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1. Introduction, Notations and Definitions
The g-shifted factorial is defined by,

‘ (1, n=20
(@;q)n = { (1—a)(1—aq)..(1—ag™t), n>1

Also,
qn(n+1)/2
—a)*(q/a;q)n

The generalized basic hypergeometric series is given by,

(a;q)—n = (

1,02, ...,0r;q5 2 | - (al;Q)n(GQ;Q)n-”(ar;Q)nZn
rq)rfl b b b - Z . . . . ’
1,V2y 00y Ur—1 n—0 (bla Q)n(b27 Q)n‘--(br—ly Q>n<Q7 Q)n
where max. (|ql,|2]) < 1.
A generalized bilateral basic hypergeometric series is defined by,

n

o, { al,ag,--.,ar;q;ﬂ _ i (a1; @)n(a2; @n---(ar; Q)nz |
bl,b27...,b7~ (bhq>n(b27q>n(br7q>n

n=—oo
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blab27 "'7br

a1, ag, ..., Qp
An infinite continued fraction has the form,

where < |z] < 1 for the convergence of the series.

a
by +
by +

a3
bs + ...

To save space, this continued fraction is sometimes written as,

a; Qo as
bi+ ba+ b3 + ...

by +

There are a number of fascinating results on continued fractions in Notebooks of
Ramanujan specially in the second and ‘Lost’ Notebooks. Many mathematicians
such as B. Gordon [7], L. Carlitz [4], Hirschhorn [9], K.G. Ramanathan [13], G.E.
Andrews & B.C. Berndt [1], S. Bhargava and C. Adiga [2], D.P. Gupta and D.
Masson [8], R.Y. Denis [5,6], S.N. Singh [14], N. Bhagirathi [3], H.M. Srivastava et.
al. [16] and many others have proved and also generalized the results of Ramanujan
on continued fractions.

In this paper, we have made an attempt to give some interesting and new results
on continued fractions.

2. Main Results
In this section, we shall establish our main results on continued fractions.

(1)

f: )\nqzn B & qkng—l—n(z—&—])()\#)n(l - /\Mq2kn+i+j)
ol g = (L= pgt ) (1 — Aghn)

1 A (1 — pg?)? Mg (1 — ¢F)? AP (1 — pght)?
(1 — /qu)— (1 — qu+j)_ (1 _ uq2k+j)— (1 _ Nq3k+j)_
Mg (1L — q%) A (1 — g ) Mgt (1 — )
(1 — pg+i)— (1 — pgph+i)— (1 — pgt+i)—

which is the continued fraction representation of the most general Lambert series.

(ii)

(2.1)

i )\nqm B i ()\u)nqkn2+n(i+j)(1 _ )\Mqan—l—i-l-j)
1 — pghni (1 — pghmH7) (1 = Aghnt)

n=-—00 n=0
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(2.2)

Proof of (2.1).
In order to prove (2.1) let us consider the ratio,
o0
aq, n2"
= (c Q) 1

8ZM

q)

1 az(l—b)/(l—c)
o (ag; @)n2" [ (bg30)n (b30)n
Z {(cq; Do (G q)n}

1 — n=0 4

aq; q)n(bq; q)nz"™
Z(QQ)(QQ)

— (¢ @)n(cq; O

1
az(1=0)/(1—c¢)
2(b—c)(1 —ag)/(1 —¢)(1 — cq)
— (bg; )" [ (ag* @)n  (ag; Q)n
- ; (¢ @)n { (cq® @) (cg; q)n}

2. (aq?; @)n(bq; @)nz"
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1
- az(1=0)/(1—c¢)
2(b—c)(1 —aq)/(1 — c)(1 — cq)
2q(a —c)(1 —bg) /(1 — cq)(1 — cq®)

— (ag®; q)n2" { (ba* q)n  (bgi q)n }
~ (G (@ 0)n  (cq®n

 (ag%: 9)n(bg%; q)nz"

(¢ @)n(cq® @n

n=0
Iterating this process we get,

o0

3 (aq; @)n(b; @)nz"
= (g q)n(c;q)n _ 1az(1=b)/(1—c)z(b—¢)(1 - ag)/(1 - ¢)(1 - cg)
o (4;q)n(b;q)n2" 1= 1- 1-
; (¢ Dn(c5 @)n
zq(a —c)(1 = bg)/(1 — cq)(1 — cg?) 2q(b — cq)(1 — ag®)/(1 — cg®)(1 — cq*)
1- 1—
2q*(a — cq)(1 — f;f_)/ﬂ(.l —cq’)(1 —cq") (2.3)

