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1. Introduction
The generalized basic hyper geometric series rφs is defined by

rφs

 a1, a2, . . . , ar
; q, z

b1, b2, . . . , bs

 =
∞∑
n=0

(a1, a2, . . . , an)n
(q, b1, b2, . . . , bn)n

[(−1)nqn(n−1)/2]1+s−rzn (1.1)

where r and s are positive integers and |q| < 1. The above series converges abso-
lutely for all z if r ≤ s and for |z| < 1 if r = s+ 1.
For real or complex a, q < 1, the q -shifted factorial is defined by

(a, q)n =

{
1 if n = 0;
(1− a)(1− aq)(1− aq2) . . . , (1− aqn−1) if n ∈ N. (1.2)
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In 1947, Bailey established a remarkably simple and useful transformation formula
which is given in the following form:
If

βn =
n∑

r=0

αrun−rvn+r (1.3)

and

γn =
∞∑
r=0

δr+nurvr+2n (1.4)

where αr,δr,ur and vr are functions of r only such that the series of γn exists,
then under suitable conditions of convergence we have the following equation.

∞∑
n=0

αnγn =
∞∑
n=0

βnδn (1.5)

In this paper, we shall use the following results due to Verma and Jain [10].

4Φ3

 a, q
√
a,−q

√
a, q−n;−q−1/2+n

√
a,−
√
a, aq1+n


=

(aq; q)n
2

[
(−q−1/2; q)n

(
√
aq; q)n(−q

√
a; q)n−1

+
(−q−1/2; q)n

(−√aq; q)n(q
√
a; q)n−1

]
(1.6)

3Φ2

 a, q
√
a, q−n;−qn

√
a, aq1+n

 =
(aq,−1; q)n

2

[
(1 +

√
a)

(aq; q2)n
+

(1−
√
a)

(
√
a; q)n(−q

√
a; q)n

]
(1.7)

2Φ1

 a, q−n;−q1/2+n

aq1+n


=

(aq,−√q; q)n
2

[
(1 +

√
a)

(−√aq; q)n(q
√
a; q)n

+
(1−

√
a)

(
√
aq; q)n(−q

√
a; q)n

]
(1.8)

2. Main Results
In this section we shall establish the following results.

5Φ5

 a, q
√
a,−q

√
a, b, c; q;

−a√q
bc

√
a,−
√
a, qa/b, qa/c, 0

 =
1

2

∏ aq, aq/bc; q

aq/b, aq/c

×



On Certain Transformations of Basic Hypergeometric Functions using... 93

{
3Φ2

 b, c,−
√
a; q; aq/bc

√
aq,−q

√
a

+
√
a 3Φ2

 b, c,−
√
a; q; a3/2q2/bc

√
aq,−q

√
a


+3Φ2

 b, c,−√q; q; aq/bc

−√aq, q
√
a

−√a3Φ2

 b, c,−√q; q; a3/2q2/bc

−√aq, q
√
a

} (2.1)

4Φ4

[
a, q
√
a, b, c; q;−aq/bc

√
a, aq/b, aq/c, 0

]
=

1

2

∏[
aq, aq/bc; q

aq/b, aq/c

]
×

{
(1 +

√
a)3Φ2

 b, c,−1; q; aq
bc

√
aq,−√aq

+ (1−
√
a) 3Φ2

 b, c,−1; q; aq
bc

√
a,−q

√
a

} (2.2)

3Φ3

 a, b, c; q; −aq
3/2

bc

aq/b, aq/c, 0

 =
1

2

∏ aq, aq/bc; q

aq/b, aq/c

×
{

3Φ2

 b, c,−√q; q; aq/bc

−√aq,√aq

+ 3Φ2

 b, c,−√q; q; aq/bc

−
√
a, q
√
a

} (2.3)

7Φ7

 a, q
√
a,−q

√
a, b, c, d, e; q; a2q2

bcde

√
a,−
√
a, qa/b, qa/c, aq/d, aq/e, 0


=

(aq, aq/de; q)∞
(aq/d, aq/e; q)∞

3φ2

[
a, e, aq/bc; q; aq

de

aq/b, aq/c

]
(2.4)

Proof of (2.1):

Let us choose ur =
1

(q; q)r
, vr =

1

(aq; q)r
, αr =

(a, q
√
a,−q

√
a; q)rq

r(r−1)/2

(q,
√
a,−√a; q)rqr/2

,

and δr = (b, c; q)r(
aq
bc

)r

Now using these in equations (1.2), (1.3) and using (1.6) we get the following:

