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1. Introduction
Throughout w, χ and Λ denote the classes of all, gai and analytic scalar val-

ued single sequences, respectively. We write w2 for the set of all complex double
sequences (xmn), where m,n ∈ N, the set of positive integers. Then, w2 is a linear
space under the coordinate wise addition and scalar multiplication.
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Some initial works on double sequence spaces is found in Tripathy [1] and Mur-
saleen [2] and Mursaleen and Edely [3,4], Subramanian and Misra [5], Pringsheim
[6], Moricz and Rhoades [7], Robison [8], Savas et al. [9], Raj et al. [10], Francesco
Tulone [11] and many others.

Let (xmn) be a double sequence of real or complex numbers. Then the series∑∞
m,n=1 xmn is called a double series. The double series

∑∞
m,n=1 xmn give one space

is said to be convergent if and only if the double sequence (Smn)is convergent,
where

Smn =

m,n∑
i,j=1

xij(m,n = 1, 2, 3, ...).

A double sequence x = (xmn)is said to be double analytic if

supm,n |xmn|
1

m+n <∞.

The vector space of all double analytic sequences are usually denoted by Λ2. A
sequence x = (xmn) is called double entire sequence if

|xmn|
1

m+n → 0 as m,n→∞.

The vector space of all double entire sequences are usually denoted by Γ2. Let the
set of sequences with this property be denoted by Λ2 and Γ2 is a metric space with
the metric

d(x, y) = supm,n

{
|xmn − ymn|

1
m+n : m,n : 1, 2, 3, ...

}
, (1.1)

forallx = {xmn}andy = {ymn} inΓ2. Let φ = {finite sequences} .
Consider a double sequence x = (xmn). The (m,n)th section x[m,n] of the se-

quence is defined by x[m,n] =
∑m,n

i,j=0xijδij for all m,n ∈ N,

δmn =



0 0 ...0 0 ...
0 0 ...0 0 ...
.
.
.
0 0 ...1 0 ...
0 0 ...0 0 ...


with 1 in the (m,n)th position and zero otherwise.

A double sequence x = (xmn) is called double gai sequence if ((m+ n)! |xmn|)
1

m+n →
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0 as m,n→∞. The double gai sequences will be denoted by χ2.

2. Definitions and Preliminaries
A double sequence x = (xmn) has limit 0 (denoted by P − limx = 0)

(i.e) ((m+ n)! |xmn|)1/m+n → 0 as m,n → ∞. We shall write more briefly as
P − convergent to 0.

An Orlicz function is a function M : [0,∞)→ [0,∞) which is continuous, non-
decreasing and convex with M (0) = 0, M (x) > 0, for x > 0 and M (x) → ∞ as
x → ∞. If convexity of Orlicz function M is replaced by M (x+ y) ≤ M (x) +
M (y) , then this function is called modulus function. An Orlicz function M is
said to satisfy ∆2− condition for all values u, if there exists K > 0 such that
M (2u) ≤ KM (u) , u ≥ 0.

2.1. Lemma. Let M be an Orlicz function which satisfies ∆2− condition and let
0 < δ < 1. Then for each t ≥ δ, we have M (t) < Kδ−1M (2) for some constant
K > 0.

A double sequence M = (Mmn) of Orlicz function is called a Musielak-Orlicz
function [see [12]]. A double sequence g = (gmn) defined by

gmn (v) = sup {|v|u− (Mmn) (u) : u ≥ 0} ,m, n = 1, 2, · · ·

is called the complementary function of a sequence of Musielak-Orlicz M . For a
given sequence of Musielak-Orlicz function M, the Musielak-Orlicz sequence space
tM is defined as follows

tM =
{
x ∈ w2 : IM (|xmn|)1/m+n → 0asm,n, k →∞

}
,

where IM is a convex modular defined by

IM (x) =
∞∑
m=1

∞∑
n=1

Mmn (|xmn|)1/m+n .

2.2. Definition. A double sequence x = (xmn) of real numbers is called almost
P− convergent to a limit 0 if

P − limp,q→∞supr,s≥0
1
pq

∑r+p−1
m=r

∑s+q−1
n=s ((m+ n)! |xmn|)1/m+n → 0.

that is, the average value of (xmn) taken over any rectangle
{(m,n) : r ≤ m ≤ r + p− 1, s ≤ n ≤ s+ q − 1} tends to 0 as both p and q to ∞,
and this P− convergence is uniform in r and s. Let denote the set of sequences

with this property as
[
χ̂2
]
.
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2.3. Definition. Let λ = (λm) and µ = (µn) be two non-decreasing sequences of
positive real numbers such that each tending to ∞ and
λm+1 ≤ λm + 1, λ1 = 1, µn+1 ≤ µn + 1, µ1 = 1.
Let Im = [m− λm + 1,m] and In = [n− µn + 1, n] .
For any set K ⊆ N× N, the number
δλ,µ (K) = limm,n→∞

1
λmµn

|{(i, j) : i ∈ Im, j ∈ In, (i, j) ∈ K}| , is called the (λ, µ)−
density of the set K provided the limit exists. [See [31]].

