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1. Introduction, Notations and Definitions:

For |q| < 1 and α real or complex, let

[α; q]n = (1− α)(1− αq)...(1− αqn−1), n ≥ 1

and
[α; q]0 = 1.

Also,

[α; q]∞ =
∞∏

n=0

(1− αqn)

and
[α1, α2, α3, ..., αr; q]n = [α1; q]n[α2; q]n[α3; q]n...[αr; q]n.

A basic hypergeometric function is defined as,

rΦs

[
a1, a2, .., ar; q; z
b1, b2, ..., bs

]
=

∞∑
n=0

[a1, a2, ..., ar; q]nz
n

[q, b1, b2, ..., bs; q]n
, (1.1)

convergent for |z| < 1 and |q| < 1.
Transformation formulae for basic hypergeometric functions play fundamental role
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in q-series identities leading to partition theory and combinatorial identities. The
main aim of this paper is to establish transformation formulae for basic hypergeo-
metric series. For this purpose, certain theorems have been establish in section 1
and in section 2, we have defined some WP Bailey pairs.

Bailey in 1949 gave the following very useful lemma for establishing transfor-
mation formulae for q-series.

If βn =
n∑

r=0

αrun−rvn+r and γn =
∞∑

r=0

δr+nurvr+2n then under suitable convergence

conditions
∞∑

n=0

αnγn =
∞∑

n=0

βnδn. (1.2)

Choosing ur =
1

[q; q]r
and vr =

1

[aq; q]r
in lemma (1.2) we get,

If

βn =
n∑

r=0

αr

[q; q]n−r[aq; q]n+r

(1.3)

and

γn =
∞∑

r=0

δr+n

[q; q]r[aq; q]r+2n

(1.4)

Then under suitable convergence conditions

∞∑
n=0

αnγn =
∞∑

n=0

βnδn. (1.5)

Sequences αn, βn satisfying (1.3) are called Bailey pair with respect to the parame-
ter a whereas the sequences γn, δn satisfying (1.6) are called conjugate Bailey pair.

(i) Choosing δr = [ρ1, ρ2; q]r

(
aq

ρ1ρ2

)r

in (1.4) and calculating γn by making use of

basic analogue of Gauss summation formula we get the following theorem,

Theorem: If βn =
1

[q, aq; q]n

∞∑
r=0

(−)nq(1+n)r[q−n; q]rαr

qr(r+1)/2[aq1+n; q]r
Then

∞∑
r=0

[ρ1, ρ2; q]n

(
aq

ρ1ρ2

)n

βn

=
[aq/ρ1, aq/ρ2; q]∞
[aq, aq/ρ1ρ2; q]∞

∞∑
n=0

[ρ1, ρ2; q]n(aq/ρ1ρ2)
nαn

[aq/ρ1, aq/ρ2; q]n
. (1.6)
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As ρ1, ρ2 →∞, Theorem (1.6) takes the following form

Theorem: If βn =
1

[q, aq; q]n

n∑
r=0

(−)rq(1+n)r[q−n; q]rαr

qr(r+1)/2[aq1+n; q]r
Then

∞∑
r=0

anqn2

βn =
1

[aq; q]∞

∞∑
n=0

anqn2

αn. (1.7)

(ii) Choosing

δr =
[ρ1, ρ2; q]r(aq/ρ1ρ2)

r[aq/ρ1ρ2; q]m−r

[aq/ρ1, aq/ρ2; q]m[q; q]m−r

(1.8)

in (1.4) we have

γn =
[ρ1, ρ2; q]n(aq/ρ1ρ2)

n[aq/ρ1ρ2; q]m−n

[aq/ρ1, aq/ρ2; q]m[aq; q]2n[q; q]m−n

×

3Φ2

[
ρ1q

n, ρ2q
n, q−m+n; q; q

aq1+2n,
ρ1ρ2

a
q−m+n

]
. (1.9)

Summing the 3Φ2 series by Saalschütz theorem we have

γn =
[ρ1, ρ2; q]n(aq/ρ1ρ2)

n

[aq/ρ1, aq/ρ2; q]n[q; q]m−n[aq; q]m+n

. (1.10)

Putting the conjugate Bailey pair (1.8) and (1.10) in (1.2) we get the following
theorem
Theorem: If

βn =
n∑

r=0

αr

[q; q]n−r[aq; q]n+r

Then
m∑

n=0

[ρ1, ρ2; q]n(aq/ρ1ρ2)
nαn

[aq/ρ1, aq/ρ2; q]n[q; q]m−n[aq; q]m+n

=
1

[aq/ρ1, aq/ρ2; q]m

m∑
n=0

[ρ1, ρ2; q]n(aq/ρ1ρ2)
n[aq/ρ1ρ2; q]m−nβn

[q; q]m−n

(1.11)

As ρ1ρ2 →∞, theorem (1.11) takes the form
Theorem: If

βn =
n∑

r=0

αr

[q; q]n−r[aq; q]n+r
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Then
m∑

n=0

anqn2
αn

[q; q]m−n[aq; q]m+n

=
m∑

n=0

anqn2
βn

[q; q]m−n

. (1.12)

As m →∞, (1.12) yields (1.7).

