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1. Introduction
Throughout this paper we shall adopt certain notation and definitions which
are stated below. Let «, 5 and ¢ be complex numbers and |g| < 1, then

(;q)n=(1—a)1—agq)..(1—a¢"™"), n=123,.. (1.1)

(B;59)00 = [ [(1 = 84", (1.2)

k=1
and
(a1, a2, 3, ooy Qs @ = (15 @ nl@2; Qs Onee-(Qms O (1.3)

With the above notations we define basic hypergeometric series as:

Qay, 09, ..., O © (0417012, .--,OZTQQ)nZn o m(net)/2q IR
s E) = -1 1.4
Bur BB } 2B B LD )

n=0
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Bailey [2,3] stated a lemma as follows:
It

= Z Uy Uy (1.5)
r=0

and

= Z 67‘+nu7’v7"+2n7 (16)

then under suitable conditions of convergence

n=0 n=0

where «,., d,, u,, v, are arbitrary sequences of r.
If we substitute the value of 3, from (1.5) in the above equation and then using
the following identity [10; Lemma 1(2), p. 100]

ZZA(n,r):ZZAn+TT (1.8)

n=0 r=0 n=0 r=0

then (1.7) takes the form

Z@n% = Z arun6n+rvn+2r (19)
n=0 n,r=0

2. Main Results ) )

Theorem 2.1. Let us take u, = Uy = then
(425 4%)r (aq; ¢2),

n

o= Z; (¢% ¢*) g2 (21)

nfr(a% q )n+r

and
(o)

Yy = Z ( Or4n . (2.2)

7 (0% ¢°)r(ag; @) 2n4r

Here, we shall establish following result

a™tr q2 (n+r)2—(n+r)

n 2n? —n
a oy = o, 2.3
Z 2 (4% ¢*)n(aq; ¢?)nsor (23)

n,r=0

(ag; q
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Proof. On substituting the above values of (3,7, in (1.9) and applying the identity

(1.8) we get
ar n+r
Za”% ZZ (4% 4*)n(ag; ¢*)n-ar (24)

n=0 r=0

Assuming 8, = (p1, p2;¢*), (ﬂ) such that py, ps # 0 and substituting it in
P1P2
(2.2), we get,
n+r
00 g2 _aq_
(pla P2, 4 )7"+n <p1p2>

Yy = (2.5)
; (4% ¢*)r(ag; % )2nsr
and further simplifying the equation (2.5) reduces as follows,
(p1, P25 4 )n ( aq ) { P, g™ o aq }
T 4 o \pipe) 7| ag™ p1P2 (26)
b; q) oo
Using the identity o®; { Z’ b i q, é} = % we get

aq1+2n aq1+2n . q2
(P1sp2; @) (ag "\ 1 op2 ) o
; (2.7)

. o2 a
(ag; ¢®)2n  \ p1p2 (aql ban, 00 q2)
P1P2 0o

Substituting the values of v, and ¢, in (2.4) we finally get,

(22
°° an(p1, p2;q n(aq )" p1 p2’ )
aq aq 2 P1P2 aq 2
n= aq, ——;4q
( )n ( P1P2 )oo

_ Z ar(p1, 25 @ )ntr ( aq )"“ (2.8)
2. 42 cq2 P1P2

o (2 6)n(ag; ¢P)nor

Yn =

Assuming that pq, po — oo then (2.8) finally yields,

a7 a2 n+r)2—(n+r)

0 (
n 2n fn q
E a ap = g Ay,
(aq; ¢?) oo (4% ¢*)nlaq; ¢*)niar

n,r=0

which is precisely (2.3).
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3. Special Cases of Theorem 2.1.

