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1. Introduction, Notations and Definitions
The generalized hypergeometric function ,F,(x) is defined as

a1,02,...,0p; T | = (al)k(a2)k...(ap)kxk
vk [ b1, ba, ..., 04 ] - kz:% (b1)i(b2)5...(bg k! (1.1)

When ¢ = p, this series converges for |z| < oo, but when p = ¢ + 1, convergence
occurs for |z| < 1. In (1.1) the Pochhammer symbol (a); is defined by (a)y =
and for £ > 1 by (a)y = a(a+1)...(a+ k — 1). However, for all integers k we write
imply (a)x — F(a+k)

simply (a), = T

We shall also use the notation,
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(a1, ag, ..., ap)p = (@1)k(@2)k--.(ap) k-
We shall also make use of the basic (or q-) hypergeometric function ,®, which is

defined by

a1, A, .y Ay G5 2 = (a1, ag, ..., ay; Q) 2" b Key/2y
rq)s = —1 q , 1.2
bl’b27.”’b5 :| kZ:O (qablab27"'7bs;q)k {< ) } ( )

where
(a1, a2, ..., ar; @k = (a1; @)r(az; @)k-..(ar; @)

1, k=0
(a; )k = { (1-a)(1—aq)...(1 —ag®Y), k>1.
Also,
(@; @) = [ [(1 = aq").

dn
For a suitable function y = f(x), Leibniz invented the notation —Z for the n'"

x
derivative of y provided that n is a positive integer. In 1695 L’Hospital asked Leib-
niz: “what if n be 5 ? Leibniz replied,” This is an apparent Paradox, from which,

one day, useful consequences will be drawn.” This original question of L.’Hospital
led to the name fractional calculus. Later the question become : can n be any num-
ber, fractional, irrational or complex ? Because the latter question was answered
affirmatively, the name fractional calculus has become a misnomer and might bet-
ter be called integration and differentiation to an arbitrary order.

(a) In 1819, the first mention of a derivative of arbitrary order appears in a text
S.F. Lacroix devoted less than two pages of his 700 page text to this topic. Starting
with y = 2™, m a positive integer, Lacroix easily developed

drx™ m!

e om>n. (1.3)

Using Legendre’s symbol, for the generalized factorial, the Gamma function, he

developed,
dvz™ Fim+1)
= mev 1.4
dx” F(l—i—m—u)x ’ (14)

where v is an arbitrary number, fractional, irrational or complex.
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1
(i) Taking v = 5 and m = 1, it is easy to see from (1.4) that,

d1/2 (2)z!/? 21/2 T
a2 T T(2-1/2)  T(3/2) Q\E' (1.5)

1
(ii) Taking v = 5 and m = 0, we find from (1.4) that,

d1/2 (1 —1/2 1
T L (1.6)
dxl/? r'(1/2) N
(b) Liouville in 1832 gave the second definition of fractional calculus. His starting
point was a definite integral,

I= /00 ute " du, a>0 and x> 0. (1.7)
0
Putting zu = t, it is easy to see that
I=z¢ /OO t*te7tdt = 27T (a)
0
or

_ 1 /OO 1
= —— u' e " du. (1.8)
I'(a) Jo

Liouville operated with D on both sides of (1.7) to obtain
1

Oou“_l —u)’e " ""du
= [ e

(
- <_1)V oouaJerlefxu W
— 0 /0 d (1.9)

Comparing (1.9) with (1.7) one finds,

(=D)'Ta+v) .,
RO (1.10)

DI/ —a —
TTT

DVI—(I —

where a > 0.

(c) Starting with the n'* derivative of Cauchy’s integral formula

D" f(z) = n—!/%dw (1.11)

omi
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It was proved that

D= f(x) = ﬁ /m(x _ O @dt, Ry s 0.

The most used version of (1.12) is,

oD, f(z) = ﬁ /Ox(:v — )" f(t)dt, Rv > 0.

(1.12)

(1.13)

which is called Riemann-Liouville definition of fractional derivative in the form of

integral.

