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Abstract: In this paper, a method has been developed to establish certain 

transformations of double q-series in terms of basic hypergeometric functions of one 

variable. These results lead to certain interesting Clausen type identities. We also 

discuss certain continued fraction representations involving q-series. 
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1. Introduction: 

 In this paper, we have made use of certain known summations to establish 

transformations of q-double series in terms of a single series. We have deduced 

Clausen type identities from these results. We also discuss some interesting 

continued fraction representations involving q-series. 

For α, real or complex and |q|<1, we define the q-shifted factorials by 
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A basic hypergeometric function is defined as : 
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where [a1,a2,...ar;q] n= [a1;q] n [a2;q] n ...[ar;q] n. 

 The series rφs converges absolutely for all z if λ>0 and for |z|<1 if λ=0. Other 

notations and definitions appearing in this paper have their usual meaning. We shall 

use the following series identity to establish our results, 
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provided the series on both sides of (1.3) exist. 

 We shall use the following known summations of q-series in our analysis : 
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     [4; App.II (II.7)] 
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     [4; App.II (II.12)] 
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     [5; (2.8) p. 1024] 

where m is the greatest integer < n/2. 
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where m is the greatest integer < n/2. 

     [5; (2.5) p. 1024] 
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     [5; (2.9) p. 1024] 

where m is the greatest integer < n/2. 
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where m is the greatest integer < n/2. 

     [5; (2.10) p.1025] 
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where m is the greatest integer < n/2. 

     [5; (2.12) p. 1025] 
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where m is the greatest integer < n/2. 

     [5; (2.14) p.1026] 
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where m is the greatest integer < n/2. 

     [5;(2.15) p.1026] 
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where m is the greatest integer < n/2. 

     [5;(2.16) p.1026] 
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where m is the greatest integer < n/2. 

     [5;(2.18) p. 1026] 
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where m is the greatest integer < n/2. 

     [5; (2.19) p. 1026] 

 Putting yq-n for y in [5; (2.20) p.1027] we get the following summation 

formula: 
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where m is the greatest integer < n/2. 

 














−
Φ

−−

−−

xqxq

qqxqq
nn

nn

/,/

;;0,/,
1

2

23
mn

mn
mn

n

qqqxqx

xqqxqq

];[];,[

];[];[)(
22

2222

−

−
=

−
, (17) 

where m is the greatest integer < n/2. 

     [5; (2.23) p. 1027] 
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where m is the greatest integer < n/2. 

     [5; (2.24) p.1027] 

 Putting wqm for w in [3; (4.3) p. 420] we get the summation formula ; 
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     [6;(1.4) p. 72] 
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2. Main Results : 

 In this section we shall establish certain transformations of double series in 

terms of single series. 

(i) Multiplying both sides of (1.4) by an arbitrary sequence Bn, summing over n 

from 0 to ∞ , applying the identity (1.3) and then replacing Bn by ,
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This is a transformation which reduces a double series in terms of a single series. 
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where m is the greatest integer < n/2. 
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zqdc

];,[

];,[
2/1−

) 

(xix) 
nk

nk
nk

kn
kn qcdqqqcdqq

zzqqdcqdc
A

];,[];,[

)(];,[];,[
2/12/1

2/1

0,
−

−

+

∞

=
∑  

 
nn

n
nn

n
n qqcdqqcdq

zqqdcqcd
A

];,[];[

)(];,[];[
2/12/12/12/1

2/12/1

0
−

−∞

=
∑= .  (19) 

(using (1.22) with Bn= n
n

n
n A

qcdqq

zqdc

];,[

];,[
2/1

) 

3. Clausen type Identities: 

 In this section, we deduce the Clausen type identities from the result 

established in section 3. 
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(i) Taking An=1 in (2.2), we get : 

 








−
Φ








Φ

zqabc

c

abczqba ;;//;;,
0112 








Φ=

c

zqbcac ;;/,/
12 , (1) 

which is the basic analogue of Euler's transformation. 

(ii) For An=1, (2.4) yields the product formula : 










−
Φ









−
−

Φ
xyq

zqyqxq

xyq

zqqyx ;;,;;,
1212  

 














−−
Φ=

2222

2222222

34
,,

;;,,,

qyxxyqxyq

zqqyqxxyqxyq
 

 














−−
Φ

+

−
+

22232

22222232

34
,,

;;,,,

)1(

)1(

qyxxyqxyq

zqqyqxxyqxyq

xyq

xyqz
,  (2) 

which is a known result [5;(2.37) p. 1031]. 

Similarly, taking An=1 in (2.6)-(2.19) we have the following results respectively. 