In this section we shall formulate certain identities as special cases of (2.3)
n

. s q
i) Substituting «,, = n (2.3),
¥ (4% ¢*)n(—¢; Q)20 (23)
o0 n 2n? > ntr , 2(ntr)2—n
a q
= (3.1)
(ag; ¢*) ; 20%)n (=4 @)2n n;) (% ¢*)r (=4 )20 (0% ®)n(aG; 4P )2
(ii) Let @ = 1 in (3.1) we get,
1 0 2n? > q2(n+r)2—
(¢;¢*)oo ; (@% 42)n(—¢; D2 WZ:O (4% @®)r (=3 )20 (0% 4*)n (@5 @) ntar
Using [8, (33)] then above equation yields,
0 2(n+r)2—n 3 .4 7.7
q q 7q 7q ’q oo
(44" )oc Z 2.2\ (- 2 . 2.2\ : 2. 2 ) (3:2)
o (@58 (@ @) nvar (=4 D)2 (65.6%)r (4% ¢%) oo

(iii) Let a = ¢* in (3.1) we get

0 2n 2n > q2(n+7")q2(n+r)2—n
,; ¢ Q)an H;O (0% @®)r (=@ @20 (0% ¢*)n (s ¢ )nsror

Using [8, (32)] we get,

o0 n+r)2+(n+r)+r .
(q3. q2> Z q2( )T )+ — (an q5a q7a q7)oo (33)
A (@) (=4 )20 (0% 4P)n (@5 6P nan (6% 4%) s
(iv) Substituting a,, = (612?—2% in (2.3),
(ag; ¢*) <= ( o= (65.6%)0 (0% )0 P )nvar
Let a = 1 and using [1, (10.1.1) p. 241] in the above equation we get,
00 2(n+r)2—n 1
2 q
;9 )oo = 3.4
(@49 2 (@% @®)n(@ P Invar(@®67)r (60" 0%)o0 (34)

n,r=0
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(v) Let a = ¢, o, = 1 in (2.3) we get,

3(n+r) (n—i—r’) —(n+r)

3n2nfn_ q
Zq 7qu Jn(@*; @*)nsar

n,r=0

Using [1, (1.1.7) p. 11] in the above equation we get,

0 2[(n+r)2+(n+r)) 8. .8
q 459 )
(% 0")oo Z 2. 12) (oA 2 - : 1. s) (3.5)
_ ) n ) n+2r ’ o)
oo (a5 Pnrar (44567
3n
(vi) Substituting o, = -——— and a = 1 in (2.3),
(4% ¢
i 3n 2n —n f: q3rq2(n+fr)2 (n+r)
—0 7 n n'rZO( ) ( ) (q;q2)n+2r
Using [1, (10.1.2) p. 241] in the above equation we get,
> 2(n+r)2+2r—n 1
2 q
q;q9 )oo = 3.6
(65 MZ_O (0% @)n(@: @*)ns2r (@® ) (0%, 0% ¢"0)0 (39)
q4n
(vii) Substituting a,, = and a = ¢ in (2.3),
R CET DU DR
i n 2n fnq4n _ i q4rqn+rq2(n+r)27(n+r)
(P 0D 52 (@52)n(@% ) (6 ) (0% 4P )nar
Using [8, (59)] in above equation we get,
oo 2(n4r)2+4r 2 12 14, 14
(QQ;Q2)OOZ — . g — — :(q>q 454 )oo (37)
o (@ P)n(@% ) nrar (6%5.67)r (65 41 r (¢ @)oo
An(_ 2. 4
(viii) Substituting a, = w and a = ¢ in (2.3),
(4% ¢")n
1 ianQ nq4n( 2 i q 4 qn+7’q2(n+7‘)2—(n+7‘)
Moo = (g*:¢*) o (@2 0%)n (4% @°)nsor
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Using [8, (34)] in above equation we get,

0 n—+r)2+4r .
() Z A (S _ 1 (3.9)
’ (0% (@ Pnrar (@5 0%)r (0563, 4% 4160

n,r=0

Substi (—QQ,Q4)n da=ai )
(ix) Substituting v, = oD and a = ¢ in (2.3),
Z qnq2n —n 2;q4)n _ i (_q2;q4) qn+rq2(n+r)2 (n+r)
=0 (@540 (@2 6)n(9% 6 nvar
sin In the above equation we get
Using [8, (36)] in the above equati get,
0 2(n+r)2/_ 2. 4 1
q 79 )r
(q2;q2)°° Z 2. 42 2. (2 )4. D (02 o8 4. 16 (3'9>
20 (@5 )n(0? @) nrar (@00 (6%,6% 415000

