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Abstract: In this paper, a method has been developed to establish certain
transformations of double g-series in terms of basic hypergeometric functions of one
variable. These results lead to certain interesting Clausen type identities. We also

discuss certain continued fraction representations involving g-series.
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1. Introduction:

In this paper, we have made use of certain known summations to establish
transformations of g-double series in terms of a single series. We have deduced
Clausen type identities from these results. We also discuss some interesting

continued fraction representations involving g-series.

For a, real or complex and |g|<1, we define the g-shifted factorials by

1 if n=0
[a;q], ={ 1)

1-a)1-aq)...l-ag"™), if n=123,...

A basic hypergeometric function is defined as :
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(0]

r-s

al,az,...,ar;q;z]

by,by,....bg;q"

® [ay,a,,..a :q] z"gMn(MD/2
= Z 172 r n | (2)

n=0 [g,by,b,,....bg;q],

where [a,,a,,...a,;d] = [a;;d] , [azd] , --[ad] -
The series @, converges absolutely for all z if A>0 and for |z|<1 if A=0. Other

notations and definitions appearing in this paper have their usual meaning. We shall

use the following series identity to establish our results,

00

i Z B(.k)= > B(n+kk), (3)
n=0 k=0

n,k=0
provided the series on both sides of (1.3) exist.

We shall use the following known summations of g-series in our analysis :

-n I n C/a;
Lo, aica /a}:[ Q]n_ 4
c [c;al,
[4: App.II (I1.7)]
g la.c/b;
Lo, ab,a™ ;aiq | _ [c/a,c/b;q], _ 5)
c,abgt™" /c [c,c /ab;q],

[4; App.lI (11.12)]

(6)

,®

x,q " ;q;—qIXI_[Q:Q]nlxzqz:qzlm
l _ - ]
q™"/x [xa;al,[a%;a°],,

[5: (2.8) p. 1024]

where m is the greatest integer < n/2.

4®3 (7)

a™"=a ™" Iy, %,y ;q;q]:[q.xyq:q]n[xzqz.yzqz;qzlm
-xya,q " /x,q7" 1y [xa,ya;ql,[a%,x %y %q?;92],,

PDF Created with deskPDF PDF Writer - Trial :: http://www.docudesk.com



On Reducibility of Certain g-double Hypergeometric series and Clausen type Identities 3

where m is the greatest integer < n/2.

m

,®

x,q ™" ;q;—1IXI _ [a:al, [x%q2;q?%],x" 2

1 _
q™"/x [xa;q],[a%;a%],

where m is the greatest integer < n/2.

4CD3

q "-q" /xy,xq,yq ;0;q
-xyq,q¥ " Ix,q" " 1y
_ O"a:aly [xya;aly x*a®, y %% 91,
q"[x,y;ql,[a%,x%y %9%;9%],,

where m is the greatest integer < n/2.

q™",-q" /x%y,-y;a;q

(0]
43 q " /x,-q " /Ix,y?q

_laial, X%y %a%0°], x %%y *a%ia %],
[x%a%a%],ly *a;al,[a%.x*y %a %0 %],

where m is the greatest integer < n/2.

3CD2

a™"a™"/x% 0500 | _ [9;9],[x%a%;9%],
q " /x,—q " /x

where m is the greatest integer < n/2.

[x?y %], 0% 0],

[5; (2.5) p. 1024]

(8)

[5; (2.9) p. 1024]

(9)

[5; (2.10) p.1025]

(10)

[5; (2.12) p. 1025]

(11)

[5; (2.14) p.1026]

n(n+1)/ 2X 2n-2m

3@

g Mg "/x2%0 ;g1 :[Q:Q]nlxzqz:qzlmq
2 q " /x,—q " /x;q

N €3

[x?y?;02],19%:a%],,
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where m is the greatest integer < n/2.
[5;(2.15) p.1026]

q™",a™"/x?%,ya,-yq;q;q

P
473 ql—n/X’_ql—n/X’qu

_ () laal, X%y *a%ia®], [x %%y 290,
a?[x%a%1,ly %a:al, [a% . x*y *a%;0%],,

: (13)

where m is the greatest integer < n/2.

