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Abstract: In this paper, the notion of two variable modified Laguerre polynomials

(TVMLP) L (x,y) is given and their generating relations are derived. The process

o,B,m,n
involves the problem of framing TVMLP into the context of the representation 1t w,u of
a Lie algebra G(0,1). Certain new and known generating relations for the polynomials
related to TVMLP are also obtained as special cases.
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1. Introduction:
In recent years, a great deal of attention seems to have been paid to a slight
variant of the associated Laguerre polynomials (ALP) L(np) (). These so—called

modified Laguerre polynomials (MLP)L (x) were introduced by Goyal [4] in the

a,B,m,n
form

_ Bn (m)n ax

L 1F1 [—n;m;F], (B20,m=0,-1,-2...). (1.1)

a,,B,m,n(X) n!

We note that
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Lo g = B (%] ,

which indicate that although the so-called MLP L, zmn(X) can be derived from ALP
Lﬂo)(x), but these MLP are much easier to handle and also more practical in
numerical computations.

We define the two variable modified Laguerre polynomials (TVMLP) as follows

n
Ly patiy) = T B g {_ n;m;%}_ w
n! By
The generating function for TVMLP Lcwm n(x.y) is given by
S t
- - ax
2 Laf,,B,m,n(X'Y)tn = (1-4y) mexp ( J (1.3)
n=0 (1-Bty)

These polynomials satisfy the following differential and pure recurrence relations

0 1
a_x La]ﬁ/m’n(x'y):; (By(l_ m - n) La]ﬁ/m’n_l(x'y)+nLa/ﬁ/m’n(X'y))'

6% La,,B,m,n(X-y) = i((n*’l) La“g/m’nJrl(X-Y) + (ax-By(m+n)) La,,B,m,n(X'y))'

0
_y La,,B,m,n(X'y)z Bm+n-1) La,,[i,m,n-l(x'y)'

(1) Ly g () + (@x-By(m+2m) Ly 50 ()

+ fy?(m+n-1) Ly pmna¥) = 0. (1.4)

The differential equation satisfied by Lcwm a(x.y) is

d? ax,d an
dx 2 By dx By

X—+(Mm-—)— +—] Laﬁ/m’n(x,y) =0. (1.5)

The TVMLP are linked to the MLP by the following relation
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X
La,,B,m,n(X’y) =y" La,,[f,m,n (;j : (1.6)

We note that for m=p+1 and a=£=1, equation (1.3) reduces to

iL‘np)(x,y)t” :(1—yt)‘p‘1exp( X j (L.7)
n=0 (1_yt)

where L(np) (x,y) are the two variable associated Laguerre polynomials (TVALP) ([1];p.
113 (15)).

Further for p=0, equation (1.7) becomes

3 Loy X" = @-ty) Fexp| L | (L)
n=0 (1_yt)

where L _(x,y) are the two variable Laguerre polynomials (TVLP) introduced and
discussed by Dattoli and Torre [2,3].

Recently Khan and Yasmin [5] obtained Lie-theoretic generating relations for

TVLP L, (x,y) by constructing a three dimensional Lie algebra isomorphic to special

linear algebra slI(2) ([6];p.7). In this paper, we derive generating relations involving

TVMLP L (x,y) by using a representation t wu of a four dimensional Lie algebra

a,B,mn
G(0,1). Certain new generating relations for TVALP L(np)(x,y) and TVLP L (x)y) are
obtained as special cases. Some known generating relations involving MLP

L (x) and ALP L(np)(x) also follow as special cases of our main result.

a,5,mn

2. Representation t,,and Generating Relations:
We have the following isomorphism ([6];p.36)
G(0,1) AL[G(0,1)],

where L[G(0,1)] is the Lie algebra of a complex four dimensional Lie group G(0,1), a

multiplicative matrix group with elements ([6];p.9)
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lce'art

T
g(ab,c,1) = Oe b0 , abct OC (2.2)
0010

0001

The group G(0,1) is called the complex harmonic oscillator group ([7];
Chapter-10). A basis for L[G(0,1)] is provided by the matrices ([6];p.9).