βn =
(−q−1/2; q)n

2

{
1 + qn

√
a

(q,
√
aq,−q

√
a; q)n

+
1− qn

√
a

(q,−√aq, q
√
a; q)n

}
(2.5)

and

γn =
(b.c; q)n
(aq; q)n

(
aq

bc

)n

2φ1

[
bqn, cqn; q; aq

bc

aq1+2n

]
(2.6)
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Summing the series 2φ1, we have:

γn =
(b.c; q)n

(aq/b, aq/c; q)n

(
aq

bc

)n ∏ aq/b, aq/c; q

aq, aq/bc

 (2.7)

Putting these values in equation (1.5), we get the proof of (2.1).
Proof of (2.2):

Let us choose ur =
1

(q; q)r
, vr =

1

(aq; q)r
, αr =

(a, q
√
a; q)rq

r(r−1)/2

(q,
√
a; q)r

,

and δr = (b, c; q)r(
aq
bc

)r

Now using these in equations (1.2), (1.3) and using (1.7) we get the following:

βn =
1

(q, aq; q)n
3Φ2

 a, q
√
a, q−n;−qn

√
a, aq1+n


=

(−1; q)n
2(q; q)n

{
1 +
√
a

(aq; q2)n
+

1−
√
a

(
√
a,−q

√
a; q)n

}
(2.8)

and

γn =
(b, c; q)n
(aq; q)n

(
aq

bc

)n

2φ1

[
bqn, cqn; q; aq

bc

aq1+2n

]
(2.9)

Summing the series 2φ1,we have:

γn =
(b, c; q)n

(aq/b, aq/c; q)n

(
aq

bc

)n ∏ aq/b, aq/c; q

aq, aq/bc

 (2.10)

Putting these values in equation (1.5), we get the proof of (2.2)
Proof of (2.3):

Let us choose ur =
1

(q; q)r
, vr =

1

(aq; q)r
, αr =

(a; q)rq
r2/2

(q; q)r
, and δr = (b, c; q)r(

aq
bc

)r

Now using these in equations (1.3), (1.4) and using (1.8) we get the following:

βn =
(−√q; q)n

2(q; q)n

{
1 +
√
a

(−√aq, q
√
a; q)n

+
1−
√
a

(
√
aq,−q

√
a; q)n

}
(2.11)

and

γn =
(b, c; q)n
(aq; q)2n

(
aq

bc

)n

2φ1

[
bqn, cqn; q; aq

bc

aq1+2n

]
(2.12)
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Summing the series 2φ1,we have:

γn =
(b, c; q)n

(aq/b, aq/c; q)n

(
aq

bc

)n ∏ aq/b, aq/c; q

aq, aq/bc

 (2.13)

Putting these in equation (1.5), we get the proof of (2.3)
Proof of (2.4):
In order to prove (2.4) we shall use the following summation formulas:

6φ5

[
a, q
√
a,−q

√
a, b, c, q−n; q; aq1+n

bc√
a,−
√
a, qa/b, qa/c, aq1+n

]
=

(aq, aq/bc; q)n
(aq/b, aq/c; q)n

(2.14)

2φ1

[
a, b; q; c

ab

c

]
=

(c/a, c/b; q)∞
(c, c/ab; q)∞

(2.15)

Let us choose

ur =
1

(q; q)r
, vr =

1

(aq; q)r
, αr =

(a, q
√
a,−q

√
a, b, c; q)rq

r(r+1)/2

(q,
√
a,−
√
a, aq/b, aq/c; q)r

(
−a
bc

)r

,

and δr = (d, e; q)r(
aq
de

)r

Now using these in equations (1.3) and (1.4) we get the following:

βn =
1

(q, aq; q)n
6φ5

[
a, q
√
a,−q

√
a, b, c, q−n; q; −aq

1+n

bc√
a,−
√
a, qa/b, qa/c, aq1+n

]
(2.16)

Now summing the series 6φ5 using equation (2.14), we get:

βn =
(aq/bc; q)n

(q, aq/b, aq/c; q)n
(2.17)

and

γn =
(d, e; q)n
(aq; q)2n

(
aq

de

)n

2φ1

[
dqn, eqn; q; aq

de

aq1+2n

]
(2.18)

Summing the series 2φ1 using equation (2.15) we have:

γn =
(d, e; q)n

(aq/d, aq/e; q)n

(aq/d, aq/e; q)∞
(aq, aq/de; q)∞

(
aq

de

)n

(2.19)

Putting these values in equation (1.5), we get the proof of (2.4)
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