2.4. Definition. A double sequence x = (xmn) of numbers is said to be (λ, µ)−
statistical convergent to a number ξ provided that for each ε > 0,
limm,n→∞

1
λmµn

|{(i, j) : i ∈ Im, j ∈ In, |xmn − ξ| ≥ ε}| = 0,

that is, the set K (ε) = 1
λmµn

|{(i, j) : i ∈ Im, j ∈ In, |xmn − ξ| ≥ ε}| has (λ, µ)−
density zero. In this case the number ξ is called the (λ, µ)− statistical limit of the
sequence x = (xmn) and we write St(λ,µ)limm,n→∞ = ξ.

2.5. Definition. Let M be an Orlicz function and P = (pmn) be any factorable
double sequence of strictly positive real numbers, we define the following sequence
space: χ2

M [ACλmµn , P ] ={
P − limm,n

1
λmµn

∑
m∈Ir,s

∑
n∈Ir,s

[
M ((m+ n)! |xm+r,n+s|)1/m+n

]pmn

= 0,
}
,

uniformly in r and s.
We shall denote χ2

M [ACλmµn , P ] as χ2 [ACλmµn ] respectively when pmn = 1 for
all m and n. If x is in χ2 [ACλmµn , P ] , we shall say that x is almost (λmµn) in
χ2 strongly P−convergent with respect to the Orlicz function M . Also note if
M (x) = x, pmn = 1 for all m,n and k then χ2

M [ACλmµn , P ] = χ2 [ACλmµn , P ] ,
which are defined as follows: χ2 [ACλmµn , P ] ={
P − limm,n

1
λmµn

∑
m∈Ir,s

∑
n∈Ir,s

[
M ((m+ n)! |xm+r,n+s|)1/m+n

]
= 0,

}
, uniformly

in r and s.
Again note if pmn = 1 for all m and n then χ2

M [ACλmµn , P ] = χ2
M [ACλmµn ] . We

define χ2
M [ACλmµn , P ] ={

P − limm,n
1

λmµn

∑
m∈Ir,s

∑
n∈Ir,s

[
M ((m+ n)! |xm+r,n+s|)1/m+n

]pmn

= 0,
}
,

uniformly in r and s.

2.6. Definition. Let M be an Orlicz function and P = (pmn) be any factorable
double sequence of strictly positive real numbers, we define the following sequence
space: χ2

M [P ] ={
P − limp,q→∞

1
pq

∑p
m=1

∑q
n=1

[
M ((m+ n)! |xm+r,n+s|)1/m+n

]pmn

= 0
}
, uniformly

in r and s.
If we take M (x) = x, pmn = 1 for all m and n then χ2

M [P ] = χ2.
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2.7. Definition. The double number sequence x is Ŝλmµn − P− convergent to 0
then
P − limm,n

1
λmµn

maxr,s

∣∣∣{(m,n) ∈ Ir,s : M ((m+ n)! |xm+r,n+s − 0|)1/m+n
}∣∣∣ = 0.

In this case we write Ŝλmµn − lim (M (m+ n)! |xm+r,n+s − 0|)1/m+n = 0.