(iii) 








−
Φ









−
−

Φ
xyq

zqyx

xyq

qzqyqxq ;;,/;;,
1212  

 














−−
Φ=

2222

22222222

34
,,

/;;,,,

qyxxyqxyq

qzqqyqxxyqxyq
 

 














−−
Φ

+

−
−

22232

222222232

34
,,

/;;,,,

)1(

)1(

qyxxyqxyq

qzqqyqxxyqxyq

xyqq

xyqz
.  (3) 

(iv) 










 −
Φ











 −−
Φ

qx

zqxqxq

qy

zqqyy
212212

;;,;;,
 

 












 −−
Φ=

22222

2222

34
,,

;;,,,

qyxqyqx

zqxyqxyqxyqxyq
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











 −−
Φ

−−

−
+

2223232

223322

3422

222

,,

;;,,,

)1)(1(

)1(

qyxqyqx

zqxyqxyqxyqxyq

qyqx

qyxz
. (4) 

(v) 










 −
Φ

qx

zqxqxq
212

;;,
 

 












−
Φ

−

−
+













−
Φ−= ∞

∞
;

;;

)1(

];[

;

;;
];[

32

22

1022

22

10
qx

zq

qx

qzqz

qx

zq
qzq . (5) 

(vi) 










 −
Φ∞ qx

zqxqxq
qz

212

;;,
];[  

 












−
Φ

−
+













−
Φ=

432

5222

102

2

42

3222

10
;

;;

)1(;

;;

qqx

qzxq

qx

zqx

qqx

qzxq
.  (6) 

(vii) 










 −
Φ











 −−
Φ

qx

zqxx

qy

qzqyqyq
212212

;;,/;;,
 

 












 −−
Φ=

22222

22222

34
,,

/;;,,,

qyxqyqx

qzqxyqxyqxyqxyq
 

 












 −−
Φ

−−

−
−

2223232

2223322

3422

222

,,

/;;,,,

)1)(1(

)1(

qyxqyqx

qzqxyqxyqxyqxyq

qyqx

qyxz
, (7) 

(viii) 












−
Φ−=











 −
Φ ∞

;

/;;
];/[

;;,

2

222

10212
qx

qzq
qqz

qx

zqxx
 

 












−
Φ

−

−
− ∞

;

/;;

)1(

];/[
32

222

102 qx

qzq

qxq

qqzz
.  (8) 

(ix) 










 −
Φ∞ qx

zqxx
qz

212

;;,
];[  
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


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

−
Φ

−
−









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
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2
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)1(;
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qqx
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qqx
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.  (9) 

(x) 










 −
Φ











 −−
Φ

qx

zqxqx

yx

zqxyxy
2122212

;;,

/1

;;/1,/1
 

 











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2222
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34
/,/1,
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yxqyqx

qzqyqyqyy
 

 












 −−
Φ

−
−

222232

22222
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/;;/,/,/,/

)1( yxqyqqx

qzqyqyqyqyq

qxq

zx
. (10) 

(xi) 












−
Φ−=











 −
Φ ∞

;

;;
];[

;;,

2

22

10212
qx

zq
qz

qx

zqxqx
 

 












−
Φ

−

−
− ∞

;

;;

)1(

];[
32

22

102 qx

zq

qx

qzxz
.  (11) 

(xii) 










 −
Φ∞ qx

zqxqx
qz

212

;;,
];[  

 












−
Φ

−
−













−
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3222

10242
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;
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)1(;

;;

qqx

qzxq

qx

xz

qqx

qzxq
. (12) 

(xiii) 













Φ














Φ

22

2

1222

2

12
/

;;/,/;;,
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zqawawq
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zqqaqa
 

 












−−
−−Φ=

aqaww

zqwqwqww

,/,

;;,,,
34 .  (13) 

(xiv) 











Φ














Φ

2/1122/1

2/1

12

;;,;;,

cdq
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













−

−
Φ=

cdqcdqcd

zqcdcddc
4/14/1

2/1

34
,,

;;,,,
.  (14) 

(xv) 











Φ














Φ − 2/1122/1

2/1

12

;;,;;,

cdq

zqdc

cdq

zqqdc
 

 














−

−
Φ=

− cdqcdqcdq

zqcdcddc
4/14/12/1

2/1

34
,,

;;,,,
.  (15) 

(xvi) 











Φ














Φ

−

−

2/1122/1

2/1

12

;;,;;,

cdq

zqdc

cdq

zqqdc
 

 














−

−
Φ=

−

−

cdqcdqcdq

zqqcdcddc
4/14/12/1

2/12/1

34
,,

;;,,,
.  (16) 

4. Certain continued fraction representations. 

 Continued fraction representation for the ratio of two 2Φ1's and 3ϕ2's do exist, 

former with a general argument while the letter with a constant argument of the φ-

series. There are no direct representation involving j-series r+1Φr (r>1) with a general 

argument. Here we make use of some of the results established in this paper to 

provide continued fraction representation involving certain 3ϕ2 and 4ϕ3 with general 

arguments. Such results provide freedom to compute the results at an arbitrary point 

inside the region of convergence. 

 If we put x=1 in (3.2) we have : 
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




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



−−
Φ=









−
Φ

2

2222

2312
,

;;,,;;,

yqyq

zqqyqyq

yq

zqyqq
 

 














−−
Φ

+

−
+

32

22232

23
,

;;,,

)1(

)1(

yqyq

qzqqyqyq

yq

yqz
.  (1) 

Again, if we take β=1 in [2; (2.24) p. 179] we get : 
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 

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
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z
. (2) 

Now, making use of (4.1) and (4.2) we have : 
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 (3) 

If we take y=1 in (3.4) we get : 
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Making use of the result [2; (2.19)] we find : 
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Again, if we take a=1 in (3.13) we get : 
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Now, making use of the result [2; (2.19)] after replacing q by q2 we find : 
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. (7) 

 A number of similar other interesting results could also be deduced. 

 This work has been done under a  U.G.C. major research scheme for which 

R.Y. Denis and S.N.Singh are thankful to the authorities concerned. 
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