Omn +a2(A5 +d3)D . 1y(ie)!
=L

COSQ,, XCOSqpY
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- (A
Hence W(x,y,t)=ReW,(x,y)e

n
(-pmmn {1+ z )\j(i(o)J]cos Om X COSQpY

= _
=Re ! plot

4a3A S &
OmAin| Gmn +@% (A +07)Y 1;(i0)
=1

Deduction for Various Visco-Elastic fluids of Different Orders

Let us now consider various visco-elastic conducting fluids in presence of
transverse magnetic field of different orders for the solutions of the titled problem. In
fact we can pass on from the general solution of the generalized model of fluid to the
particular cases of visco-elastic conducting fluids by suitable changing visco-elastic

parameters. In the following we are deriving ten cases of fluids.

Case |. Oldroyd first order fluid
Here we put A #Z0, A, =A3=...=A,=0 and p; #0, hy =3 =...=d, =0 in
equation (1) and (9) and the velocity is obtained in the following form
423A & & (=)™ (1+iN ;w)cosqpy X COS
W(x,y,t)=Re a z z ( ) ( j ) Um any e
b“ m=0 n=0

Gm0n[Omn +2° (a5 + 07 ;i)

ioot

2 .2
where O(mn:az(qrzn+qr2])+{|\/|2+a?+'(*)a
v

}(1+m1).

Case Il. Oldroyd second order fluid

Herewe put A{ 20, A, 20, A3 =A, =...=A, =0 and
My Z0,Hp 20, U3 =H4 =...=H, =0 in equation (1) and (9) the velocity is obtained in
the following form

D™ (L +iA 0= A ,w?) cos gy, X Cosq,y e

BpA 2 & (-
W(x,y,t):Re%z Z (

m=0 n=0 OmAn[@mn + a2(Qr2n + Qrzl)(ip-lw_ P—lwz )
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a?  iwa?
where amn:az(QEn"'Qr%)"' Mz"'?"'

y J(1+im>\l—co2)\2).

Case lll. Oldroyd n-th order fluid

If all the parameters A, u;(j=12,...,n) are non-zero, then the velocity is
clear in equation (9).
Case IV. Maxwell first order fluid

Here we put Ay 20, A; =0(j=23,...,n) and y; #0,(j=12,...,n) in equation (1)

and (9) the velocity is obtained in the following form

4a3AZ Z (=)™ (1+iA10) cOSGy X COSLY €'

W(x,y,t) =Re
m=0 n=0 OmAn%mn
2,2 2 2 a2 i(k)az .
where o, =a“(Qm +ap)+| M +?+ (A+iwhq).
Case V. Maxwell second order fluid
Here we put A; 20, A, 20, A3 =A, =...=A, =0 and

Hj#0,(j=12...,n) in equation (1) and (9). Thus finally we get the corresponding

solution as

3
W(x,y,t) =Re da’A X
by

00 00 m+n
(I+ir 00— )\zw )cosqucosqnye
xy Z

m=0 UmAn%mn
202 42 2, a%  iwa’
where o, =a“(gm +0n) +| M +?+ (A+ihq).
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Case VI. Maxwell n-th order fluid
Now we put Ay #0, (j=123,...,n) and y; =0,(j=12,...,n) in equation (1) and
(9). Thus finally we get the corresponding solution as follows

3
W(x,y,t) = Re4b A

n
m”‘{l 2 )J)\l] cosqy Xcosq,ye™
3%

m=0 n=0 UmAnAmn

a2 a2
where o, =a +g2)+| M2+ 24! 1+ A |
mn (qm Qn) ( K N JL z (iw) 1]

=1

Case VIl. Rivlin-Erocksen first order fluid
Here we put A;-0, (j=23,...n) and H;#0,up =Hz =Hg =...=4p =0 in

equation (1) and (9). As such the solution of the corresponding problem is derived in
the following form

icot
W(x,y,t) = er4a AZ Z (-)™"" cosgp xcosanye
m=0 n=0 c1an[0(mn+E:’l (qm+Qn)|P-100]
iwa

52 2
where a,,, =a2(g3, +02)+ M2+?+ :
\Y

Case VIII. Rivlin-Ericksen second order fluid
Let us put A;-0, (j=12,.,n) and p; #0,pp #0, H3 =pg =...=Hp =0 in

equation (1) and (9). So the solution is obtained as follows

W(x,y,t) = Re

Z Z (-pmmn cosqucosqnyei‘*Jt

m=0 n=0 c1an[C(mn +a (Qm +Qn)(|p-lw How )]
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2 2
where O(mn:az(qrzn+qr2])+(M2+a?+ma J
\Y

