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1. Introduction, Notations and Definitions
Throughout the paper, we use the customary notation,

(a; q)0 = 1

(a; q)n =
n−1∏
r=0

(1− aqr), n ≥ 1,

(a; q)∞ = lim
n→∞

(a; q)n, |q| < 1

and
(a1, a2, a3, ..., ar; q)n = (a1; q)n(a2; q)n(a3; q)n...(ar; q)n,
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(a1, a2, ..., ar; q)∞ =
r∏
i=1

(ai; q)∞.

Generalized basic (q-) hypergeometric series is defined as,

rΦs

[
a1, a2, ..., ar; q; z
b1, b2, ..., bs; q

λ

]
=
∞∑
n=0

(a1, a2, ..., ar; q)nz
n

(q, b1, b2, ..., bs; q)n
qλn(n−1)/2, (1.1)

where |q| < 1.
Series in (1.1) converges for |z| <∞ if λ > 0 and for |z| < 1 if λ = 0, provided no
denominator parameter is of the form q−m where m is a positive integer.
We shall make use of basic binomial theorem in our analysis, viz.,

1Φ0(α;−; z) =
∞∑
n=0

(α; q)nz
n

(q; q)n
=

(αz; q)∞
(z; q)∞

, |q| < 1, |z| < 1. (1.2)

[5; App IV (IV. II)]

2. Main Result
In this section we establish the following transformation formula;

rΦs+1

[
a1, a2, ..., ar; q;−xz
b1, b2, ..., bs, αx; qλ

]

=
(x; q)∞

(αx; q)∞

∞∑
m=0

(α; q)mx
m

(q; q)m
r+1Φs+1

[
a1, a2, ..., ar, q

−m; q; zqm

b1, b2, ..., bs, α; qλ−1

]
, (2.1)

for convergence |q| < 1, |z| < 1 and |x| < 1.

Proof of (2.1)
(αx; q)∞
(x; q)∞

rΦs+1

[
a1, a2, ..., ar; q;−xz
b1, b2, ..., bs, αx; qλ

]

=
∞∑
n=0

(a1, a2, ..., ar; q)n(−1)n(xz)nqλn(n−1)/2

(q, b1, b2, ..., bs; q)n
× (αxqn; q)∞

(x; q)∞
.

Using (1.2) we have;

=
∞∑
n=0

(a1, a2, ..., ar; q)n(−1)n(xz)nqλn(n−1)/2

(q, b1, b2, ..., bs; q)n

∞∑
n=0

(αqn; q)m
(q; q)m

xm,
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Putting m− n for m and changing the order of summations we obtain,

=
∞∑
m=0

(α; q)mx
m

(q; q)m

m∑
n=0

(a1, a2, ..., ar; q)n(q−m; q)n(zqm)nq(λ−1)n(n−1)/2

(q, b1, b2, ..., bs; q)n(α; q)n
,

which gives (2.1).

3. Special Cases
In this section we shall deduce certain special cases of (2.1).

Putting α = 0 and λ = 1 in (2.1) we obtain the transformation,

rΦs

[
a1, a2, ..., ar; q;−xz
b1, b2, ..., bs; q

]

= (x; q)∞

∞∑
m=0

xm

(q; q)m
r+1Φs

[
a1, a2, ..., ar, q

−m; q; zqm

b1, b2, ..., bs

]
. (3.1)

Taking λ = 1, r = 1, s = 0, a1 = a and z = z/α in (2.1) we get,

1Φ1

[
a; q;−αx

a
αx; q

]
=

(x; q)∞
(αx; q)∞

∞∑
m=0

(α; q)mx
m

(q; q)m
2Φ1

[
a, q−m; q;

α

a
qm

α

]
. (3.2)

Summing the inner 2Φ1 by using [5; App. IV (IV.3)] and finally applying basic
binomial theorem (1.2) we find the summation formula,

1Φ1

[
a; q;−αx

a
αx; q

]
=

(αx/a; q)∞
(αx; q)∞

, (3.3)

which is a known result [4; (13), p. 146]. As a→∞, (3.3) yields,

∞∑
n=0

qn
2−n(αx)n

(q, αx; q)n
=

1

(αx; q)∞
. (3.4)

Putting αx = −λq in (3.4) we find

∞∑
n=0

(−1)nqn
2
λn

(q,−λq; q)n
=

1

(−λq; q)∞
. (3.5)

If we take λ = −1 in (3.5) we have,

∞∑
n=0

qn
2

(q; q)2n
=

1

(q; q)∞
, (3.6)
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which is known identity.
For λ = 1, (3.5) yields

∞∑
n=0

(−1)nqn
2

(q2; q2)n
=

1

(−q; q)∞
= (q; q2)∞. (3.7)

Taking r = 1, a1 = α, s = 0 and λ = 1 in (2.1) and applying binomial theorem
(1.2) on the right hand side we get,

1Φ1

[
α; q;−zx
αx; q

]
=

(x; q)∞
(αx; q)∞

2Φ0

[
α, z; q;x
−

]
. (3.8)