(iii) Again, choosing ur =
[k/a; q]r
[q; q]r

, vr =
[k; q]r
[aq; q]r

then Bailey lemma (1.2) takes

the form,
If

βn =
n∑

r=0

[k/a; q]n−r[k; q]n+r

[q; q]n−r[aq; q]n+r

αr (1.13)

and

γn =
∞∑

r=0

[k/a; q]r[k; q]2n+r

[q; q]r[aq; q]2n+r

δr+n, (1.14)

then under suitable convergence conditions

∞∑
n=0

αnγn =
∞∑

n=0

βnδn. (1.15)

Sequences 〈αn, βn〉 satisfying (1.13) are called WP-Bailey pair whereas 〈γn, δn〉
satisfying (1.14) are called conjugate WP-Bailey pair. For WP-Bailey pair one is
referred to [1,2].

If we choose δr =

(
a2q

k2

)r

in (1.14) then we have

γn =
[a2q/k, aq/k; q]∞[k; q]2n

[aq, a2q/k2; q]∞[a2q/k; q]2n

(
a2q

k2

)n

, (1.16)

provided |a2q/k2| < 1.
Putting the values of conjugate WP-Bailey pair (1.16) in (1.15) we get the following
theorem,
Theorem: If

βn =
n∑

r=0

[k/a; q]n−r[k; q]n+r

[q; q]n−r[aq; q]n+r

αr

Then

∞∑
n=0

[k; q]2n

[a2q/k; q]2n

(
a2q

k2

)n

αn =
[aq, a2q/k2; q]∞
[aq/k, a2q/k; q]∞

∞∑
n=0

(
a2q

k2

)n

βn. (1.17)



Conjugate WP-Bailey pairs and transformation formulae for basic hyper... 37

(iv) If we take δr =

(
a2

k2

)r

in (1.14) then we have

γn =
[k; q]2n

[aq; q]2n

(
a2

k2

)n

2Φ1

 k/a, kq2n; q;
a2

k2

aq1+2n

 .

Summing the 2Φ1 series by using the summation formula,

2Φ1

[
a, b; q;

c

ab
cq

]
=

[cq/a, cq/b; q]∞
[cq, cq/ab; q]∞

{
ab(1 + c)− c(a + b)

ab− c

}
(1.18)

[3;(3.4) p. 406]
we have

γn =
[aq/k, a2q/k; q]∞
[aq, a2q/k2; q]∞

(
1

k + a

) [k; q]2n(1 + aq2n)

(
a2

k2

)n

[a2q/k; q]2n

(1.19)

Putting these values in (1.15) we have,
Theorem: If

βn =
n∑

r=0

[k/a; q]n−r[k; q]n+r

[q; q]n−r[aq; q]n+r

αr

Then
∞∑

n=0

[k; q]2n(1 + aq2n)

[a2q/k; q]2n

(
a2

k2

)n

αn

=

(
k + a

k

)
[aq, a2q/k2; q]∞
[aq/k, a2q/k; q]∞

∞∑
n=0

(
a2

k2

)
βn. (1.20)

We shall make use of theorems (1.17) and (1.20) in order to establish transformation
formulae for q-series
Following summation formulae are needed in our analysis,

6Φ5

[
a, q

√
a,−q

√
a, b, kqn, q−n; q; q√

a,−
√

a, aq/b, aq1−n/k, aq1+n

]
=

[aq, kb/a; q]n
[k/a, aq/b; q]nbn

(1.21)

which can be deduced from [Gasper and Rahman 4; App. II (II.21)]

8Φ7

[
a, q

√
a,−q

√
a, b, c, a2q/bck, kqn, q−n; q; q√

a,−
√

a, aq/b, aq/c, bck/a, aq1−n/k, aq1+n

]
=

[aq, aq/bc, kb/a, kc/a; q]n
[aq/c, k/a, aq/b, kbc/a; q]n

,

(1.22)
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which can be deduced from [Gasper and Rahman 4; App. II (II.22)]
2. WP-Bailey pairs

In this section we shall make use of the following relation in order to evaluate
βn for some proper choice of αn,

βn =
n∑

r=0

[k/a; q]n−r[k; q]n+r

[q; q]n−r[aq; q]n+r

αr

=
[k/a; q]n[k; q]n
[q; q]n[aq; q]n

n∑
r=0

[q−n, kqn; q]r
[aq1−n/k, aq1+n; q]r

(aq

k

)r

αr. (2.1)

(i) Choosing αr =
[a, q

√
a,−q

√
a, b; q]r

[q,
√

a,−
√

a, aq/b; q]r

(
1

b

)r

in (2.1) and using the summation

formula (1.21) we get βn =
[k, kb/a; q]n

[q, aq/b; q]nbn
.