3. The Backward operator of convergence of double almost (λmµn) in χ2

Riesz space
Let n ∈ N and X be a real vector space of dimension m, where n ≤ m

(m be infinite) , τ a triangle, and F : (X ×X) × (X ×X) → D+. Then F is
called a probabilistic Riesz space. A real valued function F (dp(x1, . . . , xn), t) =
F (‖(d1(x1, 0), . . . , dn(xn, 0))‖p, t) on X satisfying the following four conditions:
(i) F (‖(d1(x1, 0), . . . , dn(xn, 0))‖p, t) = 0 if and and only if F (d1(x1, 0), . . . , dn(xn,
0), t) are linearly dependent,
(ii) F (‖(d1(x1, 0), . . . , dn(xn, 0))‖p, t) is invariant under permutation,
(iii) F (‖(αd1(x1, 0), . . . , αdn(xn, 0))‖p, t) = F (|α| ‖(d1(x1, 0), . . . , dn(xn, 0))‖p, t) ,
α ∈ R
(iv) F (dp((x1, y1), (x2, y2) · · · (xn, yn), t) = F (dX(x1, x2, · · ·xn)p, t) +F (dY (y1, y2,
· · · yn)p )1/p, t) for 1 ≤ p <∞; (or)
(v) F (d((x1, y1), (x2, y2), · · · (xn, yn)), t) := supF ({dX(x1, x2, · · ·xn), dY (y1, y2, · · ·
yn) }, t), for (x1, x2, · · ·xn ∈ X, y1, y2, · · · yn ∈ Y, F, ∗) is called the p product metric
of the Cartesian product of n metric spaces is the p norm of the n-vector of the
norms of the n subspaces.

A trivial example of p product metric of n metric space is the p norm space is
X = R equipped with the following Euclidean metric in the product space is the p
norm:

F (‖(d1(x1, 0), . . . , dn(xn, 0))‖E, t) = sup F (|det(dmn (xmn, 0))|, t) =

sup



∣∣∣∣∣∣∣∣∣∣∣∣

d11 (x11, 0) d12 (x12, 0) ... d1n (x1n, 0)
d21 (x21, 0) d22 (x22, 0) ... d2n (x1n, 0)

.

.

.
dn1 (xn1, 0) dn2 (xn2, 0) ... dnn (xnn, 0)

∣∣∣∣∣∣∣∣∣∣∣∣


where xi = (xi1, · · ·xin) ∈ Rn for each i = 1, 2, · · ·n.
If every Cauchy sequence in X converges to some L ∈ X, then X is said to be
complete with respect to the p− metric. Any complete p− metric space is said to
be p− Banach metric space.

3.1. Definition. Let L be a real vector space and let ≤ be a partial order on this
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space. L is said to be an ordered vector space if it satisfies the following properties
:
(i) If x, y ∈ L and y ≤ x, then y + z ≤ x+ z for each z ∈ L.
(ii) If x, y ∈ L and y ≤ x, then λy ≤ λx for each λ ≥ 0.
If in addition L is a lattice with respect to the partial ordering, then L is said to
be Riesz space.
A subset S of a Riesz space X is said to be solid if y ∈ S and |x| ≤ |y| implies
x ∈ S.
A linear topology τ on a Riesz space X is said to be locally solid if τ has a base at
zero consisting of solid sets.

3.2. Definition. Let χ2τ
M

[
ACλmµn , P, ‖(d (x1, 0) , d (x2, 0) , · · · , d (xn−1, 0))‖p

]
be

a Riesz space of Musielak-Orlicz function. A double sequence (xmn) of points in
χ2 is said to be S (τ)− convergent in (X,F, ∗) if for each t > 0, θ ∈ (0, 1) and for
non zero z ∈ X such that

δ
({
m,n ∈ N : F

(
Mmn

(
((m+ n)! |xmn|)1/m+n , z; t

)
≤ 1− θ

}))
= 0

that is ,
(
P − limm,n

1
λmµn

{∑
m∈Ir,s

∑
n∈Ir,s F([

M ((m+ n)! |xm+r,n+s| − 0)1/m+n
]pmn

, z; t
)
≤ 1− θ

})
= 0.

In this case we write
S (τ)−

(
P − limm,n

1
λmµn

{∑
m∈Ir,s

∑
n∈Ir,s

F
([
M ((m+ n)! |xm,n| − 0)1/m+n

]pmn

, z; t
)})

= 1.

3.3. Definition. Let χ2τ
M

[
ACλmµn , P, ‖(d (x1, 0) , d (x2, 0) , · · · , d (xn−1, 0))‖p

]
be

a Riesz space of Musielak-Orlicz function. A double sequence (xmn) of points in
χ2 is said to be ∇− convergent in (X,F, ∗) if for each t > 0, β ∈ (0, 1) there exists
an positive integer n0 such that

F
(
Mmn

(
((m+ n)! |xmn|)1/m+n , z; t

)}
> 1− β.

whenever m,n ≥ n0 and for non zero z ∈ X.

