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1. Introduction, Notations and Definitions

The widely-investigated transform, which was discovered by Bailey in 1947,
has been used by Bailey [2,3], Slater [7], Andrwes [1], Srivastava, Singh, Singh
and Yadav [6], Verma [9], Denis, Singh and Singh [4] and many others to obtain
transformations of g¢-series and also g-series identities. In the present paper, we
have used the Bailey transform to obtain product formulas of basic hypergeometric
functions.

In this paper, we shall adopt following notations and definitions. The ¢-rising
factorial is defined (for |¢| < 1) by

(a;q)0 =1 and (a;q)n, = (1—a)(1—aq)--~(1—aq"‘1) (n=1,2,3,---).
We also write

(ar, a2, -, ar;q)n = (a1;@)n(a2;q)n -~ (ar; @)n
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and
o0

(@; @) = [ [(1 = aq").
r=0
A basic (or g-) hypergeometric series is defined by (see [5; p. 347, Eq. 9.4 (272)],
see also [8]),

A1, A2, -+, Qr;
rPs q; 2
blyb27"' 7bs;

n

[(ayrgromb

_ i (a1, a2, ari q)n?
(¢, b1, 02, -, bs; @)

n=0

The above g-series converges for all values of z if r < 14 s and for |z| < 1, if
r=s+1.
We now state the Bailey transform as follows (see, for details, [8]; see also [1]):

The Bailey Transform. If

ﬂn = Zar Up—r Ungr (11)
r=0
and
0o
Tn = Z 5r+nur Ur4-2n, (12)
r=0

then under suitable convergence conditions

Z Ap Yn = Zﬁn 671’ (13)
n=0 n=0

where u,, v,, o, and d, are arbitrarily chosen sequences of r alone.
If we choose v, = 1,4, = 2" in (1.1) to (1.3) then Bailey transform takes new
form,

If
Bn - Z O Up—y (14)
r=0

and

Yo = 2" Z (I (1.5)
r=0
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then under suitable convergence conditions,

n=0 n=0

where {ay, }°2, s arbitrarily chosen sequences of n alone.
We shall make use of following summation formulas

- 4 .
q -, — y Ly Y5
ry
4P3 q;q
a” q"
—xYyq, )
T Yy

_ (@ Dn(ryg; On(27¢% ¢ m (Y70 ¢ )m )
(2¢; )n(Ye; O (2?Y?¢% ¢*)in (6% ¢*)m

[10: (2.5), p. 1024]

where m is the greatest integer < 2.

2B | - (1.8)

[10: (2.8), p. 1024]

n—2m

_ (@D @) m
(¢;0)n (4% ¢®)m

: (1.9)

[10: (2.9), p. 1024]

where m is the greatest integer < 7.

"
q , ——, X4, Yq;
xy
1P q;q
qlfn qlfn
—yq, )
Ty
_ ()G Dn@yg O)n (27 ) (Y )
(23 0)n(¥; On(@®Y262; ¢*)m (4% ¢*)m

: (1.10)
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[10; (2.10), p. 1025]

where m is the greatest integer < 7.

L " ,
q 71_27%—97
4P3 q;q
g q"
y 7y2q
X
. 222 2.2, .2 2.2, .2
(G Oa@?P S (P ) (VPP P (111)

(2262 ¢2)n (V24 O)n (229262 %) m (025 G2 m
[10; (2.12), p. 1025]

where m is the greatest integer < 7.

-—-n

CE 0| gaeig)
| " 1)

[10; (2.14), p. 1026]

where m is the greatest integer < 7.

g, —1 n(n+1)/2 ,.2n—2m
. x _ (6 0a (20 ¢*)ma x ’ (1.13)

g " (22¢%,¢%)n (4% ¢*)m

[10; (2.15), p. 1026]

where m is the greatest integer < 7.

—n
—n

4 .
q ) ) » Y4, —Yd4q,;
xT
1P3 q;4q

ql—n ql—n )

s y Y q
X x

_ ()@ Dn@*Y?¢% )2 )y
q" (2% q

2

2. .2
2 2 20,2 42 2 2q27q )m (114)
In (V2@ On (2252625 ¢%)m (4% ¢ m
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[10; (2.16), p. 1026]

where m is the greatest integer < 7.

—n

)
" =04
5| T O )
3%2 1-n 1-n - (22 ¢2)n(q?; ¢%) J :
¢ q q 4% ¢*)m
x x

[10; (2.18), p. 1026]

where m is the greatest integer < 7.

—n

qfnaq—QQCE —¢ (=)™(q: O)n(22¢%; ¢?) n(n—1)/2,,2n—2m
(I) T _ q;49)n q59" )mq (116)
2%2 1-n 1-n (22 )n(q2; ¢?) ) :
¢ q 3 0%)n (4% ) m
xr oz

[10; (2.19), p. 1026]

where m is the greatest integer < 7.
q" “ 05454
9 :1:2 y Uy Uy _ (_)n(q’ q)n(x2q2;q2)mxn—2m
3P e = s Ta (1.17)
g" ¢ " (@ (=26 O)n(0% ¢*)m

[10; (2.23), p. 1027]

q -, _xQ 145 —q B (_)n(q; q)n(x2q2; q2)mqn(n—1)/2xn
202 w1 = S , (1.18)
g " ¢ (23 On(—2¢; On(@? @) m

[10; (2.24), p. 1027)

where m is the greatest integer < 7.
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2. Main Results
In this section we establish following product formulas for basic hypergeometric
series

(i)
xq, 0 A x,Y;q; —%
LB, | TOYGEGE | g | TYiG 2
—ZTYq —TYyq
_ ryq, 2yq*, B¢, y2q% ¢ 27
U —ayg, —ayd?, 2y
L) g | v o v 5 (21)
(1+2yq) —ayq®, —ayq’, 2*y’ e ’
provided |z| < 1.

