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Key Words : Mittag-Leffler’'s functions and related functions and related function,

Bessel’s function and Hyper-Bessel function, Hypergeometric function.

2000 AMS Subject Classification :  Primary 33E12 Secondary 33C99.
1. Introduction and Definition

In the usual notation, let qu denote a generalized hypergeometric function of

one variable with p and g parameters (positive integer or zero), defined by [6;
p.42(1)].

ag,ay,.apy; o (al)n(az)n...(alo)nzn
F Z\=
P q[bl,bz,...,bq ] nZ::') (by)n (02)y --(0g ) 1!

= qu [al,...,ap;bl,...,b 1Z] (1.2)

q

(by #0,-1,-2,...,j=1,2,...,q)
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where (a), is a Pochhammer symbol, defined by
1 ,ifn=0
@y, = L . (1.2)
a@+)(@+2)...a+n-1,ifn=1,2,...
The function
® k

E @)=Y —2%2 0 1.3
o (2) kZO ——e (a>0) (1.3)

was introduced by Mittag-Leffler [5] and was investigated systematically by several
other authors [3, chapter XVIII]. E (z) for a>0, furnishes important example of entire

functions of finite order 1/a.
The function

29

Eqp(2)= (a,p>0) (1.4)
P kzo r(ak+B)

has property very similar to those of Mittag-Leffler's function (see Wiman [7], Agarwal
[1]).

We have

Eq1(2) =E4(2), E4(z) =e*, E,(2) = coshz

-Z
and  E,,(7) = Z—Erfc(-22). (1.5)

Jn

A function intimately connected with E B is the entire function

®aBiz) =Yy ——— (a,>0) (1.6)
k=0 k'r(ak +B)

which was used by Wright [8] in the asymptotic theory of partition.

We can verify easily
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v 2 . \V 2
3, @) = (Ej {lv +];—Z—], 3, (iz) = (Ej {lv +];—Z—], (1.7)
2 4 2 4

It shows that Wright's function may be regarded as a kind of generalized Bessel

function J (), defined by

© k v +2k
@)=Y (e MCIE N P (1.8)
o T +k +Dk!

which has the particular attention in the diverse field of physics and engineering.

An interesting generating function, due to Humbert [4], is recalled here in the

following form :

[Z( 1}]_ - mon (/3™ [ . .(ZJSI
expl—|x+yx—||= 2 Xy ——————gF[-=m+Ln+1H —| |
3 Xy - FTm+2Yr(n+2 3

(1.9)
where the Hyper-Bessel function J_ (z) and modified Hyper-Bessel function | (z)
of order 2 are defined by

_ 2/ [. .(z}si
Imn@)=—22 F,l=m+in+14Z (1.10)
Fm+2Yrn+1 3

(z/3)m™"

and  Ipn(@)=—"0
M(m+3r(n+9

3
Fs [—;m +1ln+ I—(EJ ] , respectively. (1.112)
3

2. Generating function involving Mittag-Leffler’s f unctions

Result-I

If EG’B(Z) is defined by equation (1.4) then
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X zy -z/3|_ c m. n Op0,,0
EO(LBl(_JEGZ,Bz(_JEda,Bg( j_ Z Xy B;BZZ,BSSJm,n(Z)'

3 3 Xy MmN =—oo
(2.1)
where Ej,’{?;é’;”m,n (2)
m+n o k 3k
_ (gj (9" @/3) | 2.2)
3 k=o F(@1(m+k)+pBq)(az(n+k)+Po)M(azk +B3)

provided that both sides of equation (2.1) exist.

Proof of Result (2.1) :
If the function

_ ZX zy -z/3
V(X,y.Z)—qu,gl[?quz,Bz(?qua,Bs( Xy ]

is expanded by the definition (1.4), we have

00 00 00

y - Z (~DK Z (=)' K (DX (z 13+t

k=0 (03k+B3)izp (aii+PB1)i=p  (az) +B2)

Now replacing i-k and j-k by m and n respectively, if we rearrange the
resulting triple series (which can be justified by absolute convergence of the series

involved), if follows that

S S m,n| Z

m=— —

> :

j””” c (-1 (z /3)%
k=o T(oy(m+k)+pB )M (a,(n+k)+B,)r(azk +Bs)

Thus the result (2.1) is proved.

A generalization of generating relation (2.1) can be obtained in the following

from
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-------

where

m ©o
_( z JZ : (D 23
n+1
provided that both member of equation (2.3) exist.

