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1. Introduction, Notations and Definitions:

For |¢| < 1 and « real or complex, let

[ q]n, = (l—a)(l—aq)...(l—ozq”_l), n>1
and
[a;qlo = 1.
Also,
[0 gloo = [J(1 = g™
n=0
and

(o1, g, a3, oo s gl = [0 glnlae; glnlas; qln-. [ @l

A basic hypergeometric function is defined as,

A1y A2,y ooy Ap; 5 2 = [a17a27 ---,ar;(ﬂnzn
D = , 1.1
bl,bg,...,bs :| nz% [q,bl,bg,...,bs;Q]n ( )

convergent for |z| < 1 and |¢q| < 1.
Transformation formulae for basic hypergeometric functions play fundamental role
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in g-series identities leading to partition theory and combinatorial identities. The
main aim of this paper is to establish transformation formulae for basic hypergeo-
metric series. For this purpose, certain theorems have been establish in section 1
and in section 2, we have defined some WP Bailey pairs.

Bailey in 1949 gave the following very useful lemma for establishing transfor-

mation formulae for g-series.
o

n
If 6, = E Uy Up gy and 7y, = E Or4nUrUpio, then under suitable convergence

r=0 r=0
conditions . .
Z QY = Z Bn(sn‘ (1.2)
n=0 n=0
: 1 '
Choosing u, = and v, = ——— in lemma (1.2) we get,
[4: 4l [ag; gl
If i
a
O = - 1.3
; 4 dln—rlaq; ql+r (1)
and

Y = Z Orin (1.4)

“— [g; ql-[ag; q]r+2n

Then under suitable convergence conditions

Z QpYn = Z ﬁn(sn‘ (15>
n=0 n=0

Sequences «,,, 3, satisfying (1.3) are called Bailey pair with respect to the parame-
ter a whereas the sequences 7, 0,, satisfying (1.6) are called conjugate Bailey pair.

(i) Choosing 6, = [p1, p2; ql» (ﬂ in (1.4) and calculating 7, by making use of
P1P2
basic analogue of Gauss summation formula we get the following theorem,
1 0o (_)nq(l—l-n)'r[q—n; Q]rar

Theorem: If §, = 4,92 I 2; ¢ /2[ag+n; g,

i[m,m;q]n (ﬂ)nﬁn

—0 P1P2

Then

_ aa/p1, aq/p; dls - (o1, 2 dln(aq/ prp2)" (1.6)

lag, aq/p1p2idl = laq/p1, aq/pa; aln
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As p1, p2 — 00, Theorem (1.6) takes the following form
1 zn: (=)"¢" g™ gl

Theorem: If 3, = [q’ aq; Q]n — qr(r+1)/2 [aql-i-n; Q]r

Then

a”q” 3, = anqn2an. 1.7
Z lag; q] ; o
(ii) Choosing

5. _ lovpaidl(aa/pipa) [0a) g s (1.8)

lag/p1, aq/p2; @m|@; Qim—r
n (1.4) we have

o1, p2sdlulaq/ pip2)"aq/ p1p2; @lm—n

= X
[ag/ p1, aq/p2; dmaq; )2n[d; @im—n
® plq”,pz%”pq g q (19)
n P12 _min . )
392 | ggltom e +
Summing the 3P, series by Saalschiitz theorem we have
= (01, p2; dln(ag/ prp2) (1.10)

lag/p1, aq/p2; 4)nl@; @lm—nlag; @lmin

Putting the conjugate Bailey pair (1.8) and (1.10) in (1.2) we get the following
theorem

Theorem: If .
[0
571 - 4
,Z:; ¢ 4ln—r[aq; @Jnr
Then .
Z [p1, p2; @ln(aq/pip2)" an
n— CLQ/phCLQ/p?a ] [ q]m—n[aq;Q]m+n
_ 1 Z [o1: p2; dln(ag/ p1p2)"[ag/ prp2; dlm—nB @11)
lag/pr, aq/ p2; qlm 4= (4; Jm—n

As p1py — 00, theorem (1.11) takes the form
Theorem: If

o = ZO 43 dlnr|ag; dlnsr

Ay
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Then

Z o q a Z . (1.12)

a —
m n|A4; Q1n+n n=0

s laq
As m — oo, (1.12) yields (1.7).

k/a;ql k; alr ,
(iii) Again, choosing u, = m, v, = LS then Bailey lemma (1.2) takes
e g [9; ql [ag; g,
e form,

If

~ [k/a; gl [F; qlnir

8, = o, 1.13

; 4 dln—r[aq; @Jn+r (1.13)

and

2. [k/a; qlelk; qlanse
n = 57“ sy 114
! Z; 4; dlrlag; qlansr (1.14)

then under suitable convergence conditions

> e =Y Bubn. (1.15)
n=0 n=0

Sequences (a,, (,) satisfying (1.13) are called WP-Bailey pair whereas (7,,d,)
satisfying (1.14) are called conjugate WP-Bailey pair. For WP-Bailey pair one is
referred to [1,2].