Putting
x

α
for x in (3.8) and then taking α→∞ we obtain

∞∑
n=0

qn(n−1)(zx)n

(q, x; q)n
=

1

(x; q)∞

∞∑
n=0

(−1)nqn(n−1)/2(z; q)nx
n

(q; q)n
. (3.9)

Putting z = q in (3.9) we find

∞∑
n=0

qn
2
(x)n

(q, x; q)n
=

1

(x; q)∞

∞∑
n=0

(−1)nqn(n−1)/2xn. (3.10)

Putting x = −q in (3.10) and using [1; (1.1.7), p.11] we find

∞∑
n=0

(−1)nqn
2+n

(q2; q2)n
= (q2; q2)∞. (3.11)

Putting x = aq in (3.10) and using a known result [1; (6.2.29), p. 152] we obtain,

(aq; q)∞

∞∑
n=0

qn
2+nan

(q; q)n(aq; q)n
=

1

1+

aq

1+

a(q2 − q)
1+

aq3

1+

a(q4 − q2)
1 + ...

. (3.12)

Taking α = q in (3.8) we get

∞∑
n=0

(−zx)nqn(n−1)/2

(x; q)n+1

=
∞∑
n=0

(z; q)nx
n (3.13)

Taking r = 2, a1 = α, a2 = a, s = 1, b1 = b and λ = 1 in (2.1) we get

2Φ2

[
a, α; q;−zx
b, αx; q

]
=

(x; q)∞
(αx; q)∞

∞∑
m=0

(α; q)mx
m

(q; q)m
2Φ1

[
a, q−m; q; zqm

b

]
. (3.14)
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Putting z = b/a and summing the inner 2Φ1 series on the right hand side of (3.14)
we obtain

∞∑
n=0

(a, α; q)nq
n(n−1)/2(−bx/a)n

(q, b, αx; q)n
=

(x; q)∞
(αx; q)∞

∞∑
m=0

(α; q)m(b/a; q)mx
m

(q; q)m(b; q)m
. (3.15)

As a→∞, (3.15) yields

∞∑
n=0

(α; q)nq
n(n−1)(bx)n

(q, b, αx; q)n
=

(x; q)∞
(αx; q)∞

∞∑
m=0

(α; q)mx
m

(q, b; q)m
. (3.16)

For b = q, (3.16) yields;

∞∑
n=0

(α; q)nq
n2
xn

(q; q)2n(αx; q)n
=

(x; q)∞
(αx; q)∞

∞∑
m=0

(α; q)mx
m

(q; q)2m
. (3.17)

Putting x/α for x and then taking α→∞ in (3.17) we have,

∞∑
n=0

(−1)nq
3
2
n2− 1

2
nxn

(q; q)2n(x; q)n
=

1

(x; q)∞

∞∑
m=0

(−1)mqm(m−1)/2xm

(q; q)2m
. (3.18)

Putting x = q in (3.18) we get

∞∑
n=0

(−1)nqn(3n+1)/2

(q; q)3n
=

1

(q; q)∞

∞∑
m=0

(−1)mqm(m+1)/2

(q; q)2m
. (3.19)

For x = −q, (3.18) yields;

∞∑
n=0

qn(3n+1)/2

(q; q)n(q2; q2)n
= (q; q2)∞

∞∑
m=0

qm(m+1)/2

(q; q)2m
. (3.20)

Taking r = s = 0 in (3.1) and then using (1.2) on its right hand side we get,

∞∑
n=0

qn(n−1)/2(−zx)n

(q; q)n
= (xz; q)∞, (3.21)

which is a known identity.
Taking r = 1, s = 1, a1 = a, b1 = b in (3.1) we get

1Φ1

[
a; q;−zx
b; q

]
= (x; q)∞

∞∑
m=0

xm

(q; q)m
2Φ1

[
a, q−m; q; zqm

b

]
. (3.22)
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Taking z = b/a in (3.22) and summing the inner 2Φ1 series on its right hand side
by using [5; App. IV (IV.3)] we find,

1Φ1

[
a; q;−bx/a
b; q

]
= (x; q)∞ 1Φ1

[
b/a; q;x
b

]
, (3.23)

which is basic analogue of Kummer’s transformation.
As a→∞, (3.23) yields

∞∑
n=0

qn
2−n(bx)n

(q, b; q)n
= (x; q)∞

∞∑
n=0

xn

(q, b; q)n
(3.24)

for b = q, (3.24) yields

∞∑
n=0

qn
2
xn

(q; q)2n
= (x; q)∞

∞∑
n=0

xn

(q; q)2n
, (3.25)

which is a known result [1; (6.7.4), p. 170].
Putting x = aq in (3.25) we get

∞∑
n=0

qn
2+nan

(q; q)2n
= (aq; q)∞

∞∑
n=0

qnan

(q; q)2n
, (3.26)

which is known result [1; (6.7.2), p. 169].
Putting x = q in (3.25) and then comparing with (3.12) we find,

(q; q)2∞

∞∑
n=0

qn

(q; q)2n
=

1

1+

q

1+

q2 − q
1+

q3

1+

q4 − q2

1 + ...
. (3.27)
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