In a similar way, we obtain

Result-I1

ZX zy n 03,0,,a
Ealvﬁl[?anzﬁz[?jE 353{3)(}/} Z X y élﬁzzﬁzlmn(z)

m,n=-o0

(1 (1 (1
where Blﬁz B, Imn(z)

m+n o

(z (z 13)%K
5] 2

(S5 Tag(m+K)+ BN (ay(n+k) +B,) (agk +B3)

and thus, a generalization of equation (2.5) can be obtained as follows :

ﬁ( P (n J)EG'B a

|_| (xj)

1=1

Eh T(ag(my +K)+By)..I (0 (M, +K) +By)r(ak +p)’

33

(2.3)

(2.4)

(2.5)

(2.6)
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where aﬁll”(é;glml ,,,,, m, (2)
[(z /n + )" +Lk

_ 2 jilmj ©o
_(n+J 2 F(a1(My +K) +By)...T(@n My +K) + By ) (ak +B)’

k=0

provided that both sides of equations (2.5) and (2.7) exist.

The proof of result-Il is similar to result-1.

Result-111
The above results may be extended for the entire function (1.6)

|_| (p(ai'Bl;ZXi)(PLO"B:Z/H (Xj)]
=1 I

<) ml m
_ Z Xl ...Xn” (OB BN
B B]_ ----- B ,B my,..., m,
m,,...m, =—w m,!...m ! n
where
a,,..,a_,a
18,0 .
ByrBpy B My ( )
?
mj
J . [_(Z)n+1]k
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2.7)

(2.8)

(2.9)

_ (Z)Fl Z ,
k=0 (Mg+Dy..(my + D M(ag(myg +K) +By)..M (ap (M, +K) + Byl (ak +P)k!

provided that both sides of equation (2.9) exist. The proof of results (2.9) is similar to

the result (2.1).
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3. Special Cases:

For a=B=0=p=1, {i=1,2,...,n}, equations (2.3) and (2.7) reduce to well known

exp
n+1 Xan ml ..... mn =—00 "
(3.1)
-1..11
where J m (2)=17T0m,m (2)
N
NCTLEE —;ml+],...,mn+l'—( z J 32
(m)!..(m,)! n+1
and
exp [xl+...+xn+ ! J= z Xinl---xrr]n"'ml ..... m, ()
n+1 X1X2 m,..., m_ =-o
(3.3)
where Iy m (2) =777 Imy.m, (@)
Zlmj n+1
+1)!=
@y _;ml+l,_,,mn+],-( z J
(mL..(mpy)! n+1
respectively. (3.4)

For n=2, equations (2.1) and (2.5) give equation (1.9), respectively.
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Z 2

Replacing -z° and x; - xi2, i={1,2,...,n}, respectively, in equations

n+1

(2.3) and (2.7), taking a=2 and =1, i={1,2,...,n}, and using the relation (1.5), we get

cosh(zx,)...cosh(zx,, ).cos z
Xq.0.X

X an 1 1(=-2 n+1
= > 1o o] =My + = emy + =, my +1m, + 1 (_j
my,...,My, =—c0 (2mp!...2mp)! 2 2 2\ 4
(3.5)
and
z
cosh(zx,)...cosh(zx,, ). cosr{ J
Xq.0X],
0 m m n+l
X1 t.Xp" 1 1(z
= Z L Fonsa| M+ =My + =,my +1..,m, +l—;(—j
my,..., mnz—w(zm])!- (2mp)! 2 2 \4
(3.6)

On setting a; =a=1/2 and B, =B =1 in (2.7), replacing zZ_ J;
n+1

X; - in {i=1,2,...,n}, respectively, and using the relation (1.5), we get

n+l
i exp| —| zX, +...+zx + z
Jn L " X
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ertc(- 2, ). Erte(- Jzx, )Erfc[' ]

S =
= z (Jxl)ml---(g/xn)mn Ak z m, + m_ + '
= ( 12 kJ!...( L kJ!(kj!

k=0

(3.7)

Now putting a; =a =1and B; =A; +1{i=1,2,...,n} and B=A+1 and replacing

z/n+1 by -z2/4 and X; by xi2 {i=1,2,...,n}, respectively, in (2.9) and using the

relation (1.7), we get a multiple generating relation involving Bessel Function :

7 2 Y (zx o n ’
J . J =| L .| =2 2 .
n B, (@) )\{xl...xnj [ 2 J [ 2 J [Z/ ]I_|:1XJJ

) szl...Xr?mn (-z 2)(m1+---+mn)

z_ 1

(T +mj +DJr(A +1)
1

n
|=

2 \N+1
-z
oFon+1| My +L.m  +LA +my +1L. A +m +1A +]{ ” J )

(3.8)

For n=2, equation (3.9) reduces to

z ZX A ZX Az z A
Iy (2X9)35  (2x5)3, :(—lj ( zj
1 2
XqX 5 2 2 2X 41X 5

2m; ., 2m 2 m; +m.
> Xq X5 2(=zT /4R

mymy =—e0 (MM)!T(Ag +my +JFA, +my +DFA +)
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6
oFs —;ml+Lm2+L)\l+ml+l)\2+m2+];)\+];2—4 . (3.9)
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