Thus,

αn =
[a, q

√
a,−q

√
a, b; q]n

[q,
√

a,−
√

a, aq/b; q]n

(
1

b

)n

and

βn =
[k, kb/a; q]n

[q, aq/b; q]nbn
(2.2)

are WP-Bailey pair.

(ii) Choosing αr =
[a, q

√
a,−q

√
a, b, c, a2q/bck; q]r

[q,
√

a,−
√

a, aq/b, aq/c, bck/a; q]r

(
k

a

)r

in (2.1) and using the

summation formula (1.22) we get

βn =
[k, aq/bc, kb/a, kc/a; q]n
[q, aq/b, aq/c, kbc/a; q]n

. (2.3)

αn, βn given in (2.3) are WP-Bailey pair.

(iii) Choosing αn =
[a, q

√
a,−q

√
a, a/k; q]n

[q,
√

a,−
√

a, kq; q]n

(
k

a

)n

Then
βn = δn,0 (2.4)

αn, βn given in (2.4) are WP Bailey pair.
This Bailey pair can be deduced from (2.2).
(iv) From (2.1) we have αn = δn,0

Then

βn =
[k, k/a; q]n
[q, aq; q]n

. (2.5)
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αn, βn given in (2.5) are also WP Bailey pair.
3. Transformation Formulae

In this section we shall establish transformation formulae for q-series by making
use of (1.17), (1.20) and WP-Bailey pairs mentioned in section 2.
(i) Using the WP-Bailey pair (2.2) in (1.17) we get,

∞∑
n=0

[k; q2]n[kq; q2]n[a, q
√

a,−q
√

a, b; q]n

(
a2q

k2b

)n

[a2q/k; q2]n[a2q2/k; q2]n[q,
√

a,−
√

a, aq/b; q]n

=
[aq, a2q/k2; q]∞
[aq/k, a2q/k; q]∞

∞∑
n=0

[k, kb/a; q]n
[q, aq/b; q]n

(
a2q

k2b

)n

,

which can be written as,

8Φ7

 a, q
√

a,−q
√

a, b,
√

k,−
√

k,
√

kq,−
√

kq; q;
a2q

k2b√
a,−

√
a, aq/b, aq/

√
k,−aq/

√
k, a

√
q/k,−a

√
q/k



=
[aq, a2q/k2; q]∞
[aq/k, a2q/k; q]∞

2Φ1

 k, kb/a; q;
a2q

k2b
aq/b

 , (3.1)

provided

∣∣∣∣a2q

k2b

∣∣∣∣ < 1.

(ii) Using the WP-Bailey pair (2.2) in (1.20) we get,

∞∑
n=0

[k; q2]n[kq; q2]n[a, q
√

a,−q
√

a, b; q]n(1 + aq2n)

[a2q/k; q2]n[a2q2/k; q2]n[q,
√

a,−
√

a, aq/b; q]n

(
a2

k2b

)n

=

(
k + a

k

)
[aq, a2q/k2; q]∞
[aq/k, a2q/k; q]∞

∞∑
n=0

(
a2

bk2

)n
[k, kb/a; q]n
[q, aq/b; q]n

,

which can be written as

10Φ9

 a, q
√

a,−q
√

a, b, iq
√

a,−iq
√

a,
√

k,−
√

k,
√

kq,−
√

kq; q;
a2

k2b
√

a,−
√

a, aq/b, i
√

a,−i
√

a,
aq√
k
,− aq√

k
, a

√
q

k
,−a

√
q

k
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=
[aq, a2/k2; q]∞

(1 + a)[a/k, a2q/k; q]∞
2Φ1

 k, kb/a; q;
a2

k2b
aq/b

 , (3.2)

provided

∣∣∣∣a2q

k2b

∣∣∣∣ < 1.