[5;(2.16) p.1026]

3®; (14)

g ™q™"/x20 ;q;q] _ () l@aly [x*a%a% Iy
at™" Ix,-q 7" Ix a"[x*:a%],10%9% ],
where m is the greatest integer < n/2.

[5;(2.18) p. 1026]

3CD2

q—n'q—n /X2,O ;q;qz
gt ™" 1x,—q¥ " Ix;q

_ (_)n [q'q]n [X2q2'q2]mqn(n—l)/2x2n—2m
[x2:9%1,[a%;0%],,

: (15)

where m is the greatest integer < n/2.
[5; (2.19) p. 1026]

Putting yq'n for y in [5; (2.20) p.1027] we get the following summation
formula:

® q ", /x2 1/ xy,~1/xy;q;q

4 gt " Ix,—q " Ix1/x%y?

_ (" exa) "Masal, [y %10 %], [x 20?0 % 1 [y 20”30 1 -,
[x,-xa;ql, [1/x %y %;q], [a%;0% ], X%y 29292, _,

: (16)
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where m is the greatest integer < n/2.

2m

4P , (17)

g g ™"/x%0 ;q;q] _()"[osal,[x%a%:9°%], x"”
2 ) =

g™ /x,—q " /x [x.~xq;ql, [0 %01,
where m is the greatest integer < n/2.

[5; (2.23) p. 1027]

3CD2

. (18)

g ™™g ™" /x%0 ;q;q] _ """ 2 1qiq], [x %0 %02,
gt ™" Ix,~q " Ix;q [x,-xa;ql,[a%:a%],,

where m is the greatest integer < n/2.

[5; (2.24) p.1027]

Putting wqm for win [3; (4.3) p. 420] we get the summation formula ;

o a’aq’azqz—zm /Wziq—zm;qz;qz _ w;ql,, w/a.-qg;ql, (19)
al la%q?,aq ™2™ /w,aq? 2™ jw [w/a;ql,, [W,-aq;q],,
_ .
4P3 cd =0 1;2 L (20)
c,d; cd;
lql—n’iql—n’cdqllz [c.d;q],[cd;q™" 7],
LC d
[6;(1.4) p. 72]
1 2o
q ".cd,—q? ToHs)
2 P3 . 1cd
_ql—n'_ql—n'cdqllz
c d

_ [edg 259" 215, [e.dia ™ 2], [a:],
[cdg™'2;q 2] [cdq® 2;q], [c,d;q], [a* 2;q% 21,

(21)

[6; (4.13) p.79]
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_ 1
q ",cd,—q? Ho K|
d

-1/2
c d

1/2 -n/2

_ [a,cd;q],[c.d;q™ "], q
[C’d;q]n[cdq—ll2;qll2]n[ql/2;q1/2]

(22)

n
[6; (4.18) p.80]
2. Main Results :

In this section we shall establish certain transformations of double series in
terms of single series.

0] Multiplying both sides of (1.4) by an arbitrary sequence B, summing over n
n
from O to «, applying the identity (1.3) and then replacing B by A,,, Where
[a;a],
A,, is another arbitrary sequence, we get :
© [a;q]k(—cz/a)kz”qk(k_l)/2 © [c/aal, 2" z"
D Anik =D A, . Q)

nk=0 [c;ali [a:a]y [a;a], n=0 [a,c:al,
This is a transformation which reduces a double series in terms of a single series.