(d) Leibniz’s formula for the fractional derivative of the product of two functions

is given by,

D{F(Hg(t)} = Z( ){Dk (OHD" 11}

Z - ij” DA OHD ),

where £(v) > 0 and Dk{g( )} is the ordinary derivative.
(e) Agarwal [1] in 1976 defined the fractional g-derivative,

o

Dsf(x)=(1—q) > (q(:—;;"j”q”f (zq")

and B
—a (qﬂ oc; q>00 xu—a—l'

Dertt = (1—gq
! 1-9 (" @)oo

The fractional g-derivative of the product of two functions is given as,

o0

D;\(UV) = Z(_l)nqn(nﬂ)/z(

T - )
n=0 WD v )Dq {U(zq")},

where || < R and U(z), V(z) are two regular functions such that

= i a.x”, V(zr)= ibr:ﬁr,
r=0 r=0

(1.14)

(1.15)

(1.16)

(1.17)

convergent in the regions |z| < R; and |z| < Rs respectively and R = min(R;, Rs).
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2. Transformation formulae for ordinary hypergeometric series
In this section we shall make use of (1.4) and (1.14) in order to establish a
transformation formulae for ordinary hypergeometric series.

(i) Let us consider a function z#~1e*. Taking the derivative of arbitrary order v of
this function we get

DY (ZL’M 1 :I: Dl/zxu 1 _DVZ o _ Z;'Du(l./ﬁ—u 1)

n=0 ’ n=0

(Applying (1.4))

_ I'(p+n) ptn—v—1 _ D(p)ar—v! (), =
E — L g =
n' I(

n

(n—v+n) T(p—v) & (p—v)on!
p—r—1 .
Y(w=v) p—v
Again, applying (1.14), we obtain
_ — TI'(l+v) kg
DY (xH 1, zy Dk DY k(. .pu—1
@) =3 ey PP )

— i l F(l + V)em F(H) I,u—u—l—k—l
KIT(1+v—k)T'(p—v+k)

(
| & (S (vl D(p)erarri!
-2 D —v) (= v

k=0
F(lu’)ex p—v—1 |: -V, =2 :|
= — v F ’ y 22
I'(p—v) Cilu-v 22)
Comparing (2.1) and (2.2) we find
wr ], —v;—x
1F1[u—1/]_61F1{,u—1/ ], (2'3)

which is Kummer’s first transformation.
We can also apply (1.14) by changing the functions. Thus we find,

= T(1+v)
 HID(1 v — k)

DV(:L,M—lez) — Dk(l,u—l)Du—k(ex)
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o0

Z L(1 + )T (p)e®azrr1
F'l4+v—kI'(p—Fk)

k=0

_ — L
— €$:L‘p“_1 s |: v, 1 22 :| 7 (24>

where p > 1 for the convergence of 5 Fy function.
Comparing (2.1) with (2.4) we get,

;L T U -V, 1 - ; 1
r(u)lFl{Z_y}:exrw—y)ﬁo{_ “m], (2.5)
where p > 1.
Again, comparing (2.2) and (2.4) we have
-V =T v _Val_/l’ul
I'(p) 1Fy p—y |77 Flp—v)oFo| _ v, (2.6)

where > 1.
Proceeding as above by taking different pair of functions, one can establish similar
interesting transformations.

3. Transformation formulae for g-hypergeometric series

In this section we shall make use of (1.16) and (1.17) in order to establish a
transformation formulae for g-series.
Let us consider the derivative,

Dy ey =S o) {2

Applying (1.16)

io: 1 — q .LL A qu-n q)ooxn_‘_u 1

A+n.
— (4 (" @)oo
_ (=g e I(Q“ 7)o ;g
2(1)1 .
(0% @)oo

Again, considering the same derivative and applying (1.17) we have

(3.1)

D) ey ()} = Z e/ e ) Dy )

(3.2)
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Since,
0 o0 B (ql—H‘ n7Q)ooxr n
DjA{e = 1—q)™"
teale)} = z; a:4q ;( ) (439 (a"5 @)
[e.e] xr
— 1 _ q —n$—n
(=4 Z; (45 @)r—n
Putting r + n for » we have
Dyfeq(z)} = (1 = q)"eq(x). (3.3)

AISO,
" 3 q)OO:E

D)\—u—n l,/\—lqn)\—n — qn)\—n(l o q>u—)\+n (q
o } (@ @)

Putting these values in (3.2) we obtain

D) i eyfa)} = (- D oy 0, [ ST ]

Equating (3.1) and (3.5) we finally get,
0, % g; N g xg
2(1)1 |: T :| = €q<x> 1(131 |: q &g :| (36)

q*
which is g-analogue of Kummer’s first transformation of | F} series.
Proceeding in the same way by taking proper choice of functions one can es-

tablish a number of useful transformations.
For details one can consult [2], [3] and [4] also.
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