(iii) Using the WP-Bailey pair (2.3) in (1.17) we get,

∞∑
n=0

[k, kq; q2]n[a, q
√

a,−q
√

a, b, c, a2q/bck; q]n[
a2q

k
,
a2q2

k
; q2

]
n

[q,
√

a,−
√

a, aq/b, aq/c, bck/a; q]n

(aq

k

)n

=
[aq, a2q/k2; q]∞
[aq/k, a2q/k; q]∞

∞∑
n=0

[k, aq/bc, kb/a, kc/a; q]n
[q, aq/b, aq/c, kbc/a; q]n

(
a2q

k2

)n

,

which can be written as

10Φ9

 a, q
√

a,−q
√

a, b, c, a2q/bck,
√

k,−
√

k,
√

kq,−
√

kq; q;
aq

k
√

a,−
√

a, aq/b, aq/c, bck/a,
aq√
k
,− aq√

k
, a

√
q

k
,−a

√
q

k



=
[aq, a2q/k2; q]∞
[aq/k, a2q/k; q]∞

4Φ3

 k, aq/bc, kb/a, kc/a; q;
a2q

k2

aq/b, aq/c, bck/a

 , (3.3)

provided
∣∣∣aq

k

∣∣∣ < 1.

Again, using the WP-Bailey pair (2.3) in (1.20) we have,

∞∑
n=0

[k, kq; q2]n[a, q
√

a,−q
√

a, b, c, a2q/bck; q]n(1 + aq2n)[
a2q

k
,
a2q2

k
; q2

]
n

[q,
√

a,−
√

a, aq/b, aq/c, bck/a; q]n

(a

k

)n

=

(
k + a

k

)
[aq, a2q/k2; q]∞
[aq/k, a2q/k; q]∞

∞∑
n=0

[k, aq/bc, kb/a, kc/a; q]n
[q, aq/b, aq/c, kbc/a; q]n

(
a2

k2

)n

,

which can be written as

12Φ11

 a, q
√

a,−q
√

a, b, c,
a2q

bck
, iq
√

a,−iq
√

a,
√

k,−
√

k,
√

kq,−
√

kq; q;
a

k
√

a,−
√

a,
aq

b
,
aq

c
,
bck

a
, i
√

a,−i
√

a,
aq√
k
,− aq√

k
, a

√
q

k
,−a

√
q

k
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=

(
k + a

k(1 + a)

)
[aq, a2q/k2; q]∞
[aq/k, a2q/k; q]∞

4Φ3

 k, aq/bc, kb/a, kc/a; q;
a2

k2

aq/b, aq/c, bck/a

 , (3.4)

provided
∣∣∣a
k

∣∣∣ < 1.

(iv) Using the WP-Bailey pair (2.4) in (1.17) we get

∞∑
n=0

[k, kq; q2]n[a, q
√

a,−q
√

a, b, c, a/k; q]n[
a2q

k
,
a2q2

k
; q2

]
n

[q,
√

a,−
√

a, kq; q]n

(aq

k

)n

=
[aq, a2q/k2; q]∞
[aq/k, a2q/k; q]∞

,

which can be written as

8Φ7

[
a, q

√
a,−q

√
a, a/k,

√
k,−

√
k,
√

kq,−
√

kq; q;
aq

k√
a,−

√
a, kq, aq/

√
k,−aq/

√
k, a

√
q/k,−a

√
q/k

]

=
[aq, a2q/k2; q]∞
[aq/k, a2q/k; q]∞

, (3.5)

provided
∣∣∣aq

k

∣∣∣ < 1.

(v) Using the WP-Bailey pair (2.4) in (1.20) we get

∞∑
n=0

[k, kq; q2]n[a, q
√

a,−q
√

a, a/k; q]n(1 + aq2n)

[a2q/k, a2q2/k; q2]n[q,
√

a,−
√

a, kq; q]n(1 + a)

(a

k

)n

=

{
k + a

k(1 + a)

}
[aq, a2q/k2; q]∞
[aq/k, a2q/k; q]∞

,

which can be written as

10Φ9

 a, q
√

a,−q
√

a, a/k, iq
√

a,−iq
√

a,
√

k,−
√

k,
√

kq,−
√

kq; q;
a

k
√

a,−
√

a, kq, i
√

a,−i
√

a,
aq√
k
,− aq√

k
, a

√
q

k
,−a

√
q

k


=

1

(1 + a)

[aq, a2/k2; q]∞
[a/k, a2q/k; q]∞

(3.6)
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provided
∣∣∣a
k

∣∣∣ < 1.

(vi) Using the WP-Bailey pair (2.5) in (1.20) we get

2Φ1

 k, k/a; q;
a2

k2

aq

 =
(1 + a)k

(k + a)

[aq/k, a2q/k; q]∞
[aq, a2q/k2; q]∞

, (3.7)

provided

∣∣∣∣a2

k2

∣∣∣∣ < 1.
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