Similarly, one can easily establish the following results:

(i) D Ansk

[a,b;q], [clab;q]n(cz/ab)kzn _ i A [c/ac/b;q],z"

n.k=0 [a9.c;al, [g;a], =" [9,c;q],
2
(using (1.5) with anwAn)
[a9;a],
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0 . . ok on © 2.,2..2 n
S Avae [x;al [x9:a], (-29)" 2 -3 A, [x"a"a"]m 2

(i) - ©)
nk=0 [g9;a]y [a;al, n=0 [@%;a°1,
where m is the greatest integer < n/2.
xg:q]. z"
(using (1.6) with BfﬁAn )
[9;al,
_ — [x,y;ql, [xq,yq;q], (-zq) 2"
(iv) Z Ak K n
nk=0 [9,-xya;q], [a,-xyd;q],
:i A Dyaal,ix®a®.y*a%ia®], 2" @
N on- 2 ,2,2.2..2 '
n=0 [-xya;dl, [a°,x7y “a%;0° ],
where m is the greatest integer < n/2.
xg,vyq:q].z"
(using (1.7) with BfﬁAn ).
[a,-xyqa;q],
) . . k_n 0 2.2..2 n-2m
X; X0; -z)z X : X
V) Z An+k[ dly [xa;al, (-2) :ZAnZ”[ q c24 ],; '
nk=0 [g9;a]y [9;a], n=0 [@%;a°1,
where m is the greatest integer < n/2.
xg:q].z"
(using (1.8) with BfﬁAn ).
[9;al,
i Xd,VYq: X,V -z /q)¥z"
i) Z A [xa,ya;al, [x,y;al, (-2 /q)
nk=0 [9,-xya;q] [a,~xyq;q],
n
o z) ()" xyaal, x%a%.y%a?%:0%],,
- z An| = 2 2.2 2. 2 : 6)
n=0 q [_qu:q]n[q X y q 'q ]m

where m is the greatest integer < n/2.
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. n
(using (1.9) with anw A)

[a,—xyq;q],

00 N\ _ . _ k ,n
(i Z A [y,-y;aly [xa,-xa;q], (-zq)" z

k=0 [9,y %a;q], [a,x %q;q],
_ i P 1 i L 1 VA L i @
n H
hpery [x2a,y2q;a],,[9%,x %y %a%;q%],,
where m is the greatest integer < n/2.
n
X{J,—Xq, Z
(using (1.10) with Bqu )
2 . n
[0, x“q;q],
0 . k _n © 2.2..2
X{J,—Xq, -Z Z X ’
(i) Z A [xq Zq]n( qa) :Z A z" 2[ q q2 ]mz ' ®)
n.k=0 [9,x“0;q], [a;a]y n=0 [x“g;a],[a%:9% ],

where m is the greatest integer < n/2.

[xa,-xq;q], 2"

(using (1.11) with B = 5 A,)
[0, x“q;q],
. & [xq,~xq;q], (-2)% z"gkk /2
(IX) Z An+k 2
n.k=0 [a,x“q;q], [a;q]l,

o0 [x2q2;q2] X2n—2mqn(n—l)/2
:Z A, z" > m — , (9)
n=0 [x“g;q],[@";97 ],

where m is the greatest integer < n/2.

[xq,-xq;q], z"

(using (1.12) with B = 5
[0, x“q;q],

A,)

Z A [yq.—yq:q]k[x.—X:q]n(—z/q)"Z”
n+k 2. 2.
n.k=0 [0,y “g;ql, [9,x“a;q],
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_ i a0 O XCy%a%ial,x%a% v *a*a ], 10
n L
=0 [x%q.y %a;al,[0%.x %y %a?;0%],q"
where m is the greatest integer < n/2.
n
X,—X; z
(using (1.13) with BH=¢An )
[a,x“qa;q],
_ & [x,x:ql, (-2 /) z" _ & [x%a%0%],(z/9)"
(i) Z Ak n = Z A, m (11)

k=0 [9,x%q;q],[a;9], o [x%a;ql,[a%q%],,

where m is the greatest integer < n/2.

x,-x:ql.z"
(using (1.14) with BH=¢An )
[a,x“qg;q],
0 - __akon_ k(k-1)/2
X,—X; Z Z
(xii) ZAn+k[ q]ni ) z°q
n.k=0 [a,x“q;q], [a;ql,

o0 2,2.,2 n-2m_n(n-1)/2
X X X
= Z A, (-2)" 1 2 hn 2 qz ' (12)
n=0 [x“a:ql,[9%097 ],

where m is the greatest integer < n/2.