3.4. Definition. Let χ2τ
M

[
ACλmµn , P, ‖(d (x1, 0) , d (x2, 0) , · · · , d (xn−1, 0))‖p

]
be

a Riesz space of Musielak-Orlicz function. A double sequence (xmn) of points in
χ2 is said to be ∇− Cauchy in (X,F, ∗) if for each t > 0, β ∈ (0, 1) there exists an
positive integer n0 = n0 (ε) such that
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F
(
Mmn

(
((m+ n)! |xmn − xrs|)1/m+n , z; t

)}
< 1− θ.

whenever m,n, r, s ≥ n0 and for non zero z ∈ X.

3.5. Definition. Let χ2τ
M

[
ACλmµn , P, ‖(d (x1, 0) , d (x2, 0) , · · · , d (xn−1, 0))‖p

]
be

a Riesz space of Musielak-Orlicz function. A double sequence (xmn) of points in
χ2 is said to be S (τ)− convergent in (X,F, ∗) if for each t > 0, β ∈ (0, 1) and for
non zero z ∈ X such that

δ∇

({
m,n ∈ N : F

(
Mmn

(
((m+ n)! |xmn|)1/m+n , z; t

)
≤ 1− β

}))
= 0

that is ,(
P − limm,n

1
λmµn

{∑
m∈Ir,s

∑
n∈Ir,s F

([
M ((m+ n)! |xm+r,n+s| − 0)1/m+n

]pmn

, z; t) ≤ 1− β} ) = 0.
In this case we write
S (τ)∇−

(
P − limm,n

1
λmµn

{∑
m∈Ir,s

∑
n∈Ir,s F

([
M ((m+ n)! |xm,n| − 0)1/m+n

]pmn

, z; t) } ) = 1.

3.6. Definition. Let χ2τ
M

[
ACλmµn , P, ‖(d (x1, 0) , d (x2, 0) , · · · , d (xn−1, 0))‖p

]
be

a Riesz space of Musielak-Orlicz function. A double sequence (xmn) of points in
χ2 is said to be ∇− Cauchy in (X,F, ∗) if for each t > 0, β ∈ (0, 1) there exists an
positive integer n0 = n0 (ε) such that

δ∇

({
m,n ∈ N : F

(
Mmn

(
((m+ n)! |xmn − xrs|)1/m+n , z; t

)
≤ 1− β

}))
= 0

or equivalently,

δ∇

({
m,n ∈ N : F

(
Mmn

(
((m+ n)! |xmn − xrs|)1/m+n , z; t

)
> 1− β

}))
= 1

4. Main Results

4.1. Proposition. Let χ2τ
M

[
ACλmµn , P, ‖(d (x1, 0) , d (x2, 0) , · · · , d (xn−1, 0))‖p

]
be a Riesz space of Musielak-Orlicz function. A double sequence (xmn) of χ2 in
(X,F, ∗) if for each t > 0, β ∈ (0, 1) and for non zero z ∈ X, then the following
statements are equivalent

(i)δ∇

({
m,n ∈ N : F

(
Mmn

(
((m+ n)! |xmn − xrs|)1/m+n , z; t

)
≤ 1− β

}))
= 0

(ii)δ∇

({
m,n ∈ N : F

(
Mmn

(
((m+ n)! |xmn − xrs|)1/m+n , z; t

)
> 1− β

}))
= 1

(iii)S (τ)∇−
(
P − limm,n

1
λmµn

{∑
m∈Ir,s

∑
n∈Ir,s F

([
M ((m+ n)! |xm,n| − 0)1/m+n

]pmn
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, z; t) } ) = 1.

4.2. Theorem. Let χ2τ
M

[
ACλmµn , P, ‖(d (x1, 0) , d (x2, 0) , · · · , d (xn−1, 0))‖p

]
∈

S (τ)∇ and c ∈ R be a almost (λmµn) Riesz space of Musielak-Orlicz function. A
double sequence (xmn) in (X,F, ∗) then

(i)S (τ)∇−
(
P − climm,n

1
λmµn

{∑
m∈Ir,s

∑
n∈Ir,s F

([
M ((m+ n)! |xm,n| − 0)1/m+n

]pmn

, z; t)}) = c S (τ)∇ −
(
P − limm,n

1
λmµn

{∑
m∈Ir,s

∑
n∈Ir,s F ([M ((m+ n)! |xm,n|

−0)1/m+n
]pmn

, z; t
)})

(ii)

S (τ)∇ −
(
P − limm,n

1
λmµn

{∑
m∈Ir,s

∑
n∈Ir,s F ([M ((m+ n)! |xm,n + ymn|

−0)1/m+n
]pmn

, z; t
)})

= S (τ)∇ −
(
P − limm,n

1
λmµn

{∑
m∈Ir,s

∑
n∈Ir,s

F
([
M ((m+ n)! |xm,n| − 0)1/m+n

]pmn

, z; t
)})

+

S (τ)∇ −
(
P − limm,n

1
λmµn

{∑
m∈Ir,s

∑
n∈Ir,s F ([M ((m+ n)! |ym,n|

−0)1/m+n
]pmn

, z; t
)})

Proof : The proof of this theorem is straightforward, and thus will be omitted.