If we choose 9, = (

a’q

ﬁ) in (1.14) then we have

(1.16)

[a%q/k, aq/k; @)oo [k; gl2n <a2q)n7

"~ [aq, @q/k?; qlno[0®q /K gl \ K2

provided |a?q/k?*| < 1.
Putting the values of conjugate WP-Bailey pair (1.16) in (1.15) we get the following

theorem,
Theorem: If

5, — i [k/a; gl [k lusr

— [q; qn—r]aq; glntr

r

Then

> i () o e S () )

n= n=
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2

(iv) If we take §, = (a > in (1.14) then we have

k2
k- 2\ " 9 a?
= bﬂ (%) 0, | K/ ka™ a5 5
[aq; qlan ag!+2n
Summing the o®; series by using the summation formula,
c
e © . 1 _
2(D1 aa b7Q7 ab — [CQ/G/7 C(J/b, Q]OO {ab( +C) C((I“—b)} (118)
cq [cq, cq/ab; q]eo ab— ¢
(3;(3.4) p. 406]
we have
2 a®\"
. 1 n -
_ lag/k, a*q/k; gl ( 1 ) 5 dlen1 + 0™) (kQ) (1.19)
" ag, a?q/k% gl \E+a [a*q/k; qJan '

Putting these values in (1.15) we have,

Theorem: If
= k ; n—r k; n-+r
Bn:Z[/avq] [ q]+ar
—0 (¢; qJn—r[aq; qlnsr
Then -
Z k5 qlan(1 + ag™") (a_2>"a
= la*q/kiqln  \K?) "

k+a\ lag,a®q/k? qle o (02
= — | Bn- 1.20
( k ) [GQ/k7@2Q/kSQ]oon2% )"’ (1.20)
We shall make use of theorems (1.17) and (1.20) in order to establish transformation

formulae for g-series
Following summation formulae are needed in our analysis,

. { a,qv/a, —qv/a, b, kq", ¢ " 4 q ] _ _lag, kb/a; gl (1.21)
Va, —/a,aq/b, ag" " /k, ag'*" [k/a, aq/b; q],b

which can be deduced from [Gasper and Rahman 4; App. II (I1.21)]

a,qv/a, —qv/a,b, c,a*q/bck, kq", g™ q; q }_ lag, aq/be, kb/a, ke/a; ql,,

q) =
o { Va,—/a,aq/b,aq/c,bek/a,aq" "k, ag"™™ | ~ Jaq/c, k/a, aq/b, kbc/a; ql,’
(1.22)
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which can be deduced from [Gasper and Rahman 4; App. 1T (I1.22)]
2. WP-Bailey pairs

In this section we shall make use of the following relation in order to evaluate
B, for some proper choice of a,,

n

ﬁn = Z [k/a’ q]”_T[ka Q]n—i-'ra

—0 ¢ qln—r[ag; glnsr

r

n

= [k‘/a’q]n[k’q}n [q_nakqnaQ]r % Ta
B [Q; Q]N[CLQ; Q]n ; [CL(]1*71/k7 aqlJrn; Q]r ( L > T (21)
[(I, Q\/_, _Q\/E, b; Q]r
[q> \/57 _\/av aC.Z/b; Q]r

1 T
(i) Choosing «,. = (5) in (2.1) and using the summation

[k, kb/a; q)n

formula (1.21) we get §, = ———————.

(1.21) we & 9, aq/b; glnb"
Thus,

o = [au Q\/_7 _Q\/av ba Q]n <l)n
" [q7 \/57 _\/57 G’Q/bu Q]n
and
5, = [k, kb/a; qln (2.2)
" g, aq/b; qlnb" '

are WP-Bailey pair.

(ii) Choosing «a;, =

[&7 q\/aa —Q\/a, b> C, GQQ/bCk; Q]r E " in (2 1) and using the
l4; va, —V/a, aq/b, ag/c, bek/a; gl ' °

a
summation formula (1.22) we get

[k, aq/bc,kb/a, kc/a; ql,
P = 14, 04/b, aqle, Kbc/as gla (23)

ap, By, given in (2.3) are WP-Bailey pair.
[CL,Q\/_, _Q\/aa a/k7Q]n (E)n
[Q7 \/au _\/67 kQ7 Q]n a

671 = 5n,0 (24)

O, B given in (2.4) are WP Bailey pair.
This Bailey pair can be deduced from (2.2).
(iv) From (2.1) we have a,, = 0,0

Then

(iii) Choosing o, =

Then

[k, k/a; qln

bn = ¢, aq; qln
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O, B given in (2.5) are also WP Bailey pair.

3. Transformation Formulae
In this section we shall establish transformation formulae for g-series by making

use of (1.17), (1.20) and WP-Bailey pairs mentioned in section 2.
(1) Using the WP-Bailey pair (2.2) in (1.17) we get,

f: %5 ¢nlkg; ¢%Jnla, ¢v/a, —qv/a, b; gl (%)n
— [a*q/k; ¢*]a[a*P/k; ¢*lnlg, Va, —v/a, aq/b; gl

_ lag,a%q/kK? gl i [k, kb/a; gl <@)"
laq/k, a%q/k; qloc < [q,aq/b;q)n \k?b)

n=

which can be written as,

a’q
S(I)7 a,q\/E,—q\/ﬁ, b? \/Ea_\/Ea \/k_a_\/k_CLQa m
\/_7 _\/57 CLQ/b7 CLQ/\/Ea _CLQ/\/Ev a V Q/kv —a V Q/k

2
2 1.2, L4
_ [a(L a q2/k ) Q]OO 2(1)1 k, kb/aa 4q; ka , (31)
lag/k, a?q/k; q) aq/b

a’q
provided 2 < 1.