0000 0100 0001 0010
0010 0000 0100 0000
= : J= , J%= : €= , (2.2)
0000 0000 0000 0000
0000 0000 0000 0000
with commutation relations
[333% = +3*, [3%, 3] = - [3%] = [,J%] =6 (2.3)

The machinery constructed in ([6]; Chapters 1,2 and 4) will be applied to find

a realization of the irreducible representation t wu of G(0,1), where wu/Z/ O such

that 120. The spectrum S of t wu is the set S = {-wtk; k a nonnegative integer}.

In particular, we are looking for the functions f,(x,y;t) = Zn(x,y)tn such that
P -
J°f =nf , Ef =pf,

Iy = phn+1, 3T = (n+o)) £,

Co1fy = (FITEP) fn=pek, (2.4)
for all n5. The commutation relations satisfied by the operators J* 33 E are
[33,3%] = +3%, [9%,9] = E, [05E] = [3%E] = 0. (2.5)

The number of possible solutions of equation (2.5) is tremendous. We
assume that these operators take the form

J3=ti, J+=,@/2ti—ayt,
ot ox
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x 90 _10,m-D
oyt ox ay dt ayt

J-= - , E=1, (2.6)

and note that these operators satisfy the commutation relations (2.5).

Following Miller ([6]; Sections 4—6), we can assume =0 and =1 without any

loss of generality for special function theory. In terms of the functions Z (x,y),

relations (2.4) become
2 0
By a__GYJZn (X,¥) =Zn+1(x,y),
X

X0 ym-n-1 Zn (Xy) = nZn— (X,y),
ay ox ay

n=0,1,2,..... 2.7)

We see from (2.7) that

X

m-n-1
Z (xy) =n! (;) Ly m-nn(Y)-

m-n-1
The functions f _(x,y;t) = n! (?J Laﬂmﬂ’n(x,y)t”, n/s, form a basis for

a realization of the representation 1o, of G(0,1). This realization of G(0,1) can be
extended to a local multiplier representation T(g), g/2G(0,1) defined on F, the space
of all functions analytic in a neighbourhood of the point (x°,y°,t% = (1,1,1).

Following Miller ([6]; p. 18, Theorem 1.10) and using operators (2.6), the
local multiplier representation takes the form
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[T(exp @3 (xy;t) = f(x,y;te?),

[T(exp bI)fA(xy;t) = exp(-abyt)f((x+Boy™), y;b),

1-m
[T (exp cI(x.yit) = (1—i] f[x(l—i],y;{l-i B
ayt ayt ayt

[T (exp ag) f](x,y:1) = exp(a)f(x,y;1), (2.8)

for f JF. If g £G(0,1) has parameters a,b,c, 7, then

T(Q)f = T(exp ag) T(exp bd™) T(exp cJ ) T(exp I 3) and therefore we obtain

1-m
[T@fx.y:t) = (PLJ exp (a-abyt)
ayt

f((x + Bbyzt)(l— LJ y;te{l— LH : (2.9)
ayt ayt

The matrix elements of T(g) with respect to the analytic basis f (x,y;t) =

m-n-1
n! (i] Laﬁm—n n(x,y)t”, are the function A, (g), uniquely determined by 1 e of

y

G(0,1), and we obtain relations

[T@RI0GYD =D Ak @.fi6Gyit), k=012 (2.10)
1=0

which simplifies to the identity

2t m—k-1
exp(at+k —abyt) (1+ Ay j k! La,,B,m—k,k (X +Bby2t)(1—i}y
a

X

° k-l
=>" AN %} Lopmi ) 15 k=012, (2.11)
1=0
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and the matrix elements A, (g) are given by ([6]; p. 87 (4.26)).
AW(@) = exp(a+kr) & LV (-bc), k120 (2.12)

Substituting (2.12) into (2.11) and simplifying, we obtain the generating

relation
Bb 2t m-k -1
exp (—abyt) (1+ LJ k! Ly pmkk ((x +Bby2t)(1_L],yJ
X qyt
o k-1
_ _ X |
- zck [ Lfk I)(-bc) Il (—] La,,B,m—I,I (x,y) tHk
|=0 y
k=0,1,2.... (2.13)