Taking a = 1, using Rogers-Fine identity [1; (9.1.1), p. 223] and lastly applying
[10; (2.3.14), p. 33] in (2.3) we get,

o0

(0;)nz" s (05,0)n(bzq/c; @)nc” =" (1 — bzg™)
=2 (€3 D (25 @)nt

_ 1 2(0=0) 2(b—)(1 = q) 2(1 = ¢)(1 — bg) 2q(b — cq)(1 — ¢*)
I-(1=¢)= (1-cq)- (1—cq?)— (1—cq®)—
22(1 — cq)(1 — bg?) 2¢*(b — cq®)(1 — ¢3)
(1—cq*)— (1—cq®) — ... (2.4)
Again, taking ¢ = bg in (2.4) we have,
S, n B > b”z"q”2(1 — bzg®")
; 1—bg" ; (1 —=bg")(1 = z¢")

1 2(1—=0)* bz(1—q)* 2q(1 — bg)* bzq(1 — ¢*)°
(1 =b)= (1 —=bg)— (1 —bg?)— (1 —bg*)— (1 —bg*)—
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22(1 — bg?)? beg?(1 — ¢°)?
(1 =bg°)— (1—bg°) —
Now, first replacing q by ¢* and then replacing z by A¢* and b by ug’ in (2.5) we
get (2.1).
Proof of (2.2).

In order to prove (2.2) let us consider the Ramanujan’s ; ¥; summation formula,
Viz.,

(2.5)

a;¢;2 ]~ (G9nz"  (g,0/a,az,q/az; )
i { b }_ 2 biq)n  (b,q/a,z,blaz;q)x (26)

[15; App IV (IV. 12)]

n=—oo

which can be written as,

TS e @)

_ (g:b/a,az,q/az;q)x @7)
Using Rogers-Fine identity [1, (9.1.1), p. 223] in (2.7), we have

o o n.n, n2-n 2n
Z (a; q nz Z )n(azq/b; q)nb"2"q" (1 — azq™)

(05 0)n (25 Qnsa

n=—o00 n=0

( b > < (/b )nla/2 q)n (£)" (%)”qna_n (1 B (,2::2)
(:0), (0.

_ (g,b/a,az,q/az;q)x
~ (b,g/a,z,blaz; Q)0 (2.8)

Taking b = aq in (2.8) we have

oo 00 1 ) q n?+2n <1 _ q2n+2>
— azq _ < ) az
nz_ool—aq Z 1—aq (1—2zqm) az % ( "+1> <1—q";1>(az)"
_ (@9)3(az,q/az;9)x 2.9)

(¢,q9/a,2,q4/%; @)
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Replacing ¢ by ¢* and then replacing z by A¢* and a by pg’ in (2.9) we get (2.2).

3. Spaceial Cases
In this section we shall deduce certain interesting special cases of (2.1) and (2.2)
(i) Taking A = g and i = j in (2.1) we get,

_ kn+i _ kn+i
n=0 1 )\(] n=0 (1 Aq )

f: )\nqm e qkn2+2in)\2n(1 4 )\qkn—l-z)

_ 1 )\qi(l _ )\qi)Q )\2q2i(1 _ qk)Q )\qk—i-i(l _ )\qk+i)2
o (1 = Ag")— (1 — Agk+i)— (1 — Ag2kHi)— (1 — Ag3h+i)—
N2GFH2(1 — )2 AgPHH(1 — AP )2 N2 H2i(1 — P2
(1 — Agihti)— (1= Ag*H)— (1= Agti) — ..
(ii) Taking A= -1, u=1,9i=7=2, k=4 in (2.1) and using [1; Entry (18.2.4),
p. 397] we have

(3.1)

o0

Z 1— q4n+2

n—=

_ i q4n2+4n<_)n<1 4 q8n+4)
(1 _ q8n+4)

n=0
_ 1 ¢d-¢)d0 ¢ D1 —q%)? (1)
1=+ 1=+ A=)+ A =¢")+ 1 —-¢")+..
(iii) Again, taking A =1, u = —1,i =75 =1, k = 2 in (2.1) and using [1; Entry
(18.2.4), p. 397] we find,

(3.2)

U2 (g%) = i " () (g
)= 1+ q2n+1 - (1 _ q4n+2)
n=0

1 a0+’ (1 =¢) ¢+ 0%
I+g)-A+¢)+ 1+¢°)— (1+4")+
'(1—q¢")¢(1+¢°)° ¢°(1—q°)?