I 1 .
(x) Substituting o, = & O E P, and a = ¢ in (2.3),
f: n 2n —n i qn+rq2(n+r)2—(n+r)
%q")n (0% 6%)n (0% 0*)r (0% )1 (0% 4*)n(0% @) nvar

n= n,r=0

Using [8, (61)] in the above equation we get,

o0 n4dr 2 .
(q2‘q2) Z qz( +r) _ (q127q16’q287q28)00 (3.10)
’ o (5 )@ P)nar (625,41 (625 6°)r (6% %)
2n

q
(% q")n41(d% ¢*)n

(xi) Substituting a,, = and a = ¢ in (2.3),

0 n 2n —n 2n o 2r n+rq2(n+r)27(n+r)

Z ! :Z 2. 2 qz.q4

(PP 0 5= (@)@ ) (6 ) (0% 4D

Using [8, (60)] in the above equation we get,

o0 n+r)242r .
) Z G2+ _ (%, ¢, 4% %) e (3.11)
’ (025 ¢*)n (4% 4%)nrar (@2 42)r (% 44) i (425 ¢%) o

n,r=0
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0 (q;Q)3m

(@ (@ o and a = ¢ in (2.3),

(xii) Substituting a,, =

n+r 2(n+7’) —(n+r)

= " (603 ¢ (4:9)3q
(% ¢%) Z (03 ¢®)n(g?; Q) 72((]3;(]3)7’(3 )20 (6% ¢)n (0% 4P nsar

n=0 n,r=0

Using [8, (42)] in the above equation we get,

e n4r)24r2 (. .
() S (g1 )5 INCRTRY T DI
e ()@ P (65 0°)r (@5 6P (4% ¢%) oo
7*"(4% 4°)n

(4% 6*)n(q% 6*)2n1 and a = ¢ in (2.3),

(xiii) Substituting o, =

n+r q2(n+7‘)2 —(n+r)

2_ o0
q q (q ¢®)n (4% 4%)-¢*q
2 - Z

(42:¢*)r (% %) 2r+1(0% @) (4% G ) nvor

n,r=0

Using [8, (92)] in the above equation we get,

e n+r)2+42r . .
(q2- q2> qz( +7)%+2 (q6,q6)r B (qls’ qlg)Oo (3 13)
b o - .
HZTZO (6% 6°)n (0% @ )nt2r (0% 6*)r (0% ¢P)2rer (6% 0%) o0

7*"(¢% ¢°)»
(q2; q2)n(q2§ q2)2n+2

(xiv) Substituting o, = and a = ¢ in (2.3),

2(n+r)2—(n+r)

I "¢ g (q P (¢ ¢%)rqq"t7q
> S

(42:4*)r (% %) 2r12(0% @) (4% ¢ nvor

n,r=0

Using [8, (91)] in the above equation we get,

o n+r)2+4r . .
<q2‘ q2) Z q2( +r)?+4 (q6’ q6)r _ (q12’ q42’ q54, q54)oo (3 14)
A (@)@ PInrar (65 ) (0% 6P )ar 2 (4% 4o

¢*(¢% ¢%)n
(QQE q2)n(q2§ q2)n+2

(xv) Substituting «,, = and a = ¢ in (2.3),

2(n+r)2—(n+r)

1 0o qnq2n2_nq6n(q6;q6)n _ i (q6;q6>Tq6rqn+rq
(0% 0%)oc = (4% @*)n(0% @*)n+2 (% @%)r (0% @*)r+2(a% @*)n (0% P )nsor

n,r=0
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Using [8, (90)] in the above equation we get,

(q2. q2) f: q2(n+7')2+6r(q6; qﬁ)r _ (q67 q48’ q54; q54)oo (3 15)
T A (@ Pl ) nrr (67 67)r (45 0P) g (4% ¢%) oo
<§; q2> (k‘Q' q2)
4. Theorem 4.1. Let us assume u, = ———=" and v, = ——= where k # 0,
(4% %), (aq; ¢%)»
and if
k2. 2 2. .2
n (Fuq (k 4 )n+r
B, = L a-(a, k) (4.1)
,Z:; (4% @*)n—r(ag; ¢*)ntr
k2. 2
n (;aq > (k 4 )7‘+2n
Yo = r Orimla, k) (4.2)