[x,-x;q], 2"

(using (1.15) with B = >
[a,x“qg;q],

AL)

Z A [1/xy,-1/ xy;q], [x,-xq;q], (-2)¢ 2"
n+k

(xiii) — .
n.k=0 [0,.1/x“y “;a], [0, x“q;q],

_i A (2 /xQ)" [y %01, [x%a%:al, [y %a%:0%1, -,
- n

— . (13)
g [x %y %9, [x%q;a], [a%;02],, [x 2y 2a%02],,

where m is the greatest integer < n/2.
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[x,-xq;q], 2"

(using (1.16) with B = >
[0,x“qg;q],

AL)

i A [x,-xa;q], (-z)* 2"
n+k

(xiv) >
nk=0 [9,x“g;q], [a;q]

o0 2.2..2 -2
:Z A (-z)" L T (14)
n t
=0 [x2q:q1,[a%;0°1,,
where m is the greatest integer < n/2.
: : [x,~xq;q], z"
(using (1.17) with Bn=2—An )
[9,x“qg;q],
) um- Ak on k(k-1)/2
X,—X(; z) z
(xv) Z An+k[ qq]nz( ) z'q
n.k=0 [9,x“q;q], [a;q]
~ [} (_Zx)nqn(n—l)/2[x2q2'q2]m
- Z An 2 . 2.2 ' (15)
n=0 [x“g;al, @707 ],
where m is the greatest integer < n/2.
: : [x,~xq;q],z"
(using (1.18) with Bn=2—An )
[9,x“qg;q],
o i A [a,a0;0°], [wg /aw /a;q° ], (zq)* 2"
n+k 2 .2 2.2 2.2 7.2..2
n.k=0 [@%,a°q%;q% ] [ w*" /a®;q7],
00 W, Zn
=> A W:a)zn (16)

n=0 " w;al, [9;a], [-ad,~w /a;q], '

[w/awg/a;q?] 2"

(using (1.19) with B = A,)

[qz,wzlaz;qz]n
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Z A [c,d;q], [c,d;q], (zq
n+k
k=0 [q,cdq™?;q], [a,cdq/?;q],

1/2 n
Ihz

-3 g, Lol [c.dig* %], [-a"

n
gy [q,cdq™ 2;q],, [cd; q“2]
[c,d;q], 2"

n)
1/2. q]

(using (1.20) with B =
[a.cdq

(xvii Z A [c d;ql, [c,d;q], (zq
k=0 [9,cdq* 2;q], [9,cdq Y/ ?;q],

1/2] 1/2

ziA [cdq [c,d;q
= " lcdg™V q’ q*'?] [cdg

], 2"
1/2.

dl,

c,d:ql.z"
(using (1.21) with Bn=¢An)

[q,cdqY/2;q],

—1/2)k Zn

_ > [c,d;q], [c,d;q], (zq
(xix) Ans
n,kZ:O “ [a.cdq ' 2:q], [q,cdg

1/2. q]

[cd;ql, [c,d;qt 2], (zq™2)"

n
“~ [qu1/2 ql,, [cdg 1/2’q1/2;ql/2]n
c,d:g].z"
(using (1.22) with B —% n)
[9,cdg™ “;q],

3. Clausen type Identities:

11

(17)

(18)

(19)

In this section, we deduce the Clausen type identities from the result

established in section 3.
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0] Taking A =1in (2.2), we get :

a,b;q;cz/ab c/ab;q;z c/a,c/b;q;z
2¢1{ }1"’0{ }zzq’l{ } )

Cc Cc

which is the basic analogue of Euler's transformation.