Q) (g (a9 - 3
Comparing (3.2) and (3.3) we have
Z 1+ q4n+2 - Z (fjfgzw) (3.3(a))
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(iv) Choosing i =1, A =1, k=5 in (3.1), we get
o0 qn B 0 q5n2+2n(1 + q5n+1)

_ 4+l _ o 5n+l
n=0 1 q n=0 (1 q )

_ 1 ql-q)? (- Q) Q(l—Q)
(1-q¢)—(1=¢)—(1—-g")— (1—¢'%)—
q7(1 _ q10)2 qu(l _ q11)2 q12(1 _ q15)2
(1—=¢")— (1-¢%)— (1—¢3)—..

(v) Again, choosing i =2, A =1 and k=5 in (3.1), we find

i 2n _ > q5n2+4n(1 + q5n+2)
Lol —gnt2 T (1 — g2

1 A0 -0 -¢")’d0—q)
(=) (1—¢")- (1- ) (1—q'7)~
( 10)2 ql ( 12)2
(1 —¢?)— (1—¢*) -
(vi) Taking = \,i = j in (2.2), we have

> )\n in >

Z Z qkn2+2ni )\271(1 + )\qlm+i)
1— )\qkzn-‘rz (1 _ /\qkn-i-z)

n=—oo

00 qkn2+n(2k—2i)+k;—2i (1 + iqkn—&-k—i) \—2n—4

(q q ) ()\Qqu qk 21/)\2
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(3.5)

— (1 _ iqkn-i-k—i)

(Ag%; @ )2 ("1 /s gF )oo

(vii) Taking k = 5i, A =1 in (3.6) we get
o0 qm ) q5n2i+2ni(1 + q5ni+i) ol q5in2+8in+3i(1 + q5ni+4i>
nz_oo 1 — gointi - ot (1 _ q5m'+i) o % (1 _ q5ni+4i)
(@573 7 4
(q% q*; ¢>)2,
(viii) Again, choosing k = 5i, A = ¢’ in (3.6) we get
00 q2m < q5n2i+4ni(1 + q5m'+2i) 00 q5m2+6m+i(1 + q5m'+3i)
nz_:oo 1 — goint2i - ot (1 _ q5ni+2i) o 7; (1 _ q5ni+3i)

(3.6)

(3.7)
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_ (@)% 40
(qZZ’ qSZ; qu)go
(ix) Dividing (3.7) by (3.8) and comparing with [1; Corollary (6.2.6), p. 153] we
get

(3.8)

i qm o q5n2i+2ni(1 + q5ni+z o0 q5in2+8in+3i(1 + q5n7j+4i)
. 1— q5in+i = (1 _ q5m'+i> ; (1 _ q5ni+4i)
= 1— q5in+2i — (1 _ q5nl+21) — (1 _ q5ni+3i)
i 3i. . 5i 3
_ {(q2 0% q° )oo}
<qi’ q4z; q5z)
¢ & ¢\’
14 -2 3.9
{ T } (3:9)

For i =1, (3.9) gives [1; Entry (4.4.1), p. 117].
(x) Taking k =4,i =1, A =11n (3.6) and then using [1; (6.2.25), p. 151] we get

o o q4n +2n 1 +q4n+1) o q4n2+6n+2(1 + q4n+3)
nzzoo gt Z — gt - ot (1 — ¢n+3)
2
_ (@S a5 (e% a5 {(qQ;qQ)oo} — 4¥(g)
(¢, 4% )2 (4:6%)
[l gq-Fd—¢ )" (3.10)
1— 1—|— 1— 1+ 1— 7 '
(xi) Again, taking k =4,i =2, 7=11n (2.2) and A = p = 1 we get
o 2n o0 4n2+3n 8n+3 o0 4n +5n+1 8n+5
q _ q (1- (1—¢""")
n;m 1 — gin+l B ; (1 — g t1)(1 — q4n+2 nz:% 1 — ¢nt2)(1 — gin+3)
- (qz;q“)io (%)% '
Dividing (3.11) by (3.10) we get
f: q2n o0 q4n2+3n(1 . q8n+3) B o q4n2+5n+1(1 _ q8n+5)
R 1 — gintl par (1 — ¢*+1)(1 — g*nt2) vt (1 — ¢ +2)(1 — ¢*n+3)
i q" - 00 q4n2+2n<1 + q4n+l) 00 q4n2+6n+2(1 + q4n+3)
= 1 — q4n+1 — (1 _ q4n+1) — (1 _ q4n+3)
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_ (@d3 { (¢:¢°)ox }2
(@%¢Y)% % d)s
making use of [1; (6.2.1), p. 150] we get