(ii) Using the WP-Bailey pair (2.2) in (1.20) we get,

C kq, ala, qv/a, —qv/a,b; qln(1 + ag®™) [ a® \"
Z a2q//€ ¢lula*q? /k; ¢*lula, Va, —v/a, aq/b; ql, (kzb)

n=0

(%) s (i) oo

n=

which can be written as

4, 4@, /@ b, igy/a, —W VE. —f Vg —/Fa g

N i a i - \ﬁ—\f
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2

lag, a®/k*; gl k,kb/a;q; 4
_ P ) » 4y 7o , 3.2
Tk aakds ™ | gp  F &2

a2
a’q

— | <1

k2b

(iii) Using the WP-Bailey pair (2.3) in (1.17) we get,

provided

- [k, kq; ¢*lnla, gv/a, —q+/a, b, ¢, a’q/bck; g, agy\"
Z {Cﬂq a2q? 2} ” ﬁ,—\/a,aq/b,aq/c,bck/a;q]n( )

o0

_ ag,a*q/k?; ) Z [k, aq/be, kb/a, ke/a; gl (@)"

 [aa/k, a?q/k; dloe = 0, aq/b, ag/e, kbe/a; gl \ K2

which can be written as

a, Q\/&, _Q\/E> b? ¢, CLQQ/bCk \/_ _\/_ \/_7 _\/_ q; q; %

oo Va, —/a,aq/b, ag/c, bck/a _0 \F —a\[

_ lag, a?q/k% ¢l ®. | kraa/be,kb/a,ke/a;q; — 4 (3.3)
faalF, ok gl " "
q/%; @4/~ Gloo aq/b,aq/c,bck/a

provided %‘ < 1.
Again, using the WP-Bailey pair (2.3) in (1.20) we have,

= [k, kg; ¢Plala, gv/a, —gv/a, b, ¢, a®q/bek; gln(1 + ag™) (2)"
a’q a’q? 2 k
n=0 i [q,Va,—+/a,aq/b,aq/c,bck/a; ql,

_ <k‘+a) lag,a* /K dloe o~ [k, agq/be, kb/a, kefa; gl <a2>"
k) lag/k,a®q/k; qloc <= [q.aq/b,aq/c, kbc/asql, \k*)

which can be written as
a’q . a
an\/Ev _Q\/_ b c, ﬂ Z(]\/a, —ZCI\/_ \/_ —\/_ Ak ,—A /L .q;E

12P11 a
q aq bck; ,
Va, —va, -, — . 2\/_ \/j —Cl\/7
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_( k+a ) lag, a®q/k*; qlo o k:,aq/bC,kb/a,kC/a;q;a—

= PN 493 k2
k(1+a)) [aq/k, a®q/k; gl aq/b, aq/c, beka

provided ‘%) < 1.
(iv) Using the WP-Bailey pair (2.4) in (1.17) we get

[k kg q%a 0v/a, —qv/ab,c,a/kiqln (aq\
> { 190, 2] la: Va, —v/a, kq: ] (k>

_ lag,aq/k?; g
laq/k, a%q/k; q]o

which can be written as

s®7 [ a,0v/a, —qv/a, a/k, 'k, —Vk, /ka, —/kq; q;a—]j ]
\/aa_\/a,kq,aq/\/ﬁ_aq/\/aa\/q/—k’_a\/m

_ lag, a?q/k* gl
laq/k, a*q/k; qlo

provided ‘a_kc_[’ < 1.
(v) Using the WP-Bailey pair (2.4) in (1.20) we get

o

Z [k, kq; ¢°Jnla, gv/a, —qv/a, a/k; . (1 + ag®) (g)”
[a®q/k, a? 2/k @lnlg, vVa, —v/a, kg; qln(1 + a)

k
:{ k+a } lag, a*q/k*; g
k(1+a) ) [aq/k,a®q/k; qle’

n=0

which can be written as

a, Q\/_, _Q\/a’ CL/I{},ZQ\/E _ZQ\/_ \/_ _\/_ \/_, —\/ki_q;q;%

W e v kg, iva, - \f a1

_ 1 ag,a®/k* qlw
(1+a)[a/k, a*q/k; q]o

41

(3.5)

(3.6)
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provided ‘%‘ < 1.
(vi) Using the WP-Bailey pair (2.5) in (1.20) we get

2
k. k/a;q; % _ (1 +a)k [GQ/]C:CLzCJ/kQQ]oo’ (37)

2Py
aq (k+a) [ag,a*q/k?; qlo

a2
provided e < 1.
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