Case IX. Rivlin-Ericksen n-th order fluid
Now we put A; -0, (j=12,...,n) and y; #0,(j=12,...,n) in equation (1) and (9)

and the velocity is obtained as follows

W(x,y,t) =Re

4a3A i i (=)™ cosq,, xcosq,ye'™
bp. m=0

n
n=0 OmAn[Amn +az(Qr2n +qr21)z iuj(i(o)l]
j=1

2

. 2 n .
where amn=a2(q%+q%)+(M2+a?+'“f J[HZ (iw)%]
=1

Case X. Ordinary viscous fluid

Here we put A; =l; =0,(j=12,...,n) in the quation (1) and (9). Thus finally we

get,
W(X,Y,t) :Reﬁ i i (_1)m+n C0SQy, XCOSqny
b 755 o UmAnBmn
2 .2
where Gmn:az(q%+qr2])+(M2 +a?+|(k)a J
\Y)

Basic Theory and Equation of Motion for oldroyd Fluid
For slow motion, the rheological equations for oldroyd visco-elastic fluid are

Tjj = —PY;j + T

0 0
1+ A — [T =2y 1+ 'y — |ej
( lat') ij H( p—lat,J ij
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&jj = %(Vi,j + Vj,i)-

We consider the flow in X'y’ plane. z'-axis is taken parallel to the length of the duct
with impermeable boundary x'=%a, y'=tb; 0, 0, w'(x',y’,t') are respectively the velocity

components along x’, y’, z' direction, where w'(x’,y't’) is asial velocity of the fluid.

The equation of continuity div. V =0 is satisfied with the choice of the
velocity. Following generalized Darcy’s law, the equation for unsteady motion is given

by

(1+ )\'li)al = —l(1+ )\'li)a_p + V(l"' “'laij DZWI
t

ot') ot' p ot' ) oz'
v 0 oBg 0

-—1+ N — |W'———| 1+ A" — (W' (10)
K ot' p ot'

We introduce the non-dimensional quantities in equation (10)

2 2
W = W'E, p= p'a—, t= t'i, w = W'a—, (%, Y,2) =1(x',y',z'),
\Y p\)2 a2 \Y a

A= )\'1:—2, My = u'l:—z, M= aBO\/g (Hartmann number)

The equation (1) reduces to

3 ow ) o ) ap
I Wl AL SR YV D W I o
( lat) at ( “lat) ( lat)az

2
—a—(1+A13JW—M2(1+A13JW
K at at

op . . .
where P is the axial pressure gradient.

0z

Solution of the Problem
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Case I. When the pressure gradient is periodic in nature.
In this case we assume —? = Re(Aei‘*")
z

and W =ReW(x,y)e'™
using the same boundary conditions and the same procedure as in the previous
generalized article, we get the solution of the equation (11) as follows

W(x,y,t) = %

a2

D™ | amn +A1w2{1+x{7+wj+ul(q% +q%)} coswt

[ee] [ee]
m=0 n=0 2

2
a
Gmn| O fn +{1+A{?+sz+ul(q% +q%)} w?

2
[1+ {a?wz —amn}w THGES +q%)wsinwt]

+

a2

2
Gmin G?{m+{1+M(?+M2J+m(qﬁ1+q%)} w?

2
where 0 =(Qr%1 +Qr21)+a?+M2 —)\1W2. (12)

Case Il. When the pressure gradient is transient in nature.

0 _
Here we assume —2P = Ag™®

0z
and W = W (x,y)e ™™

In this case we have also used the same boundary conditions and we have
proceeded in the similar fashion as before. Finally, we get the solution of the

equation (11) as follows
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—Wt o @ nMEN
W(X'y't):%Z Z (-D)™" " (1- A w)cosq, XCosqy Y

e
m=0 n=0 AmAn[Bmn = P—qugn + Qrzl)]

N

where B, =02 +02 + (1—)\1&))('3? — oo+ MZJ . (13)
Numerical Calculations
For numerical calculations of equation (12), we take A;=0.0023, p,=0.0005,

M=10, w=430, K=0.5, b=0.25, a=0.5, x=0.75, y=0.45 and for numerical computations
of the velocity distribution in the equation (13), we take A,=0.0023, p,=0.0005, M=10,

w=10, K=0.5, b=0.25, a=0.5, x=0.75, y=0.45. The tables and graphs are given as

follows :
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Table -1
t 0 0.1 02 03 04 05 06 07 08 09

t
WOOY:D 105 4976 <1037 6391 5762 -272  S44l 6329 219 4568 6392

Fig. 1 : Velocity Profile for Periodie Pressure Gradient

Table -2
t 0 0.5 0.10 015 020 025 030 035 040 045 050

w(x,y,1) 5
—————x10~ 12246 7427 4505 2732 165 1005 0609 0369 0224 0.135 0.082
A

0 T T T \ T T T ¥ T —
000 005 010 015 020 025 030 035 040 045 050
g t —»

Fig. 2 : Velocity Profile for Transient Pressure Gradient
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