_{1 g9+ ¢ Ptdt }2 (3.12)

1+14+ 1+ 1+ 1+
(xii) Taking A=1,7 =1 and k = 6 in (3.6) we get

f: i an +2n 1 =+ qﬁn—i—l f: q6n +10n+4 1 4 q6n+5)
_ 6n+1 _ 6n+1 __ A6n+5
n=—00 1 q n= 1 q n=0 1 q )
_ (0%0%)x(@% 6% (3.13)
 (4.¢%¢9)? '

Again, taking A =1, i =2 and k = 6 in (3.6) we get

o 2n X 6n2+4n 6n+2 o 6n2+8n+2 6n+4
q (1+g¢ q (1+q*)
Z 6n+2 Z 6n+2 Z 6n+4)
n=-—00 n= n=0
_ (QES qz)?c;o (3_14)
(4% ¢?)o
Dividing (3.13) by (3.14), we have
i q" i an +2n 1 + q6n+1) B i q6n2+10n+4<1 + q6n+5)
S~ 1 — gbn+1 - 1 _ q6n+1) ot (1 _ q6n+5)
%) qgn T o q6n —|—4n(1 + q6n+2> 00 q6n2+8n+2(1 + q6n—|—4)
nz_:oo 1 — ¢n+2 ot (1 — ¢o+2) a gt (1 — gon+4)
2. 2\2 2
(0% 4°)2 (@)% %) (3.15)

(@)% (600 (e. 0% 0%
(xiii) Taking k =6,i=3,j =1, u=A=11n (2.2) we find,

i q3n _ i q6n2+4n (1 _ q12n+4 i 6n +8n+2(1 q12n+8)

_ o6n+1 _ A6n+3 _ 6n+1 _ 6n+3 _ 46n+5

e~ 1-gq = (1—¢m+3)(1—gq = (1 — ¢ +3)(1 — ¢on+3)
6. 6 2. .2

(4, 0% 4%) 00 (03 ¢5)2%
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Dividing (3.13) by (3.16) and using [1; Corollary (6.2.7), p. 154] we get

[e'e] qn 00 q6n +2n<1 + q6n+1 oo qﬁn +10n+4(1 + q6n+5)
n:z—oo 1 — q6n+1 ;} (1 _ q6n+1 nz (1 _ q6n+5)

e 3n an +4n ( 1 + q12n+4 6n2+8n+2 ( 1 q12n—|—8)

=0
Z # Z o +3) ¢o 1) Z (1 — o +3)(1 — ¢ont5)

n=—00 n:0 n=0
_ ()% :1+q+q2q2+q4q3+q6q4+q8 (3.17)
(¢,4%¢%) 1+ 1+ 1+ 1+ '

(xiv) Taking k =8,i=1, A =11n (3.6)

> qn e q8n +2n<1 + q8n+1 > q8n2+14n+6(1 + q8n+7)
n:ZOO 1 — gontl - n:O (1— ¢ ) nZ (1 — g7
(q q";q )oo

Again, taking k =8, 71 =3, A =11in (3.6) we get

oo q3n 00 q8n +6n<1 + q8n+3 00 q8n2+10n+2<1 + q8n+5)
nz_oo 1 —g8n+3 — (1 — g8nt3) % (1 — g8nt5)
_ (@5 (0% ¢ (3.19)
(¢*, % ¢*)%

Dividing (3.19) by (3.18) and then using [1; (6.2.38), p. 154] we get

oo q3n 00 q8”2+6n<1 + q8n+3) oo q8n2+10n+2(1 + q8n+5)
Z 1 — ¢ +3 (1 — ¢5+3) B (1 — g5 +d)

n=-—00 n=0

n=0

0 n 8n2+2n 1 + q8n+1) 0 q8n2+14n+6(1 + q8n+7)

> iq -
_ ~A8n+1 8n 1 _ A8n+T7
= 1t 1) —~ (1 —g*7)
_ { (0,47 ¢%)os }2
(4%, 4% ¢®)o
[ 1g+¢ q ¢+ ¢° q ¢ +q° (3.20)
1+ 1+ 1+ 1+ 1+ 1+ '
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