(ii)

Tq; q; 2 T q;—2
1%{_(1(1 }1@0{ q q]

2.2..2. .2
:(1+z)1¢0{f‘1’q’z ] (2.2)

provided |z| < 1.

(iii)

—xyq —xyq
_ Dy { ryq, 7yq?, 222, v2q%; ¢%; ° 1

—xyq, —xyq®, 2’y
(1—xyq)z ryq®, vyq®, ¥2q?, y2q?; 42 22
- T N 4%3 2 3 2,22 ) (24)
(1+2yq) —zyq®, —zyq®, *y’q

T,Y; q; 2 Tq,Yq; ¢ —2
2(1)1[ i q 12(1)1{ 4,94 q q}
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provided |z| < 1.

v)

Tq, —Tq; q; 2 =Y —2
Qq)l{q ¢ q }gqn{y i q q]

z’q y’q
2. 9.2
L5, { xyq, fquéxéyqz, xyq*; 4 2 ]
22q,y°q, v*y%q
(1 —2%y°¢%)z { xyq : qu ryq®, —xyq’; % 22
(1—22q)(1 —y2q) * ° | 2°¢% v*¢, Py

provided |z| < 1.
(vi)

—q g | T4 TG 2
2P| a2 }

2n 2n

Il
(M —

+
(¢ 2%¢;¢%)n (1 —2%q) HZ:O (4% 2%¢% ¢%)n

where |z] < 1.
(vii)

rq,—xq;q; 2
(ZQQ02<D1|:Q @4 1

o n(2n+1 12n 20 rzq 0 qn(2n+3)x2n22n
=0

+ ;
(@ 2°¢:¢*)n (1 —2%q) = (¢, 2°¢% ¢*)n
where |z] < 1.
(viii)
T, —T;q; 2 Yq, —ya: ¢ —z/q

o o

ZI[qu :|21|:y2q :|

_ 0 [ vyq, —yq, vy’ —vyq*; ¢ 2/ ]

22q,y°q, 2*y*¢?
(A -a%)e { xyq ,—xyq vyq®, —2yq’; 4% 2 )¢
(1-229) (1 —12q)q ' ° | 2°¢ v°¢, w2y

provided |z/¢q| < 1.
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(ix)

—z T, —T;4;2
. /qu)l{qu q ]

¢ 2/q°)
2.9
quzqq 1—xqqu2qq ’ (2:9)

n—= n=

where |z/q| < 1.

(%)

i qn(Qn—l)xQnZQn 12z OO qn(2n+1)x2nz2n ( )
_ _ 2.10
2 2. 2 _ 2 2 2.3, 2 )
= (¢* 2% ¢%)n 1 — 270 = (¢, 2%¢% 4%
where |z| < 1.
(xi)
—Z x’ 'Iq, Q7 z
€q 2®1 [ 22q ]
> 2n > 2n
z zx z
_ , 2.11
; (¢*,2%¢;¢%)n (1 —2%q) ; (% 2%¢% ¢°) (211)
where |z| <1
(xii)
T, —Tq; ¢ 2
(27Q)oo 2(D1 |: 332(] :|
B f: qn(2n 1)(2?2) T2 > qn(2n+1)(l.z)2n (2 12)
(PG 1220 (P2 ) '

where |z| < 1.

3. Proof of (2.1)-(2.12)

Putting
{u _ (aysa), (fv,y;q)r(—q)’”}
b (emwyga)y T (@ —ryga)e
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{ur NG (x;Q>r(_Q/x)r} | {u NG w}

(¢; ), @ar T (g

{ur = ((W—CD o - (284 q)r(—1/q)r}’
q

—ryq; )y (¢, —7yq;q),
{ur _ (g, _f?;q”,ar _ —y;g).r(—q) } {u _ (zq, —2g; q)r7% _ (—.q) }
(¢,2%q;q)r (¢, ¥%¢; q)r (q,22¢; q)r (¢;9)r

PP r(r—1)/2 —1)
{ur:(@“q, 24)r 4 (1) }

(,22¢;9), =" (¢, %G Q)rq"

{ur _@-wae e —ye q)r(_1/q)r}’

(q,2%q;9)," " (¢, 9%q; 9)r
() (1) (z—mq),  (S1)rgrrD2
Up = 5 Qp = - Y Ur = 75, = ¢,
(¢,72¢;q)r (¢:9)r (¢,2%¢;q)r (¢;:9)r
_ °q), —1)
{ur_(x7 ;Eq,q} 704T:( ) }?
(¢,2%¢; ), (¢;9)r

and )2
ey —1)rgrr—
{UT:(:[:, SQ7Q)T’QT:( )"q }

(4, 2% q)r (4:9)r
one by one in (1.4) and (1.5) and using the summation formulas (1.7), (1.8), (1.9),
(1.10), (1.11), (1.12), (1.13), (1.14), (1.15), (1.16), (1.17) and (1.18) respectively
we find f),s and 7/,s. Putting these values of 3]s and 7/s one by one in (1.6) we
find (2.1)-(2.12) respectively.
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