4.3. Theorem. Let χ2τ
M

[
ACλmµn , P, ‖(d (x1, 0) , d (x2, 0) , · · · , d (xn−1, 0))‖p

]
be a

almost (λmµn) Riesz space of Musielak-Orlicz function. A double sequence (xmn)
analytic in (X,F, ∗) then

(a)χ2τ
M

[
ACλmµn , P, ‖(d (x1, 0) , d (x2, 0) , · · · , d (xn−1, 0))‖p

]
→ W (τ)∇ implies

χ2τ
M

[
ACλmµn , P, ‖(d (x1, 0) , d (x2, 0) , · · · , d (xn−1, 0))‖p

]
→ S (τ)∇ .

(b)Λ2τ
M

[
ACλmµn , P, ‖(d (x1, 0) , d (x2, 0) , · · · , d (xn−1, 0))‖p

]
→ S (τ)∇ imply

Λ2τ
M

[
ACλmµn , P, ‖(d (x1, 0) , d (x2, 0) , · · · , d (xn−1, 0))‖p

]
→ W (τ)∇ .

(c)S (τ)∇
⋂

Λ2τ
M

[
ACλmµn , P, ‖(d (x1, 0) , d (x2, 0) , · · · , d (xn−1, 0))‖p

]
=

W (τ)∇
⋂

Λ2τ
M

[
ACλmµn , P, ‖(d (x1, 0) , d (x2, 0) , · · · , d (xn−1, 0))‖p

]
.

Proof: Let ε > 0 and χ2τ
M

[
ACλmµn , P, ‖(d (x1, 0) , d (x2, 0) , · · · , d (xn−1, 0))‖p

]
→

W (τ)∇ for all r, s ∈ N, we have(
limm,n

1
λmµn

{∑
m∈Ir,s

∑
n∈Ir,s F

([
M ((m+ n)! |xm,n| − 0)1/m+n

]pmn

, z; t
)})

≥ ε
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m∈Ir,s

∑
n∈Ir,s F

([
M ((m+ n)! |xm,n| − 0)1/m+n

]pmn

, z; t
)}
≥∣∣∣(limm,n

1
λmµn

{∑
m∈Ir,s

∑
n∈Ir,s F

([
M ((m+ n)! |xm,n| − 0)1/m+n

]pmn

, z; t
)
≥ ε
})∣∣∣·

min
(
εh, εH

)
.

Hence χ2τ
M

[
ACλmµn , P, ‖(d (x1, 0) , d (x2, 0) , · · · , d (xn−1, 0))‖p

]
→ S (τ)∇ .

Proof(b): Suppose that χ2τ
M

[
ACλmµn , P, ‖(d (x1, 0) , d (x2, 0) , · · · , d (xn−1, 0))‖p

]
∈

S (τ)∇
⋂

Λ2τ
M

[
ACλmµn , P, ‖(d (x1, 0) , d (x2, 0) , · · · , d (xn−1, 0))‖p

]
. Since

χ2τ
M

[
ACλmµn , P, ‖(d (x1, 0) , d (x2, 0) , · · · , d (xn−1, 0))‖p

]
∈

Λ2τ
M

[
ACλmµn , P, ‖(d (x1, 0) , d (x2, 0) , · · · , d (xn−1, 0))‖p

]
, we write{∑

m∈Ir,s
∑

n∈Ir,s F
([
M ((m+ n)! |xm,n| − 0)1/m+n

]pmn

, z; t
)}
≤ T, for all r, s ∈

N, let

Grs =
∣∣∣( 1

λmµn

{∑
m∈Ir,s

∑
n∈Ir,s F

([
M ((m+ n)! |xm,n| − 0)1/m+n

]pmn

, z; t
)
≥ ε
})∣∣∣

and
Hrs =

∣∣∣( 1
λmµn

{∑
m∈Ir,s

∑
n∈Ir,s F

([
M ((m+ n)! |xm,n| − 0)1/m+n

]pmn

, z; t
)
< ε
})∣∣∣ .