— (4% 4*)r(ag; ¢*)r+an
gives the following result, under suitable convergence conditions:

an+2r o2n24-4r24+dnr— (n—i—'r)

q
(425 ¢*)n(ag; q2)n+2r

(ag; ¢*) oo

n,r=0

Za% wiong (a k) (4.3)

Proof. On substituting the above value of 3, in earlier stated equation (1.9) and
applying the identity (1.8) we get,

( PR ) (k §q2)n+2rar(a> k)5n+r(a> k)

nz%an% ZZ (0% @*)n(aq; ¢ )nsor (44)

n=0 r=0

a’q

Let us assume 6, = ( =

) . Substituting the value of J, in equation (4.2) we get,

:i (—‘ 2) (K ¢%)rran (ﬁ)“” 45

—~ r(aq; ¢%)rr2n \ K*

After further simplification the equation reduces to

(k% ¢®)an {a2q\" E7k2q4n a2q
V"IW gy 2P ch”‘*” ;qQ,ﬁ (4.6)
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we get

ab C} _ (¢/a,¢/bq)u

Using the identity @4 { c bl T m

q q e 2. .2
Tn = 3
k* 2 on
Substituting v, and 6, in (4.4) we get,

a~q aq
oo ( L2’ kQ,qz) (k2;q2)2n

Z( aq;q2> (azq;qz) (%)nan(aak‘)

n= ?

k’2
< ;q2) (k%5 ¢2) o

a
% )n (aq;qZ)n+2r

k4’

(%) " a,(a, k) (4.8)

Provided all infinite series converges and ag(a, k) = 1.
As k — oo the equation (4.8) yields,

5

n,r=0

(¢*; ¢

a2 2n2+4r2 +4nr— (n—i—r)

q
o, (@56%)n(ag; Poror

2n 4n -n
§ a an(a, k),

(ag; ¢*) oo

n,r=

which is precisely (4.3).
5. Special Cases of Theorem 4.1.

n—2n2

q

i) Let a =1 and «,, =
) (4% @*)n (=45 @)2n

n (4.3) we get,

0 q2n2+4r2+4nr7(n+r) r—2r2 0 4n —n n 2n?

2 q
49 )oo
&) WZZO (0% @®)n( @ @*)ns2r (0% 4 (= nz q; q)2n
Using identity [8, (33)] we get,
(q. qQ)OO i q2n2+2r2+4n7"—n _ (q?)7 q47 q7; q7)oo (5'1)
(4 )@ @nr2r(@® ¢)r (=G Q)2 (4% %)oo

n,r=0
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n—2n?
q

(ii) Let a = g and «,, = CYORErTE in (4.3) we get,

o0

n+2r 2n2+4r2+dnr—(n+r) r—2r2 o0 2n 4n —n ,n—2n?2
q q q q
(@0 D Tm Z
0 (@%5.6°)n(0%5 %) nrar (0% 62)r (= — 4 Q)2n
Using identity [8, (32)] we get,
0 n242r2 +4nr4+2r .
(qZ. q2) Z q2 et _ (q27 q57 q77 q7)oo (52)
T a2 (@)@ Pniar (6% 4P)r (=4 @y (% ¢%) oo
n—2n2
(iii) Let a =1 and o, = éT n (4.3) we get,

(4:¢%) )

o0
q
om0 (@ Pl P (P50 Z

q2n2+4r2+4nr—(n+7") r—2r2 4n?—n n 2n?

n=0
Using equation [1, (10.1.1), p. 241] we get,
) 0 q2n2+2r2+4nr—n 1
4,49 ) - 5.3
&a) WZ:O (% @*)n(@: @) nv2r(@® ) (0465 0o (5:3)
(iv) Let a = ¢ and o, = ¢* 2" in (4.3) we get,
o0 n+2r 2n24-4r2fdnr—(ntr) r—2r2 0
q q q 2n _4n?—n _n—2n?
(% ¢")o0 = > "¢
St (0% ¢*)n (@ 4P )ntar ;
Using equation [1, (1.1.1), p. 11] we get,
e n2+2r2+4nr4-2r .
(% ) AN C T (5.4)
7 =0 (2% ¢*)n(@% ¢ )nr2r (%0
q3n72n2
(v) Let a =1 and oy, = —5—— in (4.3) we get,
(g% ¢*)n
L, 0 q2n2+4r2+4nr—(n+7‘)q37"—27"2 B 0 q4n2—nq3n—2n2
(¢:47) o0