3. Special Cases:
We consider certain special cases of (2.13).

l. Taking b=0 in (2.13) and making use of the limit. ([6]; p. 88 (4.29)), we obtain
© [
o 1] cx
L 1-—|y| = —|—| L Y). 3.1
a,Bm—k.k {X { O(ytJ yj IZ(:) I (yt] a,fm—k+| k- (x.y) (3.1)

Further taking a=£=1 and replacing c by b, x by t and m by p+1 in (3.1), we
get

o |
Le™ [(X ayJ -3 H LT oy, (32)
1=0"

which for y=1, reduces to ([10]; p. 342 (22)) and also to ([6]; p. 113, for p—k=q).
. Taking c=0 in (2.13) and making use of the limit. ([6]; p. 88 (4.29)), we obtain

5 m-k -1
exp(—abyt) (1+ M} Laﬁ/m_k’k (x (1+ Bby2 t})}
X

X
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$ |
= Z (l TkJ(b_yt) La,,B,m—"k,Hk (X,y)- (33)

=0 X

Further, taking a=£=1 and replacing x by t, m by p+1 in (3.3), we get

exp (=byt) (1+by?)p—k L‘f"‘)(x (1+ byz),y)

-3 [' Tkj By) L™ ). (3.4)

=0
Taking y=1 and replacing (p—k) by g in (3.4), we get
exp (-bt) (1+0)7 LY (x@+ b)) =>" b ( J L (x), (3.5)
=0
which is the correct form of Miller’s result ([6]; p. 112)
Taking a=£=1 and replacing m by p+1 in (2.13), we get the

following generating relation for TVALP

by )’ " by %t c
exp(=byt) (1+ V_J k! Lﬁ""{x(u V_J (1——}y J
X X yt

- k-l
= ek L}"")(—bc)(iJ P eyt 7,
y

1=0

by 2
X

<1 k=0,1,2..., (3.6)

which for y=1, gives a result of Miller ([6]; p. 112 (4.94)).

Further, replacing p and k by | in (3.6), we obtain the following generating
relation for TVLP

exp(-byt) L, ((x +by2t) (1— C—])ﬂ = i L, (-bc)L (x,y). (3.7)
yt

1=0
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V. Taking y=1 in (2.13), we get the following generating relation for MLP

m-k-1
exp(—abt) [1+&j KL, ﬁm_kk((x +pbt) (1— C—JJ
» Bk,

at

= ek LD (peyr XL o (01K k=0,1,2,..., (3.8)
1=0

considered by Pathan and Khan [9].

References:

1 Dattoli, G. ; Generalized polynomials, operational identities and their
applications, Journal of Computational and Applied Mathematics.,
118 (2000), 111-123.

2 Dattoli, G. and Torre, A. ; Operational methods and two variable Lagauerre
polynomials, Acc. Sc. Torino—Atti Sc. Fis., 132 (1998), 1-7.

3 Dattoli, G. and Torre, A. ; Exponential operators, quasi—monomials and
generalized polynomials, Radiation Physics and Chemistry., 57
(2000), 21-26.

4 Goyal, G.K. ; Modified Laguerre polynomials, Vijnana Parishad Anusandhan.
Patrika., 26 (1983), 263—266.

5 Khan Subuhi and Yasmin Ghazala ; Lie—theoretic generating relations of two
variable Laguerre polynomials, To Appear in Reports on
Mathematical Physics., 50.3 (2002).

6 Miller, W. Jr. ; Lie Theory and Special Functions, Academic Press,
New York and London, 1968.

7 Miller, W. Jr. ; Symmetry Groups and their Applications, Academic
Press, New York and London, 1972.

8 Pathan, M.A. and Khan, Subuhi ; Special linear group and modified Laguerre

functions, Kyungpook Math. J., 40 (2000), 1-8.

PDF Created with deskPDF PDF Writer - Trial :: http://www.docudesk.com



28 M.A. Pathan, Subuhi Khan and Ghazala Yasmin

9 Pathan, M.A. and Khan, Subuhi ; Representation of a Lie group G(0,1) and

modified Laguerre polynomials (preprint).

10 Srivastava, H.M. and Manocha, H.L. ; A. Treatise on Generating Functions,
Ellis Horwood Limited, Chichester, 1984.

PDF Created with deskPDF PDF Writer - Trial :: http://www.docudesk.com