(ii) For A =1, (2.4) yields the product formula :

X,Y;0;-24 X0, yq;d;Z
® ®
: {_qu } {_qu }
xyq.xyqz.x2q2,y2q2;q2;22]

= ,0
473
- xyq,~xyq?,x %y %q?

L2A-xya) o

2
(1+xyq) !

xyqz.xyq3.x2q2.y2q2:q2:22]
*L-xya?.-xya® x %y %q? |

which is a known result [5;(2.37) p. 1031].

Similarly, taking A =1 in (2.6)-(2.19) we have the following results respectively.

xq.yq:q:—z/q} ® {x.y:q:Z}
271

(i) ® {
27 —xyq - xyq

=495

xyq,xyq?,x%q?,y2q?;q%;z? /qzl
- xyq,-xyq?,x 2y %q?

_z(1-xyq) ®

4 €)
q(Ll+xyq)

xyq2,xyq3,x2q2,y2q2;q2;22/q2]
3 .
-xyq®,~xyq>,x%y %q?

(iv) 2@

y,~y:4:-zq XQ,~XQ;q;z

y2q x2q

= ,0
473
X2q’y2qix2y2q2

xyq.—xyq.xyqz.—xyqz:q2:22]
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2(1-x%y%q%) xyq?,-xyq?,xyq®,~xyq*;q?;z2 @
(1-x2q)(1-y2q) " 2242

3
x293,y%q°,x%y?q
Xq,-X0;q;Z
(V) 2¢1|: 2 :|

x“q
2 2 . 2 2
-q°;z z[-zq;q],, -q°;z
=[-zq;q], (P, f t——— 0% 23 : 5)
X“q; (1-x7q) X°q~;
. X(Q,—Xq;q,z
Vi) [z:0l, ,® }
x“q
_on2.42,2,3 2 _.n2 2_2.5
e R ®
X“d;q (1-x7q) X“gq~;q
) ya,-yq;q;-z/q X,=X;0;2
(vii) 2Cl)l{ 2 }ZCD{ 2 }
yq xq
- o qu.—xyq.xyqz.—xyqz:qz:22/q2]
~ 473
X2q'y2q’x2y2q2
z(1-x%y%q%) [xyqz.—xyqz.xyq3.—xyq3:q2:22/q2] -
473 ’
(1-x2q)(1-y*q) x2q3,y%q3 x2y%q?
X,=X;0,2 -q2%;z2/q?
(viii) 2Cl)l{ ) }z[—z/q;q]w o® 2q q ]
Xq X“q;
_Z] QZQ]OO ® 2q 3,z /q ] -
q(d-x-q) x“q*;
. X,=X;0;2
) [z:0l, ,®y
x“q
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14 Remy Y. Denis, S.N.Singh & S.P. Singh

- o, _;qz;xzzzq]_ %27 o [_;qz;xzzzqsi.

0®1 ©)
xq;q* (t-x%q) ~ |x%q%q”
1/xy,-1/xy;q;-z X,—X0Q;q;2
X ) )
*) 2 lL/xzy2 }2 lqu
_ o |Yy-Uy.aly-qlyia®iz®iq?
N xzq,llyz,q/xzy2
X e [q/y.-q/y.qz/y.—qzly:q2;22/q2] 10)
473 .
q(-x°q) x?q%,q%1y%,q/x?y?
_ X,=X0;0;2 -q%;z°
(i) 2cpl{ ] }:[—z;q]w 0| ) ]
Xq Xq;,
xz[-z: _n2.52
_xlzal, | =a%zt ) (11)
2.y 071 2 3
(1-x"q) X°q;
. X,—XQ;q;Z
(xii) [z;d], 2P 2 }
Xq
- o —;qz;xzzzq]_ XZ cl)[—;qz;x222q3] (12)
0T 5, g 2.v071) 2.3 4 '
X“q;q (1-x"q) x“q~;q
aaq'qz'zq Wq/awla'qz'z
(xiii) L > P ' Y
azq2 w? /a2
_ \/VT,—\/VT.JWQ.—JWQ;Q;Z
= ,0, . (13)
w,-w /a,—aq