~ (% )@ PInsar (6% 2)r —= (6% 6)n
n,r=0 n=0
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Using equation [1, (10.1.2), p. 241] we get,

e 2n242r2 +dnr+2r—n 1

2 q
4,9 ) - 5.5
@) WZ:O (0% @)@ P )nvar(@® %) (046%¢"0) (5:5)
nfnz .
(vi) Let a =1 and o, = 3q . (q73Q)3; in (4.3) we get,
(4% ¢*)n (4% ¢*)2n
(qq2) i q2n +4r2 fAnr— (nJrr)qr 3r2 i q an2—n n 3n? (q’ q)
T A (@67 (4 ¢ nar (6% ¢P) ot n (2% 4%)2n
Using identity [8, (42)] we get,
o n2+4+3r2+4nr—n( . .
) S R U )Y _ @)
T A (@)@ 6P nv2r (0% 2)r (6% 4o (4% ¢*)oo
2n—3n2( 3. .3
(vii) Let a = g and o, = a (4 )n n (4.3) we get,
(¢ 0@ Dnva
n T n2 T‘2 nr—(n—-+r T— 7’2 .
(q2.q2) q +2 q2 +4r<44 (n+ )q2 3 (q37q3>r
A (@564 @) na2r (@ Dr (@5 e
_ o q2nq4n2—nq2n—3n2(q3; q3)
(GG Dt
Using identity [8, (90)] we get,
(q2' q2) i q2n2+r2+4nr+3r<q3; q3)r _ (q3, q247 q27; q27)oo (5 7)
T (@5 0)n(@% ) ns2e (6 O (5 D2 (4 @)oo
n—3n2/_ . 2
(viii) Assuming a = 1 and o, = a ( 2( 2q>,q Jn in (4.3) we get,
9% ¢*)n
L, 0 q2n2+4r2+4nr—(n+r)qr—3r > q4n2—nqn—3n2<_q;q2)n
(@) Y =X
U (@0)a(@ 02 (6% 0) — (4% ¢*)n
Using identity [8, (36)] we get,
TL2 7’2 nr—nm
(¢:¢) A G’ 0 1 (5.8)
’ (4% @®)n(@3 @®)nr2r(@® %) (004075 0%) o0

n,r=0
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qn72n2 (qﬁ; q6>n

(0% ¢®)n (0?5 ¢*)on+2

(ix) Taking a = ¢ and a,, = in (4.3) we get,

2(n+2r) 2n2+4r2 +4nr—(n+r) 7"727"2(

(6% ) Z q q q 4% ¢°),
7 (0% @) (@3 @) nsar (0% 02 (025 ¢2)2rio

n,r=0

2_ 9,2
_ o q4nq4n nqn 2n (qﬁ’qﬁ)n

(@2 ®)n(q% 4%)2n+2

n=0

Using identity [8, (91)] we get,

(q3. q2) f: q2n2+2r2+4n7’+n+4r(q6; q6>r _ <q127 q42’ q54; q54)oo (59)
T e (@ 0)n(0P ) n2 (075 47)r (475 072 (4% %)

n—2n2

(x) Taking a = ¢* and «,, = in (4.3) we get,

(@% *)n(@% 4 )nt
© 2(n+2r) q2n2 +4r2+4nr—(n+r) qr_2r2

(D) Y o

0 (@%5.6°)n(a5 6% nrar (0% 62) (0% 41

Using identity [8, (59)] we get,

(q3‘ Q2) i q2n2+2r2+4nr+n+4r _ (q4’ q24’ q28; (128)00 (5'10)
T e (0% 0)a(0% ) nar (675 4%)r (675 1) (4% ¢%)oo

Similarly various other double series identities can be derived.
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