Then we have(
1

λmµn

{∑
m∈Ir,s

∑
n∈Ir,s F

([
M ((m+ n)! |xm,n| − 0)1/m+n

]pmn

, z; t
)})

=(
1

λmµn

{∑
m∈Gr,s

∑
n∈Gr,s

F
([
M ((m+ n)! |xm,n| − 0)1/m+n

]pmn

, z; t
)})

+(
1

λmµn

{∑
m∈Hr,s

∑
n∈Hr,s

F
([
M ((m+ n)! |xm,n| − 0)1/m+n

]pmn

, z; t
)})

≤
max

(
T h, TH

)
Grs + max

(
εh, εH

)
. Taking the limit as ε → 0 and r, s → ∞, it

follows that χ2τ
M

[
ACλmµn , P, ‖(d (x1, 0) , d (x2, 0) , · · · , d (xn−1, 0))‖p

]
∈ W (τ)∇ .

(c) Follows from (a) and (b).

4.4. Theorem. If liminfrs
(
λrµs
rs

)
> 0, then S (τ) ⊂ S (τ)∇

Proof: Let χ2τ
M

[
ACλmµn , P, ‖(d (x1, 0) , d (x2, 0) , · · · , d (xn−1, 0))‖p

]
∈ S (τ) . For

given ε > 0, we get∣∣∣( 1
λmµn

{∑
m∈Ir,s

∑
n∈Ir,s

([
M ((m+ n)! |xm,n| − 0)1/m+n

]pmn
)
≥ ε
})∣∣∣ ⊃ Grs where

Grs is in the theorem of 4.3.(b). Thus,∣∣∣( 1
λmµn

{∑
m∈Ir,s

∑
n∈Ir,s F

([
M ((m+ n)! |xm,n| − 0)1/m+n

]pmn

, z; t
)
≥ ε
})∣∣∣ ≥ Grs =

λrµs
rs
. Taking limit as r, s→∞ and using liminfrs

(
λrµs
rs

)
> 0, we get

χ2τ
M

[
ACλmµn , P, ‖(d (x1, 0) , d (x2, 0) , · · · , d (xn−1, 0))‖p

]
∈ S (τ)∇ .
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4.5. Theorem. Let 0 < umn ≤ vmn and (umnv
−1
mn) be double analytic. Then

W (τ, v)∇ ⊂ w (τ, u)∇

Proof: Let χ2τ
M

[
ACλmµn , P, ‖(d (x1, 0) , d (x2, 0) , · · · , d (xn−1, 0))‖p

]
∈ W (τ, v)∇ .

LetW (τ)∇ =
(

1
λmµn

{∑
m∈Ir,s

∑
n∈Ir,s F

([
M ((m+ n)! |xm,n| − 0)1/m+n

]pmn

, z; t
)})

for all r, s ∈ N and λmµn = umnv
−1
mn for all m,n ∈ N. Then 0 < λmµn ≤ 1 for all

m,n ∈ N. Let b be a constant such that 0 < b ≤ λmµn ≤ 1 for all m,n ∈ N.
Define the double sequences (kmn) and (`mn) as follows:

For W (τ)∇ ≥ 1, let (kmn) = (W (τ)∇) and `mn = 0 and for W (τ)∇ < 1,
let kmn = 0 and `mn = W (τ)∇ . Then it is clear that for all m,n ∈ N, we

have W (τ)∇ = kmn + `mn and W (τ)λmµn∇ = kλmµnmn + `λmµnmn . Now it follows that
kλmµnmn ≤ kmn ≤ W (τ)∇ and `λmµnmn ≤ `λµmn. Therefore(

1
λmµn

{∑
m∈Ir,s

∑
n∈Ir,s F

([
M
(

(m+ n)!
∣∣∣W (τ)λmµn∇

∣∣∣− 0
)1/m+n

]pmn

, z; t

)})
=(

1
λmµn

{∑
m∈Ir,s

∑
n∈Ir,s F

([
M
(

(m+ n)!
∣∣∣(kmn + `mn)λmµn

∣∣∣− 0
)1/m+n

]pmn

, z; t

)})
=(

1
λmµn

{∑
m∈Ir,s

∑
n∈Ir,s F

([
M
(

(m+ n)!
∣∣∣W (τ)λmµn∇

∣∣∣− 0
)1/m+n

]pmn

, z; t

)})
+(

1
λmµn

{∑
m∈Ir,s

∑
n∈Ir,s F

([
M
(

(m+ n)!
∣∣∣(`mn)λmµn

∣∣∣− 0
)1/m+n

]pmn

, z; t

)})
.