(xiv)

c.d ;q;zqt? cd 0z
ch 1/2 ZCDl 1/2
cdq cdq

PDF Created with deskPDF PDF Writer - Trial :: http://www.docudesk.com
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. c,d,ved,~ved qt'2;z
473 cd,q1/4\/a,—q1/4\/a '

c.d ;q;zqt? c,d e}
(xv) 2@ 12 2P, _1/2

cdq cdq

. c,d,ved,~vJed g2,z
473 qu—1/2’q1/4‘/a'_q1/4‘/a '

c,d ;q;zq 7?2 ® cd 0z
-1/2 271 1/2

(xvi) O]
2t cdq cdq

= 4P

c.dod—Jed  :ql2:zq7L2
cdgV2,qM4Jed —qV/ 4 Jed '

4. Certain continued fraction representations.

15

(14)

(15)

(16)

Continued fraction representation for the ratio of two ,®,'s and ;¢,'s do exist,

former with a general argument while the letter with a constant argument of the ¢

series. There are no direct representation involving j-series ,®, (r>1) with a general

argument. Here we make use of some of the results established in this paper to

provide continued fraction representation involving certain ¢, and ,4, with general

arguments. Such results provide freedom to compute the results at an arbitrary point

inside the region of convergence.

If we put x=1 in (3.2) we have :

q9,Y9:0;Z |
2CD1|: i|_3CD

yq.yqz.qz:q2:22]

2
~yq - yq,-yq?
L2-ya) o yqz,yq3,q2;q2;zzq]
372 .
(1+yq) -vq2,-yq®

Again, if we take f=1in [2; (2.24) p. 179] we get :
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1

_ 4 2(-0) (-y)/(1-azq) z(1-aq) (1-ya)/d-0zq®) @
o+ 1+ o+ 1+

Now, making use of (4.1) and (4.2) we have :
0 [yq'yq2-q2iq2i22]+_Z(1—yq) o [yqz,yqs,qz;qz;z2]
32 2 392 , 3
-Yd,-yq (1+yq) -yq“,-yq

_ 1, 2(-ya) (+ya)/(A-yzq®) zA-yq?) (L+ya®)/(1-yzq®)

®3)
0+ 1+ 0+ 1+

If we take y=1in (3.4) we get :

X0, —XQ Q2 _ 2 _ . 2..2.2
[ e
X q X q,xq",q

2.2 2 _un2 vm3 _wn3.42.2
L_z(=-x"97) CD[xq,xq,xq,xq.q.ZI_

4®3 (4)
(1-a)(1-x2q) x%q%,x%q°%,q°
Making use of the result [2; (2.19)] we find :
5 [x*a%ia%], (2%0%) | zq0-x292) & [x*a%ia%ly (2%0%)
o XPaaly laia®l, @A-9)a-x%q) [T [x%a%al, [9%a%],
i x*a%ia%1, 2" | za-x%%) & [X*atially 2
T [XPaaly a:a®], A-9)a-x%a) [T [x%a%aly a6,
_1,2(-x%9%) x*q@+29°) z(1-x*q*) x*q*@+2q°) ©)
1 1-2)- 1+ 1-2)- 1+
Again, if we take a=1in (3.13) we get :
w.wa;q%;z | _ W —Jw, Jwg,-ywa;g;z
2¢l 2 _4Cl)3 ' (6)
w W,-W,—q
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Now, making use of the result [2; (2.19)] after replacing q by q2 we find :

4¢3{‘/V7"‘/V7'\/VV_Q-—JVV_Q:q:zq1

w,-W,—Qq
wW,-wW,—q

_1, (@-w)-wa)z w?(zq® -1 (1-wg®)(a-wg®)z
1 1-2z)+ 1+ 1-2z)+

(7)

A number of similar other interesting results could also be deduced.

This work has been done under a U.G.C. major research scheme for which
R.Y. Denis and S.N.Singh are thankful to the authorities concerned.
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