Now for each r, s,(
1

λmµn

{∑
m∈Ir,s

∑
n∈Ir,s F

([
M
(

(m+ n)!
∣∣∣(`mn)λµ

∣∣∣− 0
)1/m+n

]pmn

, z; t

)})
=(

1
λmµn

{∑
m∈Ir,s

∑
n∈Ir,s F

([
M

(
(m+ n)!

∣∣∣∣((`mn)λµ
(

1
λmµn

)1−λµ)∣∣∣∣− 0

)1/m+n
]pmn

, z; t)}) 1
λmµn

∑m∈Ir,s
∑

n∈Ir,s F

M (
(m+ n)!

∣∣∣∣∣
((

(`mn)λµ
)λµ)1/λµ

∣∣∣∣∣− 0

)1/m+n
pmn

, z; t)})λµ

4.6. Theorem.
Λ2τ
M

[
ACλmµn , P, ‖(d (x1, 0) , d (x2, 0) , · · · , d (xn−1, 0))‖p

]
= W (τ,Λ2)∇ , whereW (τ,Λ2)∇ =

sup
(

1
λmµn

{∑
m∈Ir,s

∑
n∈Ir,s F

([
M ((m+ n)! |xm,n| − 0)1/m+n

]pmn

, z; t) <∞})
Proof: Let x = (xmn) ∈ W (τ,Λ2)∇ . Then there exists a constant T1 > 0 such
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that(
1

λmµn

{∑
m∈Ir,s

∑
n∈Ir,s F

([
M ((m+ n)! |xm,n| − 0)1/m+n

]pmn

, z; t
)})

≤

sup
(

1
λmµn

{∑
m∈Ir,s

∑
n∈Ir,s F

([
M ((m+ n)! |xm,n| − 0)1/m+n

]pmn

, z; t
)})

≤ T1 for

all r, s ∈ N. Therefore we have

x = (xmn) ∈ Λ2τ
M

[
ACλmµn , P, ‖(d (x1, 0) , d (x2, 0) , · · · , d (xn−1, 0))‖p

]
. Conversely,

let x = (xmn) ∈ Λ2τ
M

[
ACλmµn , P, ‖(d (x1, 0) , d (x2, 0) , · · · , d (xn−1, 0))‖p

]
. Then

there exists a constant T2 > 0 such that(
1

λmµn

{∑
m∈Ir,s

∑
n∈Ir,s F

([
M ((m+ n)! |xm,n| − 0)1/m+n

]pmn

, z; t
)})

≤ T2 for all

m,n and r, s. So,(
1

λmµn

{∑
m∈Ir,s

∑
n∈Ir,s F

([
M ((m+ n)! |xm,n| − 0)1/m+n

]pmn

, z; t
)})

≤
T2

1
λmµn

∑
m∈Ir,s

∑
n∈Ir,s 1 ≤ T2, for all m,n and r, s. Thus x = (xmn) ∈ W (τ,Λ2)∇

4.7. Theorem. χ2τ
M

[
ACλmµn , P, ‖(d (x1, 0) , d (x2, 0) , · · · , d (xn−1, 0))‖p

]
be a al-

most (λmµn) Riesz space of Musielak-Orlicz function. A double sequence (xmn) in
(X,F, ∗) is ∇− statistically convergent if and only if it is ∇−statistically Cauchy

Proof: Let x = (xmn) be a ∇−statistically convergent sequence in

χ2τ
M

[
ACλmµn , P, ‖(d (x1, 0) , d (x2, 0) , · · · , d (xn−1, 0))‖p

]
. Let ε > 0 be given. Choose

s > 0 such that

(1− s) ∗ (1− s) > 1− ε (4.1)

is satisfied.
For t > 0 and non-zero z ∈ χ2τ

M

[
ACλmµn , P, ‖(d (x1, 0) , d (x2, 0) , · · · , d (xn−1, 0))‖p

]
define
A (s, t) =

(
1

λmµn

{∑
m∈Ir,s

∑
n∈Ir,s F

([
M ((m+ n)! |xm,n| − 0)1/m+n

]pmn

, z; t
2

)
≤ 1− s

})
and

Ac (s, t) =
(

1
λmµn

{∑
m∈Ir,s

∑
n∈Ir,s F

([
M ((m+ n)! |xm,n| − 0)1/m+n

]pmn

, z; t
2

)
> 1− s

})
.

It follows that δ∇ (A (s, t)) = 0 and consequently δ∇ (Ac (s, t)) = 1. Let η ∈
Ac (s, t) . Then

F

([
M ((m+ n)! |xm,n| − 0)1/m+n

]pmn

, z;
t

2

)
≤ 1− s (4.2)

B (ε, t) =
(

1
λmµn

{∑
m∈Ir,s

∑
n∈Ir,s F

([
M ((m+ n)! |xm,n| − 0)1/m+n

]pmn

, z; t
)
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≤ 1− ε}) .
It is enough to prove that B (ε, t) ⊆ A (s, t) . Let a, b ∈ B (ε, t) , then for non-zero

z ∈ χ2τ
M

[
ACλmµn , P, ‖(d (x1, 0) , d (x2, 0) , · · · , d (xn−1, 0))‖p

]
.

1

λmµn

∑
a∈Ir,s

∑
b∈Ir,s

F
([
M (xa,b − xc,d)1/m+n

]pmn

, z; t
)
≤ 1− ε. (4.3)

If

1
λmµn

∑
a∈Ir,s

∑
b∈Ir,s F

([
M (xa,b − xc,d)1/m+n

]pmn

, z; t
)
≤ 1− ε.

then we have

1
λmµn

∑
a∈Ir,s

∑
b∈Ir,s F

([
M (xa,b − 0)1/m+n

]pmn

, z; t
2

)
≤ 1− s

and therefore a, b ∈ A (s, t) . As otherwise that is if(
1

λmµn

{∑
a∈Ir,s

∑
b∈Ir,s F

([
M ((a+ b)! |xa,b| − 0)1/a+b

]pab
, z; t

2

)
> 1− s

})
then by (4.1),(4.2) and (4.3) we get

1− ε ≥ 1
λmµn

∑
a∈Ir,s

∑
b∈Ir,s F

([
M (xa,b − xc,d)1/m+n

]pmn

, z; t
)

≥
(

1
λmµn

{∑
a∈Ir,s

∑
b∈Ir,s F

([
M ((a+ b)! |xa,b| − 0)1/a+b

]pab
, z; t

2

)
> 1− s

})
∗(

1
λmµn

{∑
c∈Ir,s

∑
c∈Ir,s F

([
M ((c+ d)! |xc,d| − 0)1/c+d

]pcd
, z; t

2

)
> 1− s

})
≥ (1− s) ∗ (1− s) > 1− ε

which is not possible. Thus B (ε, t) ⊂ A (s, t) . Since δ∇ (A (s, t)) = 0, it follows
that δ∇ (B (ε, t)) = 0. This shows that (xmn) is ∇−statistically Cauchy.

Conversely, suppose (xmn) is ∇−statistically Cauchy not in ∇−statistically
convergent. Then there exists positive integer η and for non-zero

z ∈ χ2τ
M

[
ACλmµn , P, ‖(d (x1, 0) , d (x2, 0) , · · · , d (xn−1, 0))‖p

]
such that if we take

A (ε, t) =
(

1
λmµn

{∑
a∈Ir,s

∑
b∈Ir,s F

([
M (xa,b − xcd)1/a+b

]pab
, z; t

)
≤ 1− ε

})
and
B (ε, t) =

(
1

λmµn

{∑
m∈Ir,s

∑
n∈Ir,s F

([
M ((m+ n)! |xm,n| − 0)1/m+n

]pmn

, z; t
2

)
> 1− ε}) .
then

δ∇ (A (ε, t)) = 0 = δ∇ (B (ε, t))
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consequently
δ∇ (Ac (ε, t)) = 1 = δ∇ (Bc (ε, t)) . (4.4)

Since(
1

λmµn

{∑
a∈Ir,s

∑
b∈Ir,s F

([
M (xa,b − xcd)1/a+b

]pab
, z; t

)})
≥

2
(

1
λmµn

{∑
m∈Ir,s

∑
n∈Ir,s F

([
M ((m+ n)! |xm,n| − 0)1/m+n

]pmn

, z; t
2

)})
> 1− ε,

if(
1

λmµn

{∑
m∈Ir,s

∑
n∈Ir,s F

([
M ((m+ n)! |xm,n| − 0)1/m+n

]pmn

, z; t
2

)})
> 1−ε

2

then we have

δ∇

(
1

λmµn

{∑
a∈Ir,s

∑
b∈Ir,s F

([
M (xa,b − xcd)1/a+b

]pab
, z; t

)
> 1− ε

})
= 0

that is δ∇ (Ac (ε, t)) = 0, which contradicts (4.4) as δ∇ (Ac (ε, t)) = 1. Hence x =
(xmn) is ∇−statistically convergent.
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